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Lately published, Crown 8vo. cloth, Price Ts. 6d. 


AN ELEMENTARY TREATISE 


ON THE 


"THEORY OF EQUATIONS, 
WITH A COLLECTION OF EXAMPLES. 


I. TODHUNTER, M.A. F.R.S. 


[Extract from Preface. | 


THis treatise contains all the propositions which are 
usually included in elementary treatises on the Theory of 
Equations, together with a collection of examples for exercise. 

As the Theory of Equations involves a large number of 
interesting and important results, which can be demonstrated 
with simplicity and clearness, the subject may advantage- 
ously engage the attention of a student at an early period 
of his mathematical course. This treatise may be read by 
those who are familiar with Algebra, since no higher know- 
ledge is assumed, except in Arts. 175, 267, 308—314, which 
may be postponed by those who are not acquainted with 
De Moivre's Theorem in Trigonometry. The work may in 
fact be regarded as a sequel to that on Algebra by the same 

writer, and accordingly the student has occasionally been 
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referred to the treatise on Algebra for preliminary information 
on some topics here discussed. 

The Examples have been selected from the College and 
University examination papers, and the results have been 
given where it appeared necessary; in most cases however, 
from the nature of the question, the student will be able im- 
mediately to test the correctness of his answer. 

In order to exhibit a comprehensive view of the sub- 
ject, this treatise includes investigations which are not 
found in all the preceding elementary treatises, and also some 
investigations which are not found in any of them. Among 
these may be mentioned Cauchy's proof that every equation 
has a root, Horner's method, the theories of elimination and 
expansion, Cauchy's theorem on the number of imaginary 
roots, and the theory of determinants. The account of deter- 
minants has been principally taken from a treatise on that 
subject by Baltzer, which was published at Leipsic in 1857. 
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PREFACE TO THE SECOND EDITION. 


Tis work contains all the propositions which are usually 
included in elementary treatises on algebra, and a large num- 
ber of examples for exercise. 

My chief object has been to render the work easily ‘ital 
ligible. Students should be encouraged to examine carefully 
the language of the book they are "di so that they may 
ascertain its meaning or be able to point out exactly where 
their difficulties arise. The language, therefore, ought to be 
simple and precise; and it is essential that apparent concise- 
ness should not be gained at the expense of clearness. 

In attempting, however, to render the work easily intel- 
ligible, I trust I have neither impaired the accuracy of the 
demonstrations nor contracted the limits of the subject; on 
the contrary, I think it will be found that in both these 
respects I have advanced beyond the line traced out by pre- 
vious elementary writers. 

The present treatise is divided into a large number of 
chapters, each chapter being, as far as possible, complete in 
itself. Thus the student is not perplexed by attempting to 
master too much at once; and if he should not succeed in 
fully comprehending any chapter, he will not be precluded 
from going on to the next, reserving the difficulties for future 
consideration: the latter point is of, especial importance to 
those students who are without the aid of a teacher. 

The order of succession of the several chapters is to some 
extent arbitrary, because the position which any one of 
them should occupy must depend partly upon its difficulty 
and partly upon its, importance. But, since each chapter is 
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nearly independent, it will be in the power of the teacher to 
abandon the order laid down in the book and to adopt another 
at his discretion. 

The examples have been selected with a view to illustrate 
every part of the subject, and, as the number of them 1s about 
sixteen hundred and fifty, I trust they will supply ample 
exercise for the student. Complicated and difficult problems 
have been excluded, because they consume time and energy 
which may be spent more profitably on other branches of 
mathematics. Each set of examples has been carefully 
arranged, commencing with some which are very simple and 
proceeding gradually to others which are less obvious; those 
sets which are entitled Miscellaneous Examples, together with 
a few in each of the other sets, may be omitted by the student 
who is reading the subject for the first time. The answers 
to the examples, with hints for the solution of some in which 
assistance may be needed, are given at the end of the book. 

I will now give some account of the sources from which 
the present treatise has been derived. 

Dr Wood’s Algebra has been so long published that it has 
become public property, and it is so well known to teachers 
that an elementary writer would naturally desire to make use 
of it to some extent. The first edition of that work appeared 
in 1795, and the tenth in 1835; the tenth edition was the 
last issued in Dr Wood’s life-time. The chapters on Surds, 
Ratio, and Proportion, in my Algebra are almost entirely 
taken from Dr Wood’s Algebra. I have also frequently used 
Dr Wood’s examples either in my text or in my collections 
of examples. Moreover, in the statement of rules in the ele- 
mentary part of my book I have often followed Dr Wood, as, 
for example, in the Rule for Long Division; the statement of 
such rules must be almost identical in all works on Algebra. 
I should have been glad to have had the advantage of Dr 
Wood's authority to a greater extent, but the requirements of 
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the present state of mathematical instruction rendered this 
impossible. "The tenth edition of Dr Wood's Algebra con- 
tains little more than half the matter of the present work, and 
half of it is devoted to subjects which are now usually studied 
in distinct treatises, namely, Arithmetic, the Theory of Equa- 
tions, the application of Algebra to Geometry, and portions of 
the Summation of Series; the larger part of the remainder, 
from its brevity and incompleteness, is now unsuitable to the 
wants of students. Thus, on the whole, a very small number 
of pages comprises all that I have been able to retain of 
Dr Wood's Algebra. 

For additional matter I have chiefly had recourse to the 
Treatise on Arithmetic and Algebra in the Library of Useful 
Knowledge, and the works of Bourdon, Lefebure de Fourcy, 
and Mayer and Choquet; I have also studied with great ad- 
vantage the Algebra of Professor De Morgan and other works 
of the same author which bear upon the subject of Algebra. 

I have also occasionally consulted the edition of Wood's 
Algebra published by Mr Lund in 1841, Hind's Algebra, 
1841, Colenso’s Algebra, 1849, and Goodwin’s Elementary 
Course of Mathematics, 1853. In the composition of my book 
I took extreme care to avoid trespassing upon the works 
of these recent English authors. My rule was not to insert a 
proposition in the few cases where any doubt existed as to the 
right to do so, unless I found it in two or more of these 
authors; if I found it in so many places I concluded that it 
might be considered common property, and I inserted it in my 
own language and style. 

Although I have not hesitated to use the materials which 
were available in preceding authors, yet much of the present 
work is peeuliar to it; and I believe it will be found that my 
Algebra contains more that is new to elementary works, and 
more that is original, than any of the popular English works 
of similar plan. Originality however in an elementary work 
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is rarely an advantage; and in publishing the first edition of 
my Algebra I felt some apprehension that I had deviated too 
far from the ordinary methods. I have had great satisfaction 
in receiving from eminent teachers favourable opinions of the 
work generally and also of those parts which are peculiar to it. 

Beveral years have elapsed since I resolved to publish an 
Algebra and began to arrange the materials. "Thus all the 
important chapters in the present work have been written and 
rewritten, and repeatedly revised by myself and my friends. 
With respect to some parts, which were original at the time 
when they first occurred to me, I have been anticipated in 
publication; this applies, for example, to Arts. 520, 611, and 
677. I mention this, not as attaching any importance to 
Such points, but merely because otherwise it might appear 
that I had been indebted for them to preceding authors. 
My manuscripts on these articles were in use among my 
pupils before the date in which, so far as I know, these 
articles were printed; indeed it was not until after my first 
edition was published that I saw the latter two articles in 
print elsewhere. Some portions of the present work were 
written long before I had any intention of publication; the 
chapter on the Multinomial Theorem, for example, was drawn 
up about fifteen years ago for the use of a fellow-student. 

The task of preparing an elementary treatise is far from 
easy, and I must therefore request the indulgence of teachers 
and students for any defects which they may discover either 
in my plan, or in the mode of exeenting it. I have to return 
my thanks to many able mathematicians who have favoured 
me with suggestions, which have been of great service to me 
in preparing the Second Edition; and I trust I shall still 
continue to receive similar valuable remarks. 


I. TODHUNTER. 
St JOHN'S COLLEGE, 
`- February, 1860. 
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Tue Turrp EprrroN has been carefully revised; and some 
additions have been made to the text, to the examples, and 
to the answers and the hints given at the end of the book. 
A treatise on the Theory of Equations has been drawn up by 
the author, to form a sequel to the Algebra ; and the student 
is referred to that treatise as a suitable continuation of the 


present work. 


ST JoHN's COLLEGE, 
June, 1862. 
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ALGEBRA. 


I, DEFINITIONS AND EXPLANATIONS OF SIGNS. 


1. Tur method of reasoning about numbers by means of 
letters which are employed to represent the numbers and signs 
which are employed to represent their relations, is called Algebra. 


2. Letters of the alphabet are used to represent numbers, 
which may be either known numbers, or numbers which have to 
be found and which are therefore called unknown numbers. It is 
usual to represent known numbers by the early letters of the 
alphabet a, b, c, &c., and unknown numbers by the final letters 
x, y, 2; this is not however a necessary rule, and so need not be 
strictly obeyed. 

Numbers may be either whole or fractional. The word guan- 
tity is frequently used as synonymous with nwmber. 


3. The sign + signifies that the number to which it is prefixed 
must be added. Thus a+ b signifies that the number represented 
by b must be added to the number represented by a. If a repre- 
sent 9 and b represent 3, then æ+ b represents 12. The sign + is 
called the plus sign, and a + 6 is read thus “a plus b.” 


4, The sign — signifies that the number to which it is prefixed 
must be subtracted. Thus a—6 signifies that the number repre- 
' sented by 6 must be subtracted from the number represented by a. 
If a represent 9 and b represent 3, then a— 0 represents 6. The 
sign — is called the minus sign, and a—b is read thus “a minus b." 


5. The sign x signifies that the numbers between which it 
stands must be multiplied together. Thus æ x 6 signifies that the 
T. A. 1 
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number represented by a must be multiplied by the number repre- 
sented by b. Ifa represent 9 and b represent 3, then a x b repre- 
sents 27. The sign x is called the sign of multiplication, and a x b 
is read thus “a into b.” Similarly a x b x c denotes the product of 
the numbers denoted by a, b and c. 

It should be observed that the sign of multiplication is often 
omitted for the sake of brevity; thus ab is used instead of a x b, 
and has the same meaning; so abc is used for ax bxc. Sometimes 
a point is used instead of thé sign x; thus a.b is used for a x b 
or ab. 

The sign of multiplication must not be omitted when numbers 
are expressed by figures in the ordinary way. Thus 45 cannot be 
used to express the product of 4 and 5, because a different mean- 
ing has already been appropriated to 45, namely forty-five. We 
must therefore express the product of 4 and 5 thus 4 x 5, or thus 
4.5. To prevent any confusion between the point thus used as a 
sign of multiplication and the point as used in the notation for 
decimal fractions, it is advisable to write the latter higher up; 
thus 4: may be kept to denote 4+ 5. 


6. The sign + signifies that the number which precedes it 
must be divided by the number which follows it. Thus að sig- 
nifies that the number represented by « must be divided by the 
number represented by b. If a represent 9 and b represent 3, 
then a= represents 3. The sign + is called the sign of division, 
and a+6 is read thus “a by b." There is also another way of 
denoting that one number is to be divided by another; the divi- 
a 


dend is placed over the divisor with a line between them. Thus i 


is used instead of a + b and has the same meaning. 


7. The sign = signifies that the numbers between which it is 
placed are equal. Thus a=b signifies that the number repre- 
sented by « is equal to the number represented by 5, that is, a and 
b represent the same number. The sign — is called the sign of 
equality, and a — b is read thus “a equals b" or “a is equal to b." 


5 
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8. The difference of two numbers is sometimes denoted by 
the sign ~; thus a~b denotes the difference of the numbers 
denoted by a and b, and is equal to a — b or to b —a according 
as æ is greater than b or less than b. 


9. The sign > denotes greater than, and the sign < denotes less 
than; thus a > denotes that the number represented by a is 
greater than the number represented by b, and b <a denotes that 
the number represented by b is less than the number represented 
by a. Thus in both signs the opening of the angle is turned 
towards the greater number. 


10. The sign ~. denotes then or therefore; the sign *.* denotes 
since or because. 


1l. When several numbers are to be taken collectively they 
are enclosed by brackets. Thus (a—6+c) x (d+e) signifies that 
the number represented by & —b--c is to be multiplied by the 
number represented by d--e. This may also be written thus 
(a—b+c)(d+e). The use of the brackets will be seen by com- 
paring the above expressions with (a—b+c)d+e; the latter de- 
notes that the number represented by «a — b + c is to be multiplied 
by d, and then e is to be added to the product. 

Sometimes instead of using brackets a line called a vinculum 
is drawn over quantities which are to be taken collectively. Thus 
a—b+c x d+e is used with the same meaning as (a — b + e) x (d e). 


12. "The letters of the alphabet, and the signs or marks which 
we have already introduced and explained, together with those 
which may occur hereafter, are called Algebraical symbols, since 
they are used to represent the things about which we may be 
reasoning. Any collection of Algebraical symbols is called an 
Algebraical expression or a formula. 


13. "Those parts of an expression which are connected by the 
signs + or — are called its terms. When an expression consists of 
two terms it is called a binomial expression; when it consists of 
three terms it is called a trinomial expression; any expression 

/ 1-—4 
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consisting of several terms may be called a multinomial expression 
or a polynomial expression. When an expression does not contain 
parts connected by the sign + or the sign — it may be called a 
simple expression, or it may be said to contain only one term. 

Thus abc is a simple expression; abc-- x is a binomial expres- 
sion, of which abc is one term, and æ is the other; ab ac — bc is 
a trinomial expression, of which ab, ac, and be are the terms. 


14. When one number consists of the product of two or more 
numbers, each of the latter is called a factor of the product. Thus 
a, b and c are factors of the product abe. 


15. A product may consist of one factor which is a number 
represented arithmetically, and of another factor which is a num- 
ber represented algebraically, that is, by a letter or letters; in this 
case the former factor is said to be the coefficient of the latter. 
Thus in the product 7abc the factor 7 is called the coefficient of 
the factor abe. Where there is no arithmetical factor, we may 
supply unity; thus we may say that, in the product abe, the co- 
efficient is unity. 

And when a product is represented entirely algebraically, 
any one factor may be called the coefficient of the product of the 
remaining factors. Thus, in the product abc, we may call a the 
coefficient of be, or b the coefficient of ac, or c the coefficient of ab. 
If it be necessary to distinguish this use of the word coefficient 
from the former, we may call the latter coefficients literal coef- 
ficients, and the former numerical coefficients. 


16. If a number be multiplied by itself any number of times, 
the product is called a power of that number. Thus axa is called 
the second power of a; also a xa xa is called the third power of 
a; and axaxaxais called the fourth power of a; and so on. 
The number a itself is often called the first power of a. 


17. Any power of a quantity is usually expressed by placing 
above the quantity the number which represents how often it is 
repeated in the product. Thus a’ is used to express axa; also 
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a’ is used to express a xaxa; and a“ is used to express @xaxaxa; 
and so on. And a' may be used to denote the first power of a 
or a itself; that is, a! has the same meaning as a. 

Numbers placed above a quantity to express the powers of 
that quantity are called indices of the powers, or exponents of the 
powers; or more briefly indices or exponents. 


18. Thus we may sum up the two preceding articles as 
follows “a xa xax &e. to n factors is expressed by a’, and n is 
called the index or exponent of a", where n may denote any 
whole number." 


19. The second power of æ or a’ is often called the square of 
a, and the third power of æ or a? is often called the cube of «a. 
The symbol a“ is read thus “a £o the fourth power” or briefly “a 
to the fourth ;" and a” is read thus “a to the n™.” 


20. The square root of any proposed number is that number 
which has the proposed number for its square or second power. 
The cube root of any proposed number is that number which has 
the proposed number for its cube or third power. The fourth 
root of any proposed number is that number which has the pro- 
posed number for its fowrth power. And so on. 


21. The square root of a number a is denoted thus </a, or 
simply thus „/g." The cube root of æ is denoted thus J/g. The 
fourth root of æ is denoted thus </a. And so on. 

The sign ,/ is said to be a corruption of the initial letter of 
the word radiz. 


22. Terms are said to be like or similar when they do not 
differ at all or differ only in their numerical coefficients; otherwise 
they are said to be unlike. Thus 4a, 6ab, 94? and 3a*be are 
respectively similar to 15a, 3ab, 12a? and lóoa'be. And ab, a'b, 
ab’ and abc are all unlike. 


23. Each of the letters which occurs in an algebraical product 
is called a dimension of the product, and the number of the 
letters is the degree of the product. Thus a*b*e or axaxbxbxbxe 
is said to be of six dimensions or of the sixth degree. A numerical 
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coefficient is not counted; thus 9a°b* and aðb“ are of the same 
dimensions, namely of seven dimensions. Thus the degree of a 
term or the number of dimensions of a term is the sum of the 
exponents, provided we remember that if no exponent is expressed 
the exponent 1 must be understood as indicated in Art. 17. 

24. An algebraical expression is said to be homogeneous when 
all its terms are of the same dimensions. Thus 7a*+ ða'ð + 4abc 
is homogeneous, for each term is of three dimensions. 

The following examples will serve for an exercise in the 
preceding definitions. 


EXAMPLES. 


If a=1, b=3, c=4, d=6, e=2 and f=0, find the numerical 
values of the following twelve algebraical expressions: 


1. a@+2b+4e. 2. 364+ 5d — 2e. 

3. ab-429bc-3ed. 4. ac+4ced— 2eb. 
abe + Abd + ec — fd. 6. att. 
ed 4be cd EM 

T POM að 7 8. c* — 4c T 6. 
b? 4 c* q'—eo 

» 2c — 3a ` 10. d? dc c 


11. J(275)- J(2e)* J(3e. ^ 12. ,/(3bc) + 3/(9ed) — 2/26). 


13. Find the value of (9 — y) (x4 1)+(#+5) (yt 7) - 112, 
when «=3 and y — 5. 


14. Find the value of x,J(x*— 8y) +y / (x° + 8y), when x=5 
and y=3. 


15. Find the value of a J/(c* — 3a) + x (a^ + 3a), when 2-5 
and a — 8. 


16. Find the value of a +b /(æ + y) — (a — b) J/(x — y), when 
a=10, 5-8, x -12 and y=4. 
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17. If a=16, 5-10, x=5 and y=1, find the value of 
(b-a)(Ja+b)+ J((a— b) (æt y); 
and of (a — y) {„/(2bæ) + w+ Jila — x) (b + y)]. 


18. If 4-2, b —3, x — 6 and y — 5, find the value of 
Vila + by} + Vla + 2) (y — 2a)} + Jl — b)*a}. 


Il. CHANGE OF THE ORDER OF TERMS. REDUCTION OF LIKE 
TERMS. ADDITION, SUBTRACTION, USE OF BRACKETS. 


25. When the terms of an expression are connected by the 
sign + it is indifferent in what order they are written; thus 
a+b and ota give the same result, namely the sum of the 
numbers which are denoted by a and 6. We may express this 
fact algebraically thus 

a+b=b +a. 


Similarly 


a+b+ce=a+c+b=b+a+c=b+ce+a=c+at+b=c+bt+a. 


26. If an algebraical expression consist of some terms pre- 
ceded by the sign + and some terms preceded by the sign — 
we may write the former terms first in any order we please, 
and the latter terms after them in any order we please. 
This appears from the same considerations as before. Thus, for 
example, 


a+buesquadl ERP A A p 
27. In some cases it is obvious that we may vary the order 
of terms still further by mixing up the terms preceded by the 


sign — with those preceded by the sign +. Thus, for example, 
if a denote 10, b denote 6, and c denote 5, then 


a+b-—c=a-—c+b=b-c+a. 


If however a denote 2, 6 denote 6, and c denote 5, then 
the expression a—c+6 presents a difficulty because we are thus 
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apparently required to take a greater number from a less, namely 
5 from 2. It will be convenient to agree that such an expression 
as a—c+b when c is greater than á shall be understood to mean 
the same thing as a--b—c. At present we shall never use such 
an expression except when c is less than a+b, so that « -b—c 
presents no difficulty. Similarly we shall consider — b +a to mean 
the same thing as z — 5. We shall recur to this point hereafter. 


28. Thus the numerical value of an algebraical expression 
remains the same whatever may be the order of the terms which 
compose it. This as we have seen follows, partly from our notions 
of addition and subtraction, and partly from an agreement as to 
the meaning we ascribe to an expression when our ordinary 
arithmetical notions are not strictly applicable. Such an agree- 
ment is called in Algebra a convention, and conventional is the 
corresponding adjective. 


29. We shall frequently, as in Article 26, have to distinguish 
the terms of an algebraical expression which are preceded by the 
sign + from the terms which are preceded by the sign —, and thus 
the following definition is adopted. The terms in an algebraical 
expression which are preceded by no sign or which are preceded 
by the sign + are called positive terms; the terms which are 
preceded by the sign — are called negative terms. This definition 
is introduced merely for the sake of brevity, and no meaning is 
to be given to the words positive and negative beyond what is 
expressed in the definition. The student will notice that terms 
preceded by no sign are treated as if they were preceded by the 


sign +. 


30. Sometimes an expression includes several like terms; in 
this case the expression admits of simplification. For example, 
consider the expression 4a*b — 3a?c + 9ac? — 2a?b + Ta?c — 60^ ; this 
may be written 4a'b— 2a?b + Ta^c — 3a^c + 9ac* — 60^. (Art. 28). 
Now 4a'b— 2a'ð is the same thing as 24%, and Ta'c— 3a?c. is 
the same thing as 4a/c. Thus the expression becomes 


2a'b + 4a*c + 9ac? — 60’. 
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ADDITION. 


31. The addition of algebraical expressions is performed by 
writing the terms in succession each preceded by its proper sign. 

For suppose we have to add c—d+e to a—6; this is the 
same thing as adding c --e— d to a—b (Art. 28. Now if we 
add c+e to a—b we obtain a—b+c+e; we have however thus 
added d too much, and must consequently subtract d. Hence 
we obtain a—b+c¢+e-—d, which is the same as a—b+c—d+e; 
thus the result agrees with the rule above given. The result is 
called the swm. 


We may write our result thus: 
a—b+(c—d+e)=a—b+c-dte, 


32. When the terms of the expressions which are to be 
added are all unlike, the sum obtained by the rule does not 
admit of simplification. But when like terms occur in the ex- 
pressions, we may simplify as in Art. 30. Hence we have the 
following rules: 


When like terms have the same sign their sum is found by 
taking the sum of the coefficients with that sign and annexing the 
common letters. 

Example; add 5a—36 and 4«— 75; the sum is 9«— 100. 
For the 5a@ and the 4æ together make 9a, and the 35 and TÒ 
together make 106. 


Again; add 4a^e — lObde, 6a?c — 9bde and 1la’e—3bde. The 
sum is 2la'c— 22bde. 


When like terms occur with different signs their sum is found 
by taking the difference of the sum of the positive and the sum of 
the negative coefficients with the sign of the greater sum and an- 
nexing the common letters as before. 

Example; add 7a—96 and 55—4a. The sum is 34 — 4b. 

Again; add 3a?--45c— e? - 10, 5a? # 6bc - 227 — 15 and 
4a! —95c—10e +21. The sum is 12a?-- bc — 9e? + 16. 
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SUBTRACTION. 


33. Suppose we have to take b+c from a. Then as each of 
the numbers 6 and c is to be taken from a the result is denoted by 
a—b—c. "Thatis 

a— (b c)2a—b—c. 

We enclose the term b+c in brackets, because both the num- 

bers b and c are to be taken from a. 


Similarly, a+d—(b+c+e)=a+d—b-—c-e. 


34. Next suppose we have to take b—c froma. If we take 
b from a we obtain a—b; but we have thus taken too much 
from a, for we are required to take, not b but, b diminished by c. 
Hence we must increase the result by c; thus ` 


a~(b—c)=a—b+e. 
Similarly, suppose we have to take b—c—d+e froma. This 
is the same thing as taking bt e—c—d froma. Take away b «e 


from a and the result is a—b—e; then add c+d, because we 
were to take away, not b+e but, b +e diminished by cd; thus 


a—(b—c—d+e)=a—b-—e+c+d 
=a—b+c+d-e. 


35. From considering these cases we arrive at the following 
rule for subtraction. Change the sign of every term in the expres- 
sion to be subtracted, and then add it to the other expression. Here 
as before, we suppose for shortness, that where there is no sign 
before a term, + is to be understood. 

For example; take a—b from 3a+6. 

3a +b — (a — b) = 3a+b-—a+b=2a+ 2b. 

Again; take 5a'-- 4ab — 6æy from 1la’+3ab—4ay. 

lla’ + 3ab — 4æy — (5a? + 4ab — bxy) = 
lla? + 3ab —4ay — 5a’ — 4ab + bxy = 6a’ — ab + 2æy. 
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BRACKETS. 


36. - On account of the frequent occurrence of brackets in 
Algebraical investigations, it is advisable to call the attention 
of the student explicitly to the laws respecting their use. These 
laws have already been established, and we have only to give 
them a verbal enunciation. 

When an expression within brackets is preceded by the sign + 
the brackets may be removed. 

Thus a—b+(c—d+e)=a—b+c—d+e, (Art. 31). 

And consequently any number of terms in an expression may be 
enclosed by brackets, and the sign + placed before the whole. 

Thus a—b+c~d+e may be written in the following ways, 

a—b+c+(—d+e), a-dt(cte-b), a+(—d+c+e—D), 
and so on. 

When an expression within brackets is preceded by the sign — 
the brackets may be removed if the sign of every term within the 
brackets be changed, namely + to — and — to +. 

Thus a—(b—c—d+e)=a—b+e+d—e, (Art. 34). 

And consequently any number of terms in an expression may 
be enclosed by brackets and the sign — placed before the whole, 
provided the sign of every term within the brackets be changed. 

Thus a—b+c+d—e may be written in the following ways, 

a—b+c—(—d+e), a-(b-c-dte, a+c—(b-—d+e), 


and so on. 


37. Expressions may occur with more than one pair of 
brackets; these brackets may then be removed by the preceding 
rules. Thus 

a—{b—c-—(d—e)}=a-{b -c—d+es=a—bt+c+d-e; 
or, proceeding in a different order, 

a—{b—c—(d—e)}=a—b+ce+(d—e)=a-—bict+d-e. 

Similarly, we may if we please introduce more than one pair 
of brackets. 
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EXAMPLES. 


1. Add together 4a — 5b + 3c — 2d, a 4 b — 4c + 5d, 
ða — Tb + 6c + 4d and a+ 45 — c — d. 

2. Add together x?’ + 22? — 3x 1, 22? — 3a? + 4a — 2, 
9a? + 47? -- D. and 4a? — 3a? — bac + 9. 


3. Add together 
x? — 3y +y +æ+y— l, 22? + 4xy — 3y? — 2x — 2 + 3, 
3a? — Say —4y?+ 92 + 4y — 2 and 62? + 10zy + 5^ - à 4 y. 


4. Add together a? — 2ax + a?^x, «+ 3a? and 22? — ax". 
5. Add together 4ab — z^, 32? — 2ab and 2aæ + 202. 
6. From a-— 3b --4c— 7d take 2a — 2b + 3c — d. 
7. From a*+ 4a?—22!-- 7» —1l take a*-- 22? — 22? + 6: — 1. 
8. Subtract a*— ax +a from 3a? — 2aæ + a". 
9. Subtract a —b — 2(c — d) from 2(a — 0) — c +d. 
10. Subtract (æ — b) æ —(b—c)y from (a 4 b) o - (b 4 c) y. 
1l. Remove the brackets from a — [b — (e — d)j. 
12. Remove the brackets from a — {(b — o) — dj. 


13. Remove the brackets from a + 2b — 6a — {3b — (6a — 66)}. 


14. Remove the brackets from Ta — {ða — [4a — (5a — 24)}} 
15. Also from 3« —[a +b- — (a - b -- e - (a - b - c - d)j]. 
16. Also from 2z — [3y — {4x — (5y — 6æ)}|. 

17. Also from « — [25 + (3c — 3a — (a + b)} + 2a — (b + 3c)]. 
18. Also from «a — [55 — (a — (3c — 30) + 2e — (a — 2b — o)j]. 
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19. If a=2, 5-3, æ=6 and y —5, find the value of 
a+2a—{b+y—[a—x%—(b-2y)]}. 
20. Simplify 
tað — 2x + xz + 1 — (32° — x? — a —7) (£? — 4a? + 2x 8). 


III. MULTIPLICATION. 


38. We have already stated that the product of the numbers 
denoted by any letters may be denoted by writing those letters in 
succession without any sign between them; thus abcd denotes the 
product of the numbers denoted by a, b, c and d. We suppose the 
student to know from Arithmetic, that the product of any num- 
ber of factors is the same in whatever order the factors may be 
taken; thus «bc — acb — beca, and so on. 


39. Suppose we have to form the product of 4a, 5b and 3c; 
this product may be written at full thus, 4 x «x5 xb x3xc, or 
4x5x3xabe, that is 60abe. And thus we may deduce the 
following rule for the multiplication of simple terms: multiply 
together the wwmerical coefficients and write the letters after this 
product. 


40. The notation adopted to represent the powers of a num- 
ber, (Art. 17), will enable us to prove the following rule: the 
powers of a number are multiplied by adding the exponents, for 
a’xa@=axaxaxaxa=a’=a""*; and similarly any otlier case 
may be established. 


m+n 


Thus if m and n are any whole numbers, a" x a" =a"*", 


41. We may if we please indicate the product of the same 
powers of different letters by writing the letters within brackets, 
and placing the index over the whole. Thus a’ x b’=(ab)’; this ' 
is obvious since (ab)! = ab x ab=axaxbxb. Similarly, 

að x b xe = (abe). 

Thus a" x b"=(ab)"; a" xb" x c*=(abe)"; and so on for any 

number of factors. 
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42. Suppose it required to multiply ab by c. The pro- 
duct of a and c is denoted by ac, and the product of b and c 
is denoted by bc; hence the product of ab and c is denoted by 
ac+be. For it follows, as in Arithmetic, from our notion of 
multiplieation, that to multiply any quantity by a number we 
have only to multiply all the parts of that quantity by the number 
and add the results. Thus 


(a - b)c — act bc. 


43. Suppose it required to multiply «—5 by c. Here the 
product of a and o must be diminished by the product of b 
and c Thus 

(a — b) e — ac — be. 


44. Suppose it required to multiply a+b by c+d. It 
follows, as in Arithmetic, from our notions of multiplication, 
that if a quantity is to be multiplied by any number, we may 
separate the multiplier into parts the sum of which is equal to 
the multiplier, and take the product of the quantity by each part, 
and add these partial products to form the complete product. 


Thus (a+b) (c - d) — (a - b) c - (a - b) d; 
also (a - b) e ac - be, and (a - b) d 2 ad 4 bd ; 
thus (a) (c - d) 2 ac 4 be +ad + bd. 


45. Suppose it required to multiply «—5 by c+d. Here 
the product of a and c-- d must be diminished by the product of 
b and c+d. Thus 


(a — 0b) (c - d) 2 a (c - d) — b (c - d) 
— ac *- ad — (bc + bd) = ac + ad — bc — bd. 
46. Suppose it required to multiply a+b by c—d. Here 


the product of að and c must be diminished by the product 
of a+b and d. Thus 


(a+b) (c— d) = (a - b) e— (a - 0) d 
= ac +be— (ad + bd) = ac + be — ad — bd. 
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47. Suppose it required to multiply a—b by c— d. Here 
the product of a—b and c must be diminished by the product 
of a—b and d. Thus 

(a — 5) (c — d) = (a —b)c — (a — b)d 
= ac — bc — (ad — bd) = ac — be — ad + bd. 


48. From considering the above cases we arrive at the fol- 
lowing rule for multiplying two binomial expressions. Multiply 
each term of the multiplicand by each term of the multiplier ; if the 
terms have the same sign, prefix the sign + to the product, if they 
have different signs prefix the sign —; then collect these partial 
products to form the complete product. 

The rules with respect to the sign of each partial product are 
often enunciated thus for shortness: like signs produce +, and 
unlike signs produce —. 


49. It appears from the preceding articles, that correspond- 
ing to the terms — and c which occur in two binomial factors, 
there is a term —bc in the product of the factors. Hence it is 
often stated as an independent truth that — b x c = — bc. 

Similarly, we observe, that corresponding to the terms — 5 and 
— c which occur in two binomial factors, there is a term bc in the 
product of the factors; hence it is often stated as an independent 
truth, that — b x —e— bc. These statements will be examined and 
explained in a subsequent chapter. 


50. The rule given in Article 48 will hold for the multipli- 
cation of any algebraical expressions. This will appear from 
considering a few examples. Suppose, for instance, we have to 
multiply 4a* — 5ab + 6b? by 2a’—3ab+ 4b”. The required pro- 
duct here is 

2a" (&a^ — bab + 6b") — 3ab (4a? — Sab + 6D?) 46? (da? — Dab + 60^); 
thus we obtain 
(8a* — 10a% + 12a/5^) — (120% — 15a*b? + 18a?) 
+ (16a?6? — 20ab* 240“), 
that is, 
8a* — 1047 + 12a'0* — 120% + löa?0* — 18ab? + 16a°b? — 20ab°+ 240“. 
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This result agrees with the rule. If we simplify the result by 
collecting the like terms we obtain 
8a* — 22a?b + 43a?b? — 38ab? + 246. 
The whole operation may be conveniently arranged thus: 
4a’ — bab + 66* 
2a? — 3ab + 4b* 


8a* — 10a?b + 12a? 
— 12b + 15a*b? — 18ab 
+ 16a*b? — 20ab* + 240* 


8a* — 22a°b + 43a7b? — 38ab* + 240* 


51. The student should carefully notice the arrangement of 
the above operation. The expressions which we wish to multiply 
are here said to be arranged according to descending powers of a; 
for in the expression 4a*—5ab + 66° the term which contains the 
highest power of a is 4a*, and this is placed first; next we place 
— bab which contains a, and last we place the term + 65", which 
does not contain a at all Similarly the other factor 2a?— 3ab + 40* 
is arranged. The partial products which arise are so arranged 
that like terms occur in the same column, and thus we collect 
them more easily. The factors might also have been arranged 
thus 60* — bab + 4aà^ and 40'— 3ab + 2a?; they are then said to 
be arranged according to ascending powers of a. 


52. Again; multiply ætætl by æ—ætl. The opera- 
tion may be arranged thus: 


c rül 
ær 
a o? +2 
M au 
+ 4-41 


w: Ta +1 


Thus the product is z* 4- a^ + 1. 
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53. The following three examples are deserving of special 
notice, 


a +b a =b a+b 

a+b a —b a —b 

a? + ab a? — ab a? + ab 
ab +8 -ab 45 2 aði & 

a?  2ab  b? al — 9ab 4 at D? 


The first example gives the value of (a + b) (a +b), that is, of 
(a+b); we thus find 


(a +b) =œ + 2ab + b. 

Thus the square of the sum of two numbers is equal to the sum 
of the squares of the two numbers increased by twice their product. 

Again we have 

(a — bf = a? — 2ab + b°. 

Thus the square of the difference of two numbers is equal to the sum 
of the squares of the two numbers diminished by twice their product. 

Also we have 
(a + 5)(a — b) 2 a? — b. 

Thus the product of the sum and difference of two numbers is 
equal to the difference of their squares. 


54. We may here indicate the meaning of the sign + which 
is sometimes used. 


Since (a+ b) — a? + 2ab + b, 
and (a — b)* =a’ — 2ab + b, 
we may write (a = b’ = a? + 2ab + b°. 


Thus + indicates that we may take either the sign + or the 
sign —; a+b is read thus, “a plus or minus b." 


55. The results given in Art. 53 furnish a simple example of 
the use of Algebra; we may say that Algebra enables us to 
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prove general theorems respecting numbers, and also to express 
those theorems briefly. For example, the result 

(a + b) (a - 6) =a’-8° 
is proved to be true, and is stated thus by symbols more com- 
pactly than by words. 


56. By using the formulæ given in Art. 53, the process of 
multiplication may be often simplified. Thus suppose we have to 
multiply a +b+c+d by ab —c—d. This is the same thing as 
multiplying (a+ 6)+(e+d) by (a+b)—(c+d). Then by the 
third formula we have 

{(a +b) - (c+ d)) (a 4 5) — (e  d)] 5 (a - by — (c - d). 

Next we can express (a +6)’ and (c +d)’ by means of the first 

formula; thus finally 


(a b - c - d)(a - b -c— d) 2 a^ +b + 2ab — c^ — d? — 2ed. 


57. From an examination of the examples here given, and 
those which are left to be worked, the student will recognise the 
truth of the following laws with respect to the result of multi- 
plying algebraical expressions. 

The number of terms in the product of two algebraical ex- 
pressions is never greater than the product of the numbers of the 
terms in the two expressions, but may be /ess, owing to the 
simplification produced by collecting like terms. 

When the multiplicand and multiplier are both arranged in the 
same way according to the powers of some common letter, the first 
and last terms of the product are unlike any other terms. For in- 
stance, in the example of Art. 50, the multiplicand and multiplier 
are arranged according to powers of a; the first term of the 
product is 8«* and the last term is 240, and there are no other 
terms which are /ike these; in fact, the other terms contain a 
raised to some power less than the fourth power, and thus they 
differ from 86^; and they all contain a to some power, and thus 
they differ from 24%*. 

When the multiplicand and multiplier are both homogeneous 
the product is homogeneous, and the number of the dimensions of 
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the product is the swm of the numbers which express the dimen- 
sions of the multiplicand and multiplier. Thus in the example of 
Art. 50, the multiplicand is homogeneous and of two dimensions, 
and the multiplier is homogeneous and of two dimensions; the 
product is homogeneous and of four dimensions. 


EXAMPLES OF MULTIPLICATION. 


1. Multiply 2p-g by 29g p. 
2. Multiply a? 3ab -- 2U* by Ta — 58. 
3. Multiply a*— ab #6? by a* - ab - 9. 
4. Multiply a* — ab + 20? by a! - ab — 29. 
5. Multiply «a^-2ac--2* by a*-2az-—a*. 
6. Multiply a’ + 4ax + 44° by að 4ax + 42°, 
7. Multiply a? —2az--bz—a* by 54a. 
8. Multiply 15a*°+18ae—14a’ by 42? — 2aæ — a^. 
9. Multiply 22? + 40! -- 82-16 by 3a— 6. 
10. Multiply 24? — Sæyt 9y^ by 2x — 3y. 
ll Multiply 4a*—3ay—y? by 3x—2y. 
12. Multiply a —a*y - zy*—^ by x+y. 
13. Multiply æt 2y — 3z by w- 2y + 32. 
14. Multiply 22" + 32y + 4y? by 327 — 4æy + y". 
15. Multiply a! -zy - y* by £ + zz42z. 
16. Multiply a^ 0 -c'—be—ca—ab by a5 c. 
17. Multiply 2*-ay+y’+a+y+1 by »-y-1. 
18. Multiply a! + 407+ 5m — 24 by a!—4z 11. 
19. Multiply a^ —42* + 11z—24 by a*4-4z 4 b. 
20. Multiply 2? — 24° + 3»—4 by 4r’ + 3x’ + 2x 4 1. 
21. Multiply a*--2a?-a*— 4x —11 by #-22 +3. 
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Multiply à? — 5æ* + 134? — a°- 2 - 2 by a? —2x — 2. 
Multiply a*— 2a? + 3a’ — 2a +1 by a*4 2a°+3a*+ 2a +1. 
Multiply together a —2, a+a, and a? tað. 
Multiply together z —3, z—1, x1, and æ+ 3. 
Multiply together z*—2-- 1, að tæt1, and a*— a^ +1. 
Multiply a* — aa? + ba? — ex -- d. by a*-- aa? — batt ex — d. 
Shew that (æt a)“ = a* + 4a°a + 62a? + Ava? + a. 
Shew that æ (a + 1) (æt 2)(z + 3) + 1 = (a? + 3x 1. 
Multiply together a + z, b+ z, and c+ «. 
Multiply together z—a, w—b, z—c, and x- d. 
Multiply together a +b— c, æ+ c—b, b+c—a and abc. 
Simplify (a +b) (btc)-(et d) (d +a)— (a +c)(b — d). 
Simplify (a - b-- c - d) - (a-6—c d) - (a— 5 c— d' 
t (a -b—c—dy. 

Prove that (x+y +2) — (a^ y^ +2") 2 3(y + z)(s +æ) (x + y). 
Simplify (a + b - c) - a(b - c — a) b(a - c— 0)—c(a b—c). 
Simplify (xz —3Y +(e *-y)*-3(x—y) (æt y) 3(r- y) (z— y). 
Simplify (a*- b* +°) — (a + b + ¢)(a+b-c) (a c— b) (b-- c— a). 
Simplify (a*--U* c?)  (a-- b c) (a-b— c) (a+c — 0) (b+c — a). 
Prove that #9 - (x+y) = 2 (x° +ay+y’)" 

+ Baty? (a + y) (8 + wy + y’), 
Prove that 4æy (x*+ 5^) = (a? - xy + y*)?— (e! — «y + y’). 
Prove that 4ay(a*—y’*) = (a+ ay — "y — (c — «y — yy. 
Multiply together (a*—3a+ 2)’ and a^-- 6x 1. 
Multiply x° + a? — ac (a? + að) by a? +a’ — ax (x ta). 
Multiply (a #0)? by (a— b. 
If s=a+b +c, prove that 


s (s — 2b) (s— 2c) + s (s — 2c) (s — 2a) + s (s — 2a) (s — 20) 


= (s — 2a) (s — 2b) (s — 2c) + Sab 
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IV. DIVISION. 


58. Division, as in Arithmetic, is the inverse of Multipli- 
cation. In Multiplication we determine the product arising from 
two given factors; in Division we have the product and one of 
the factors given, and our object is to determine the other factor. 
The factor to be determined is called the quotient. 


59. Since the product of the numbers denoted by a and b 
is denoted by ab, the quotient of ab divided by a is b; thus 
ab=a=b; and also ab=b=a. Similarly, we have abc — a= be, 
abe=b=ac, abc+c=ab; and also abe+be=a, abe+ac=b, 
abc+ab=c. These results may also be written thus: 


— = be, g =% una 
abe — ab y abe _ 
be de ab 


60. Suppose we require the quotient of 60abe divided by 3e. 
Since 60abe = 20ab x 3e we have 60abe +3c=20ab. Similarly, 
60abc + 4a = 15be; 60abe + 5ab=12c; and so on. Thus we may 
deduce the following rule for dividing one simple term by another : 
If the numerical coefficient and literal product of the divisor be 
found in the dividend, the other part of the dividend is the 
quotient. 


61. If the numerical coefficient and literal product of the 
divisor be not found in the dividend, we can only indicate the 
division by the notation we have appropriated for that purpose. 
Thus if 5a is to be divided by 2c, the quotient can only be indi- 


cated by 5a+ 2c, or by =. In some cases we may however 


simplify the expression for the quotient by a principle already 
used in Arithmetic. Thus if 15ařb is to be divided by 6c, the 


2 
quotient is denoted by HoR . Here the dividend = 35 x 5a’, and 
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the divisor = 36 x 2c; thus in the same way as in Arithmetic we 
may remove the factor 36, which occurs in both dividend and 


2 
divisor, and denote the quotient by T À 
62. One power of any quantity is divided by another power 


of the same quantity by subtracting the index of the latter power 
From the index of the former. 


Thus #>a=axaxaxaxasaxa=axaxa=d=d 
Similarly any other case may be established. 


-2 
. 


Hence if m and n be any whole numbers, and m greater 
than n, we have a"+a” or <= a", 


a" 


2 
63. Again, suppose we have such an expression as A. We 


may write it thus 7 =L ; then, as in Art. 6l, we may remove 


the common factor a“. Thus we obtain f= S: Similarly any 


other case may be established. Hence if m and n be any whole 


í sf "T 
numbers, and m less than n, we have a" +a” or — = 
a 


a 
64. Suppose such an expression as 7; " re occur; this may be 


2 
written thus (7) Mor (z ) means EE 3? and we know from 


6::0,.0* 
Arithmetic that 5 PUP$ 
established. 


Hence if n be any whole number 7; == (5): 


Similarly any other case may be 


65. When the dividend contains more than one term, and the 
divisor contains only one term, we must divide each term of the 
dividend by the divisor, and then form the partial quotients to ob- 
tain the complete quotient. 
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Thus, OP ono; for (a — c)b — ab — cb. 
2 
mr y oid; for (b-c + d)ab= abt — abe + abd. 


In the first example we see that corresponding to the term ab 
in the dividend and to the divisor b there is the term a in the 
quotient; and corresponding to the term — cb in the dividend 
and to the divisor b there is the term — c in the quotient. 


We have already stated in Art. 49, that the following results 
are admitted for the present, subject to future explanation, 


bx—c=—bc, —bx—c=be. 


Similarly, the following results may be admitted, 


Thus in Division as in Multiplication, the sign of the quotient 
is deduced from the signs of the dividend and divisor by the rule, 
like signs produce +, and unlike signs produce —. 


66. When the divisor as well as the dividend contains more 
than one term, we must perform the operation of algebraical 
division in the same way as the operation called Long Division in 
Arithmetic. The following rule may be given: 


Arrange both dividend and divisor according to the powers of — 
some common letter—either both according to ascending powers, or 
both according to descending powers. Find how often the first term 
of the divisor is contained in the first term of the dividend, and 
write down this result for the first term of the quotient ; multiply 
the whole divisor by this term, and subtract the product from the 
dividend. Bring down as many terms of the dividend as the case 
may require, and repeat the operation till all the terms are brought 
down. 
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Example. Divide a'— 2ab 0 by a — b. 
The operation may be arranged thus: 
a—b)a! —2ab +b’ (a —b 


a? — ab 
— ab 4 b? 
— ab 4- b? 


The reason for the rule is, that the whole dividend may be 
divided into as many parts as may be convenient, and the com- 
plete quotient is found by taking the sum of all the partial quo- 
tients. Thus, in the example, a? — 2ab + b is really divided by the 
process into two parts, namely, &' — ab and — ab +b’, and each of 
these parts is divided by a—6; thus we obtain the complete 
quotient a — b. 


67. It may happen, as in Arithmetic, that the division can- 
not be exactly performed. Thus, for example, if we divide 
a° —2ab + 2D? by a—b, we shall obtain as before a—6 in the 
quotient, and there will then be a remainder b. This result is 
expressed in a manner similar to that used in Arithmetic; we say 
VERLA cogis ; that is, there is a complete quotient 

a—b a—b 

p? 
a—b 
braical fractions we shall return in a subsequent chapter. 


To the consideration of alge- 


à — b and a fractional part 


68. The following examples are important: 


z—a)ax-—a (x +2a+a° z—a)a* — a (ta + xa? +a 
a? — ta a* — ta 
xa — a? æða — a* 
æða — va? æða — a? 
xa — a? æða? — a* 
ca? — a? aða? — va? 
a? — a* 
ca? — a* 
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The student may also easily verify the following statements : 


2 2 4 4 
a — a a* — a 
IE =a — a + za! — a^; 
tra td 
3 3 5 5 
a ra æ +a 
— ze wa ta; =g- a + at — za? * a*. 
æra æra 


Each of these examples of division furnishes an example of 
multiplication, as the product of the divisor and quotient must be 
equal to the dividend. Thus we have the following results which 
are worthy of notice: 

x — a? = (x + a) (x — a), 
að — a? = (x — a) (x° + xa + a^), 
a? -- a? = (x + a) (à? — va + áð), 
x — a* = (x — a) (að + a + ca? + a?), 
æt — a* = (x + a) (a? — aa + va? — a^), 
a+ a^ = (x + a) (ar a^a? — xa? + a*). 
69. It will be useful for the student to notice the following 


facts : 


z"— a" is always divisible by æ—a whether the index n be an 
odd or even, number. 


z^ — a" is divisible by æt a if the index n be an even number. 
z^ + a^ is divisible by æ +a if the index n be an odd number. 


It will be easy for the student to verify these statements in 
any particular case, and hereafter we shall give a general proof of 
them. See Chapter xxxirr. 


70. By means of the results which have been obtained in 
the preceding articles we may often resolve algebraical expres- 
sions into factors. Thus whatever Á and B denote we have 


A3 — B’ — (A + B)(A - B), 


and the student will frequently have occasion to use this general 
result with various forms of Á and 8. Thus, for example, sup- 
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pose d=a’, and B=0', so that A*—a*, and Bt=b*; then we 
have à; 


a* — b* = (a° + b°) (a — b°), 
and as a’ — b! — (a - b) (a — b), 
we obtain at — b* = (a? + b°) (a +b) (a — b). 
Again, suppose Á =a’, and B=6*, so that A*= a“, and B*=6'*; 


then we have 
a^ — b = (að + b°) (à — 05); 


and, as in Art. 68, 
að + b = (a + b) (a? — ab + b”), 
a^ — b? = (a — b) (a? + ab +B’), 
so that 
a^ — b° = (a + b) (a — b) (a? + ab + b°) (a? — ab + b°). 
Again, suppose Á = a‘ and B =%*, so that 4* = a^, and B*=6'; 
then we have 
a^ — b° = (a* + b*) (a* — 5^) 
= (a* + b^) (a? + b^) (a + b) (a — b). 
Again, take the general result 
A* — B =(4— B) (£+ AB + B’, 
and suppose Á =a’, and 8 — 0^; thus we obtain 
a? — b° = (a? — b°) (a* + ab? + 5*) ; 
and by comparing this with the result just proved, 
að — b° = (a + b) (a — b) (a? + ab + b°) (a° — ab + b°), 
we infer that 
(a? + ab + b°) (a? — ab + b°) = a* + a^? + Bt. 
This can be easily verified by the method of Art. 56. 
For (a? + ab + b°) (a? — ab + b°) = (a? + b° + ab) (a? + 6? — ab) 
= (a? + y — ab? 
= a* + 2a*b* + b* — ab 


= a‘ + ab? + Of. 
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We may also in some cases obtain useful arithmetical applica- 
tions of our formulæ. For example, 
(127)? — (1237 = (127 + 123) (127 — 123) 
= 250 x 4 21000; 
thus the value of (127)* — (123)* is obtained more easily than it 
would be by squaring 127 and 123, and subtracting the second 
result from the first. 
The following additional examples are deserving of notice. 
(a° + ab „/2 + b°) (a? — ab „/2 + b°) = (a? + ^) — (ab ,J2)* 
= a“ + 2a?b? + b* — 20°? 
= ab“. 
(a? + ab „/3 -- 6^) (a? — ab J3 #6“) = (a^ + ^Y — (ab „/3}' 
= a“ + 20°’ + b* — Ja?t? 
=a -ab + bf. 
að + b° = (a+ b°) (a* — a'b + b^) 
= (a? + b°) (a? + ab,/3 4 b^) (a? — ab /3 + b^). 
The student may verify the following result by multiplication 
or division. 
L? + Y? -g-3xys— (x + y +z) (2 + y? +e — ay — yz — za). 
71. The following are additional examples of Division. 
Divide 8a*— 22a?b + 43a/b^ — 38aP? + 24b* by 2a? — 3ab + 40°. 
2a’ — 3ab + 4b’) 8a* — 22ab + A3a/l? — 38ab? + 245* (4a? — bab + 60° 
8a* — 12a?b + 16a^b* 
— 10a*b + 27a°b? — 38ab 
— 10a?b + l5a'b* — 20ab 
12a*b? — 18a? + 245* 
12a*b* — 18ab* + 24b* 


The quotient is 4a? — 5ab + 6b”. 
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EXAMPLES OF DIVISION. CHAPTER IV. 


Divide z*-— (a b - c)a? + (ab be + ac)æ— abe by x —a. 
æð — (a +b - c)a? + (ab + be + ac) æ— abc EL OPTAT 


y 


æð — aa? 


— (b + e) x? + (ab + be + ac) x 
—(b+c)a*+ (ab+ac)x 


bex — abc 


bca — abc 


The quotient is z* — (b c) æ + bc. 


we qe TUSEPRUCPUOIE SBS ONE pM 
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Divide 
Divide 
Divide 
Divide 
Divide 
Divide 
Divide 
Divide 
Divide 
Divide 
Divide 
Divide 
Divide 
Divide 
Divide 
Divide 
Divide 


EXAMPLES OF DIVISION. 


x’ +l by zl. 

272° + 8y? by 3x + 2y. 

o! Bað! P by a—b 

a’ — 2a*b — 3ab by a+b. è 
64a°-y° by 2a-y. 

a+b by a+b, 

x — æy +y — y by x-y. 

æ — Tx- 6 by x-3. 

32x" y by 2x +y. 

a — a*y + xy? — a^ by x-y’. 
x + a —4a?* + 5a—3 by 2+ 22-3. 

a‘ + 2a°b? + 96* by a’? + 2ab + 30. 

a°—B° by a+ 2a'ð + 2a +b. 

32a* + 54ab? — 81b* by 2a + 3b. 

að — 2x°+1 by að — 9x +1. 

að — 6z* + 925* 4 by z*- 1. 

a+ ab — 8a°b? + 19ab* — 15b* by a’ + 3ab — 50’. 
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18. Divide the product of 23?— 12: -- 16 and 2?—12x—16 
by æt — 16. 


19. Divide the product of x’ —2z41 ant a —3xz +2 by 
æð — 92* + 3z — 1. 


20. Divide the product of z^—z—1, 2z*--3, 2? - z— 1, and 
x-4 by zt- 3x 4 1. 

21. Divide the product of «^ az +x? and at by 
a“ -- aða? ^ a. 

22. Divide the product of zt — 4a*a + Gæða! — 4va? -- a^ and 
æt 2va tað by x — 2a?a + 2xa? — að. 

23. Divide a? + a'b + a'c — abe — b'c — beð by a? — be. 

24. Divide 3a? + 4aba? — 6a*0^x — 4a?b? by x + 2ab. 

25. Divide the product of z?—34^--3x —1, a 2æt 1 and 
æ=1 by a*— Ax? + 62? — 4x +1. 

26. Divide 6a*—a*b + 2a°b’ + 13ab* + 4b* by 2a* — 3ab + AU". 

27. Divide # tg *32y—1 by æt y=1. 

28. Divide a? b’ — c? + 3abe by atb-c. 

29. Divide 2a7b—5a°b?— lla'b*-- 5a*b*— 26a?b? + Tab — 12ab’ 
by a* — 4a?b + ab? — 3ab?. 

30. Divide að! + 2abc* — a^c? — U'c* by ab + ac — be. 

31. Divide the product of a+ b — s a—b+e, and b+c-a 
by a*—b’?—¢? + 2bc. 

32. Divide (a+6+c)(ab+be+ca)—abe by a+b. 

33. Divide (a —be)’ + SU'c? by a? + be. . 

34. Divide b (a?— a?) + ax (x° að) + a^ (x — a) by (a +b) (x-a). 

35. Divide zy! + Wz — xyz + æyð— By — 2yð + tr — æð by 
y-z-—a. : 

36. Divide a? (b+c)—b (a - c) +e? (a+b)+abe by a—b +c. 

37. Divide (a — b) à? (D —a^) a -- ab (a? — 5^) by (a-b)æta"-b'. 

38. Divide aa'— ab? - bx — a? by (x05) (a — zx). 

39. Divide (b— c) à? - (c — a) b’ + (a—b)c by a! — ab — ac + be. 
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40. Divide (ac + by) + (ay —bæ) + ca^ - y? by x+y’. 

41. Divide ab —ba^- ax —a? by (a+b) (a — x). 

42. Resolve a*— b’—¢’+d’—2 (ad — bc) into two factors. 

43. Divide b(a*+a*)+aa(x*—a*)+a*(a+a) by (a--5) (xa). 

44. Shew that (z'—«y-- y^) + (x+ xy +y°) is divisible by 
2a? + 2. 

45. Shew that (x+ y) —a/— y^ is divisible by (a? + zy + ^y. 

46. If A-bc— p, B=ca-g, C=ab-r, P-qr—ap, 
Q=rp—bg and R=pq-—cr, find the value of € -: Q : 
AB-R* QR-AP RP-B0 n PQ-Ck ] 

T 


SCL es en ee 


47. Resolve a“— æ" into five factors. 
48. Resolve 4a°b’ — (a^ + b — eð)" into four factors. 
49. Resolve 4 (ad + bc)'— (a? — 0*— c*-- d^)* into four factors. 


50. Shew that (ay— bx) + (bz — ey)? + (cx — az)? + (ax + by ez) 
is divisible by a? +b - c* and by +y? +z. 


V. OF NEGATIVE QUANTITIES. 


72. In Algebra we are sometimes led to a subtraction 
which cannot be performed because the number which should 
be subtracted is greater than that from which it is required to 
be subtracted. For instance, we have the following relation: 
a—(b+c)=a—b—c; suppose that a=7, b=7 and c=3 so that 
b+c=10. Now the relation a—(b+c)=a—b-c tacitly sup- 
poses b+c to be less than a; if we were to neglect this supposi- 
tion for a moment we should have 7 - 10-27 —7 —3; and as 7-7 
is zero we might finally write 7 — 10 = — 3. 


73. In writing such an equation as 7 — 10 2 — 3 we may be 
understood to make the following statement: “it is impossible to 
take 10 from 7, but if 7 be taken from 10 the remainder is 3." 
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14. It might at first sight seem to the student unlikely that 
such an expression as 7 — 10 should occur in practice; or that if 
it did occur it would only arise either from a mistake which could 
be instantly corrected, or from an operation being proposed which 
it was obviously impossible to perform, and which must therefore 
be abandoned. As he proceeds in the subject the student will 
find however that such expressions occur frequently; it might 
happen that a—6 appeared at the commencement of a long investi- 
gation, and that it was not easy to decide at once whether a were 
greater or less than b. Now the object of the present chapter is 
to shew that in such a case we may proceed on the supposition 
that a is greater than 5, and that if it should finally appear that a is 
less than b we shall still be able to make use of our investigation. 


75. Let us consider an illustration. Suppose a merchant to 
gain in one year a certain number of pounds and to lose a certain 
number of pounds in the following year, what change has taken 
place in his capital? Let a denote the number of pounds gained 
in the first year, and 6 the number of pounds lost in the second. 
Then if á is greater than b the capital of the merchant has been 
increased by a —b pounds. If however b is greater than a the 
capital has been diminished by b — á pounds. In this latter case 
a — b is the indication of what would be pronounced in Arithmetic 
to be an impossible subtraction; but yet in Algebra it is found 
convenient to retain a — b as indicating the change of the capital, 
which we may do by means of an appropriate system of interpre- 
tation. Thus, for example, if a = 400 and b= 500 the merchant's 
capital has suffered a diminution of 100 pounds; the algebraist 
indicates this in symbols, thus 


400 — 500 = — 100, 


and he may turn his symbols into words by saying that the 
merchant's capital has been increased by — 100 pounds. This 
language is indeed far removed from the language of ordinary life, 
but if the algebraist understands it and uses it consistently and 
logically his deductions from it will be sound. 
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76. There are numerous instances like the preceding in which 
it is convenient for us to be able to represent not only the 
magnitude but also what may be called the quality or affection of 
the things about which we may be reasoning. In the preceding 
case a sum of money may be gained or it may be lost; in a ques- 
tion of chronology we may have to distinguish a date before a 
given epoch from a date after that epoch; in a question of posi- 
tion we may have to distinguish a distance measured to the north 
of a certain starting-point from a distance measured to the south 
of it; and so on. These pairs of related magnitudes the algebraist 
distinguishes by means of the signs -- and —. Thus if, as in Article 
75, the things to be distinguished are gain and loss, he may denote 
by 100 or by +100 a gain, and then he will denote by — 100 a 
loss of the same extent. Or he may denote a loss by 100 or by 
+100, and then he will denote by —100 a gain of the same extent. 
There are two points to be noticed; first, that when no sign is 
used + is to be understood; secondly, the sign + may be ascribed 
to either of the two related magnitudes, and then the sign — will 
throughout the investigation in hand belong to the other mag- 
nitude. 


77. In Arithmetic then we are concerned only with the 
numbers represented by the symbols 1, 2, 3, &c., and intermediate 
fractions. In Algebra, besides these, we consider another set of 
symbols —1, —2, —3, &c., and intermediate fractions. Symbols 
preceded by the sign — are called negative quantities, and symbols 
preceded by the sign + are called positive quantities. Symbols 
without a sign prefixed are considered to have + prefixed. 


The absolute value of any quantity is the number repre- 
sented by this quantity taken independently of the sign which 
precedes the number. 


78. In the preceding articles we have given rules for the 
Addition, Subtraction, Multiplication, and Division of algebraical 
expressions. Those rules were based on arithmetical notions and 
were proved to be true so long as the expressions represented such 
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things as Arithmetic considers, that is positive quantities. Thus, 
when we introduced such an expression as a— 6 we supposed both 
a and b to be positive quantities and a to be greater than b. But 
as we wish hereafter to include negative quantities among the 
objects of our reasoning it becomes necessary to recur to the con- 
sideration of these primary operations. Now it is found con- 
venient that the laws of the fundamental operations should be the 
same whether the symbols denote positive or negative quantities, 
and we shall therefore secure this convenience by means of suitable 
definitions. For it must be observed that we have a power over 
the definitions; for example, multiplication of positive quantities 
is defined in Arithmetic, and we should naturally retain that defini- 
tion; but multiplication of negative quantities, or of a positive and 
negative quantity has not hitherto been defined; the terms are at 
present destitute of meaning. It is therefore in our power to 
define them as we please provided we always adhere to our 
definition. 


79. The student will remember that he is not in a position to 
judge of the convenience which we have intimated will follow from 
our keeping the fundamental laws of algebraical operation perma- 
nent, and giving a wider meaning to such common words as 
addition and multiplication in order to insure this permanence. 
He must at present confine himself to watching the accuracy of 
the deductions drawn from the definitions. Ashe proceeds he will 
see that Algebra gains largely in power and utility by the intro- 
duction of negative quantities and by the extension of the meaning 
of the fundamental operations. 


80. Two quantities are said to be equal and may be con- 
nected by the sign — when they have the same numerical value 
and have the same sign. Thus they may have the same absolute 
value and yet not be equal; for example, 7 and —7 are of the same 
absolute value but they are not to be called equal. 


81. In Arithmetic the object of addition is to find a number 
which alone is equal to the units and fractions contained in certain 


T. Á; 3 
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other numbers. This notion is not applicable to negative quan- 
tities; that is, we have as yet no meaning for the phrase “add — 3 
to 5,” or “add — 3 to — 5." We shall therefore give a meaning to 
the word add in such cases, and the meaning we propose is deter- 
mined by the following rules. To add two quantities of the same 
sign add the absolute values of the quantities and place the sign of 
the quantities before the sum. To add two quantities of unlike signs, 
subtract the less absolute value from the greater, and place before 
the remainder the sign of that quantity which has the greater ab- 
solute value. 

Thus, by the first rule, if we add 3 to 5 we obtain 8; if we 
add —3 to —5 we obtain —8. By the second rule, if we add 3 
to — 5 we obtain — 2; if we add — 3 to 5 we obtain 2. 


82. It will be seen that the rules above given leave to the 
word add its common arithmetical meaning so long as the things 
which are to be added are such as Arithmetic considers—namely, 
positive quantities—and merely assign a meaning to the word in 
those cases when as yet it had no meaning. The reader may 
perhaps object that no verbal definition is given of the word add 
but merely a rule for adding two quantities. We may reply that 
the practical use of a definition is to enable us to know that we 
use a word correctly and consistently when we do use it, and the 
rules above given will ensure this end in the present case. 


83. The rules are not altogether arbitrary—that is, the stu- 
dent may easily see even at this stage of his progress that they are 
likely to be advantageous. Thus, to take the numerical example 
given above, suppose a man to be entitled to receive 3 shillings 
from one person and 5 from another, then he may be considered 
to possess 8 shillings. But suppose him to owe 3 shillings to one 
person and 5 shillings to another; then he owes altogether 8 
shillings; this may be considered to be an interpretation of the 
— 8 which arises from adding — 3 to — 5. Next, suppose that he 
has to receive 3 shillings and to pay 5 shillings; then he owes 
altogether 2 shillings; this may be considered to be an interpreta- 
tion of the — 2 which arises from adding 3 to — 5. Lastly, suppose 
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that he has to receive 5 shillings and to pay 3 shillings, then he 
may be considered to possess 2 shillings; this may be considered 
to be an interpretation of the 2 which arises from adding 
—3 to 5. 


84. Thus in Algebra addition does not. necessarily imply 
augmentation in an arithmetical sense; nevertheless the word 
sum is used to denote the result. Sometimes when there might 
be an uncertainty on the point, the term algebraical sum is used to 
distinguish such a result from the arithmetical sum, which would 
be obtained by the arithmetical addition of the absolute values of 
the terms considered. 


85. Suppose now we have to add the five quantities — 2, + 5, 
—13, —4 and +8. The sum of —2 and +5 is +3; the sum 
of +3 and —13 is — 10; the sum of —10 and —4 is —14; the 
sum of —14 and +8 is —6. Thus —6 is the sum required. 
Or we may first calculate the sum of the negative quantities — 2, 
—13 and —4, and we thus get —19; then calculate the sum 
of the positive quantities +5 and +8, and we thus get +13. 
Thus the proposed sum becomes 13 — 19, that is, — 6 as before. 
It will be easily seen on trial that the same result is obtained 
whatever be the order in which the terms are taken. That is, 
for example, -2—13.4-548—4, 8—13—2—4 45, and so on, 
all give — 6. 


86. Next suppose we have to add two or more algebraical 
expressions; for example, 2a — 3b + 4c and —a—2b -c-- 2d. We 
have for the sum 


2a — 3b + 4c — a — 2b + c + 9d. 
Then the like terms may be collected; thus 
2a—a-a, —3b—2b—-—5b, 4c¢+c=5c; 


and the sum becomes 
a— 5b + bc + 9d. 


Thus we may give the following rule for algebraical addition : 
Write the terms in the same line preceded by their proper signs ; 
3—2 
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collect like terms into one, and arrange the terms of the result 
in any order. 


87. In arithmetical subtraction we have to take away one 
number, which is called the subtrahend, from another which is 
called the minuend, and the result is called the remainder. The 
remainder then may be defined as that number which must be 
added to the subtrahend to produce the minuend, and the object 
of subtraction is to find this remainder. 

We shall use the same definition in algebraical subtraction, 
that is, we say that in subtraction we have to find the quantity 
which must be added to the subtrahend to produce the minuend. 
From this definition we obtain the rule: Change the sign of every 
term in the subtrahend and add the result so obtained to the minu- 
end, and the result will be the remainder required. 

For it is obvious, that if to the expression thus formed we add 
the subtrahend, giving to each term its proper sign, all the terms 
of the subtrahend will disappear and leave the minuend; which 
was required. 


88. We have still another point to notice. According to 
what has been laid down, the sum of a and —b is denoted by 
a—b; if we take —5 from a, the result is a+b; and the sum of 
—a, +b, and —c¢ is —a-- b —c; and so on. But we have as yet 
supposed that the letters themselves stand for positive numbers ; 
for example, when we say that the sum of +a and -bis «— D, 
a may be 6, and b may be 10; but suppose that a is — 6, and 6 is 
—10, do the rules adopted apply here? Since b is —10, —6 or 
—(—10) will naturally be taken to mean 10, and a or +(—6) 
will be taken to mean — 6; and the sum of 10 and — 6 is 4. 


89. Thus if a be itself a negative quantity, we have assigned 
a meaning to +a and to —a@; and the meanings are these, let 
a —— a, so that a is a positive quantity, then +a or H{(-a)=-a, 
and —« or —(—a)=a. We said in the preceding article that 
these meanings followed natwrally from what had preceded; it is 
however of little consequence whether we consider these meanings 
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to follow thus, or whether we look upon them as new interpreta- 
tions; the material point is to úse them uniformly and consistently 
when once adopted. 

Since (— a) 2—a, and —(—a) =a, that is, +a, we may enun- 
ciate the same rule as formerly, namely, that like signs produce + 
and unlike signs —. 


90. There are four cases to consider in multiplication. Let 
a and b denote any two numbers, then we have to consider 


+ax+b, —axtb, +ax-b, —ax-b. 


The first case is that of common Arithmetic and needs no 
remark. The ordinary definition of multiplication may also be 
applied to the second case; for suppose, for example, that b= 3, 
then —æ x3 indicates that — a is to be repeated three times, that 
is, we have —a—a-—a or — 3a as the result. Thus 


—ax--b--— ab. 


In the other two cases the multiplier is a negative quantity, 
and thus the common arithmetical notion of multiplication is not 
applicable; we may therefore give by definition a meaning to the 
term in this case. Now we observe that when the multiplier is 
positive, the sign of the multiplicand is preserved in the product; 
thus we are led to adopt the following convention: Wen the mul- 
tiplier is negative, perform the multiplication as if the multiplier 
were positive, and change the sign of the product. Hence we con- 
clude immediately that 


+a x—b=-— ab and -ax—b= + ab. 


91. Hence we have the following rule: To multiply two 
quantities whatever be their signs, multiply them without consider- 
ing the signs, and put + or — before the product according as the 
two factors have the same sign or different signs. As before re- 
marked, the rule for the sign of the product is abbreviated thus: 
Like signs give + and unlike signs give —. 


92. In the preceding articles we supposed a and b themselves 
to denote arithmetical numbers; it is important however to 
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observe that if they denote any quantities, positive or negative, the 
four results obtained are true; that is, 
+ax+b=+ab, —ax+b=-ab, -ax—b-—ab -ax-b=rab. 
Take, for example, the last of these, and suppose that a is a 
negative quantity, and so may be denoted by —a; then —a is a 
positive quantity, and =a. (Art. 89.) Hence -ax-b=ax-b; 
and this by the third case —— ab. And ab=-axb=— ab by 
the second case. 


Thus the result —a x—b=ab holds when a is a negative 
quantity. Similarly any other case may be established. 


93. We must now shew that the rule for multiplying bino- 
mial and polynomial expressions given in Art. 48 is true, whatever 
the symbols denote. "Take, for example, the case 


(a — b)c — ac — be. 

When this was proved, we supposed c a positive quantity; we 
wil now suppose that c is a negative quantity, namely — y. 
Now by virtue of the convention in Art. 90, to find the product 
of a—b and —y we must multiply a—6 by y and then change 
the sign of each term in the result. Now, 

(a - b) y - ay - by; 
thus (a — 6) (— y) 2 - ay + by. 
But since c=—y, we have 
ac -be - —ay by; 
thus the relation (a — b) c 2 ac — bc 
holds whatever c may be, positive or negative. Similarly, any 
other case may be established. 


94. The ordinary definition of division will be universally 
applicable; we suppose a product and one factor given, and we 
have to determine the other factor. 


Hence if we perform the division without regarding the signs 
we obtain the quotient apart from its sign. It remains then 
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to determine the sign, for which we may give the following 
rule: 

When the dividend and divisor have the same sign, the quotient 
must have the sign --; when the dividend and divisor have differ- 
ent signs, the quotient must have the sign —. 


This rule follows from the fact that the product of the divisor 
and quotient must be equal to the dividend. The rule for the 
sign of the quotient may as before be abbreviated thus: Like signs 
give + and unlike signs give —. 

95. The words greater and less are often used in Algebra in 
an extended sense. We say that a ís greater than b or that b is 
less than a if a—b is a positive quantity. This is consistent with 
ordinary language when a and b are themselves both positive, and 
it is found convenient to extend the meaning of the words greater 
and Jess so that this definition may also hold when a or b is nega- 
tive, or when both are negative. Thus, for example, in algebraical 
language 1 is greater than — 2 and — 2 is greater than — 3. 


.96. Before leaving this part of the subject we may make a 
few general remarks. The subject of Algebra has been divided 
by some modern writers into two parts, which they have called 
Arithmetical Algebra and Symbolical Algebra. In Arithmetical 
Algebra symbols are used to denote the numbers and the opera- 
tions which occur in Arithmetic. Here, as shewn in the preced- 
ing chapters of the present work, we begin by defining our 
symbols, and then arrive at certain results, as for example, at 
the result (a+b) (a—b)=a’—b*. In Symbolical Algebra we 
assume that the rules of Arithmetical Algebra hold universally, 
and then determine what must be denoted by the symbols and 
the operations, in order to ensure this result. Thus we may 
consider, that in the present chapter we have been examining what 
meanings must be given to the symbols to make the results of the 
previous chapters hold universally. And we have thus been led 
to the theory of negative quantities, and to an extension of the 
meaning of the words addition, subtraction, multiplieation and 
division. 
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97. In some of the older works on Algebra, scarcely any 
reference is made to the extensions of meaning which we have 
given to some simple arithmetical terms. In such works the 
proofs and investigations are only valid so long as the symbols 
have purely arithmetical meanings; and the proofs and investiga- 
tions are really asswmed without demonstration to hold when the 
symbols have not purely arithmetical meanings. In recent works, 
as in the present, an attempt is made to establish the proofs 
completely. It must not however be denied that this branch of 
the subject presents considerable difficulty to the beginner, and it 
will probably only be after repeated examination of the subject 
that the student will obtain a conviction of the universal truth 
of the fundamental theorems. 

The student is recommended to proceed onwards as far as the 
chapter on equations; he will there see some further remarks on 
negative quantities, and he may afterwards read the present 
chapter again. It would be inconsistent with the plan of this 
work to enter very largely on this branch of Algebra; but the 
present chapter may furnish an outline which the student ean 
fill up by his future reading and reflection. 

We shall require in the course of the work certain propo- 
sitions which are obvious axioms in Arithmetic, and which are 
also true when we give to the terms and symbols their extended 
meanings. 


98. If equal quantities be added to equal quantities, the sums 
will be equal. 


99. If equal quantities be taken from equal quantities, the 
remainders will be equal. 


Thus, for example, if 4 =pB: C, then by taking C from these 
equal quantities we have 4 —C = pB. 


100. If equal quantities be multiplied by the same or equal 
quantities, the products will be equal. 


Thus too if a=b then a" =b" and Na = ;/ð. 
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101. If equal quantities be divided by the same or equal 
quantities, the quotients will be equal. 


102. If the same quantity be added to and subtracted from 
another, the value of the latter will not be altered. 


103. Ifa quantity be both multiplied and divided by another, 
its value will not be altered. 


104. It is important to draw the attention of the reader to 
the fact, that these propositions are still true whether the quanti- 
ties spoken of are positive or negative, and when the terms addi- 
tion, subtraction, multiplication, and division have their extended 
meanings. For example, if a=), and c= d, then ac — bd; this is 
obvious if all the letters denote positive quantities. Suppose 
however that c is a negative quantity, so that we may represent 
it by —y; then d must be a negative quantity, and if we denote 
it by —8, we have y —8; therefore «y — 58; therefore — «y — — bò; 
and thus ac = bd. 


MISCELLANEOUS EXAMPLES. CHAPTER V, 

1. Shew that x+y’ + 42^ + 2æy + 8rz and 4 (x+ z)? become 
identical when x and y each =a, 

2. If a=1, b-8, æ=T and y=8, find the value of 

5 (a-b) N/((a +a) y'3— 5 a 2) y} +a 
3. If a=#, 05-3, x25 and y=, find the value of 

(104 + 20b) „{(æ— b) y) — 3a à/f{y° (a —b)} + 5b. 

4. If a=4, 0-2, v=}? and y=4, find the value of 


(a +8) Ye) y?) — a Jy (e — 9) a 


5. Substitute y+3 for æ in a*—a^-- 227— 3 and arrange the 
result, 
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6. Prove that 
(a — b) (b — e)" (c - aj = 2 {(a — b+ (b — c)*- (c - a)*). 
T. If 2s=a+b+c, shew that 
2 (s — a) (s — b) (s— c) +a (s— b) (s — c) +b (s— c) (s— a) 
+c (s — a) (s — b) = abc. 
8. Prove that 
(a +b 4 cy*— (b - c)*— (c+ a)*— (a+ D)* - a*+ b*+ c*- 12abe (a b c). 


9. Prove that if a, +0, +...44,= 58, then 


(s—a,)’+ (s— a) +... +(3s—-a,) =a +a; 4... a. 
10. If 2s=atbsc and 20°=a’+6’+c’, shew that 
(a? — a“) (o? — b°) + (að b°) (o* — c") + (e? — c") (0° — a?) 
= 4s (s — a) (s — b) (s — c). 


VI. GREATEST COMMON MEASURE 


105. In Arithmetic the greatest common measure of two or 
more whole numbers is the greatest number which will divide each 
of them without remainder. The term is also used in Algebra, and 
its meaning in this subject will be understood from the following 
definition of the greatest common measure of two or more Alge- 
braical expressions. Let two or more Algebraical expressions be 
arranged according to descending powers of some common letter; 
then the factor of highest dimensions in that letter which divides 
each of these expressions without remainder is called their greatest 
common measure. 


106. The term greatest common measure is not very appro- 
priate in Algebra, because the words greater and less are seldom 
applicable to Algebraical expressions in which specific numerical 
values have not been assigned to the various letters which occur. 
It would be better to speak of the highest common divisor or of 
the highest common measure; but in conformity with established 
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usage we retain the term greatest common measure. The letters 
a. C. M. will often be used for shortness instead of this term. 

When one expression divides two or more expressions we shall 
say that it is a common measure of them, or more briefly, that it 
is a measure of them. 


107. The following is the rule for finding the a. c. M. of two 
Algebraieal expressions : 

Let A and B denote the two expressions; let them be arranged 
according to descending powers of some common letter, and suppose 
the index of the highest power of that letter in .4 not less than 
the index of the highest power of that letter in B. Divide A by 
B; then make the remainder a divisor and B the dividend. 
Again, make the new remainder a divisor and the preceding 
divisor the dividend. Proceed in this way until there is no 
remainder; then the last divisor is the c. C. M. required. 


108. Example: find the a. c. m. of 
a* — 6x48 and 42? —212* löæ 4- 20. 
að — 6x + 8) 42? — 21a? + 15x 4 20 (4x - 3 
4a? — 24x? + 32x 


32* — lx --20 
32? — 182 + 24 
x—- 4 
z—4)a'—6x4-8(x—2 
at — 4x 
—22z48 
—22z--8 


Thus xz —4 is the G. C. M. required. 
109. The truth of the rule given in Art. 107 depends upon 
the following principles: 


(1) If P divide A, then it will divide mA. For since P 
divides A, we may suppose Á=aP, then mA =maP, thus P 
divides mA. 
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(2 If P divide A and B, then it will divide mA +nB. For 
since P divides A and B, we may suppose 4 —aP, and B —bP, 
then mA +nB=(ma+nb)P; thus P divides mA + nB, 


We can now prove the rule given in Art. 107. 


110. Let Á and B denote the two expres- B) A (p 
sions. Divide A by 8; let p denote the quo- pB 
tient, and C the remainder. Divide B by C; ET Bl4 
let g denote the quotient and D the remainder. gO 
Divide C by D, and suppose that there is no 
remainder, and let v denote the quotient. 
Thus we have the following results : 


A=pB+C; B=qC+D; C=rD. 

We shall first shew that D is a common measure of A and B. 

D divides C, since C — 7D; hence (Art. 109) D divides gC and 
also qC +D; that is, D divides B. Again, since D divides B and 
C, it divides pB +C; that is, D divides A. Hence D divides A 
and B. 

We have thus shewn that D is a common measure of Á and B; 
we shall next shew that it is their greatest common measure. 


D)C(r 
rD 


By Art. 109 every expression which divides Á and B divides 
A—pB, that is, C; thus every expression which is a measure of 
A and B is a measure of B and C. Similarly every expression 
which is a measure of B and C is a measure of C and D. Thus 
every expression which is a measure of Á and B divides D. But 
no expression higher than D can divide D. Thus D is the G. c. m. 
required. 


111. In the same manner as it is shewn in the preceding 
article that D measures A and B, it may be shewn that every 
expression which divides D also measures A and B. And it is 
shewn in the preceding article that every expression which mea- 
sures A and B divides D. Thus every measure of Á and B 
divides their G. Cc. w. ; and every divisor of their G. c. M. measures 
A and B. 
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112. Example: find the c. C. m. of 
at 5a -- 4 and a+ 4a? + 52 - 9. 
aðtðæt 4) +40°+5a+2(a—-1 
a? + ba? + 4a 
—z'-- 6-2 
—a! - bæ —4 
62 +6 


Gæ #0) að en 4 (S45 


ær æ 
4a 4-4 
4x 4-4 


This example introduces a new point for consideration. The 
last divisor here is 6x --6; this, according to the rule, must be 
the G. c. M. required. We see from the above process that when 
&*--5x--4 is divided by 6x-- 6 the quotient is gt E If the 
other given expression, namely a*+4a°+5a+2, be divided by 

2 
6x + 6, it will be found that the quotient is - + 5 + 3 It may 
at first appear to the student that 6æ- 6 cannot be a measure 
of the two given expressions, since the so-called quotients really 
contain fractions. But we see that in these quotients the letter 
of reference æ does not appear in the denominator of any fraction 
although the coefficients of the nm of æ are fractions. Such 
1 a 

expressions as s + 3 and — 6 +5+ E therefore, may be said to be 
integral expressions so far as relates to x. 


Thus, in the example, when we say that 6æ 6 is the G. C. m. 
of the two given expressions, we merely mean that no measure 
can be found which contains higher powers of œ than 6x + 6. 
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Other measures may be found which differ from this so far as 
respects numerical coefficients only. Thus 3x + 3 and 2x +2 will 
be found to be measures; these are respectively the half and the 
third of 6x--6, and the corresponding quotients when we divide 
the given expressions by these measures will be respectively twice 
and three times what they were before. Again, «+1 is also a 
measure, and the corresponding quotients are x + 4 and 2*4- 3x + 2 ; 
we may then conveniently take +1 as the greatest common mea- 
sure, since the quotients are free from fractional coefficients. 


113. In order to avoid fractional coefficients in the quotients 
it is usual in performing the operations for finding the c. c. m. to 
reject certain factors which do not form part of the a. c. m. required. 
The process may be conducted thus: 


B) Al p C)B (a 
pB gC’ 
C=mC" suppose, D -nD' suppose, 
D') €' (v 
rD 
0 suppose, 


where neither m nor n has a factor common to A and B. Then 
D' shall be the a. c. m. of A and B. 


We have the following results: 
A=pB+0=pB+m0; B-qC' -D-qC' -nD'; C’=rD. 


We shall first shew that D' is a measure of Á and B. 
D' divides C’, therefore it divides qC' +nD (Art. 109); that is, 
D divides B. Again, since D’ divides B and C", it divides p B --mC"; 
that is, D’ divides Á. Hence D’ is a measure of Á and B. 

We shall next shew that D’ is the greatest common measure 
of Á and B. By Art. 109, every measure of Á and 7 divides 
A —pB, that is, C, that is, mC’; but m has no factor which is com- 
mon to Á and B; thus every measure of Á and B divides C", and 
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therefore is a measure of B and C’. Similarly, every measure of B 
and C" is a measure of C’ and D’. Thus every measure of A and 
B divides D’. But no expression higher than D’ can divide D’. 
Thus D’ is the a. c. m. required. 


114. A factor of a certain kind may also be introduced at 
any stage of the process. Thus, 


B)A(p 


pB Now let mB =B’, where m has no factor 


which C has. 


Let nC —C', where n has no factor which 
hið D has. 


0 suppose. 
Then D shall be the c. c. m. of Á and 2. 
We have the following results: 
A=pB+C; | B' or mBzqC +D; C' or nC — rD. 


We shall first shew that D is a measure of Á and B. D 
divides C’, that is, nC; but no factor of D is contained in n, so 
that D divides C; therefore D divides qC + D, that is, B’ or mB. 
Then, as before, D divides B, and therefore pB+C, that is, A. 
Hence D is a measure of A and B. 

We shall next shew that D is the greatest common measure of 
A and B. By Art. 109, every measure of Á and B divides 4— p, 
that is, C, and therefore is a measure of B and C; and every 
measure of B and C divides mB — q0, that is, D. Thus every 
measure of A and B divides D. But no expression higher than D 
can divide D. Thus D is the c. c. M. required. 


115. By means of such modifications of the process for find- 
ing the G. C. M. as are indicated in the preceding two articles, we 
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may avoid the introduction of fractional coefficients. The follow- 
ing example will guide the student. Required the c. c. m. of 
3a* — 102? + 15x +8 and a? — 2z* — 62? + 4a°+ 13x + 6. 


að — 2a* — 62? Ag? + 13x + 6 ) 32^ — 102 152-8 (3 
325 — 62* — 18a? + 122? + 39x +18 


Gxt + Sæt - 122! — 247 — 10 


Before proceeding to the next division we may strike out the 
factor 2 from every term of the new divisor, and multiply every 
term of the new dividend by 3. Then continue the operation 
thus: 

9z*-- 4a? — Ga! — 12x — 5 ) 3a? — 602—182? 122? + 3992 18 (x 
3x + 4a*— bx? - 12x? — 5x 


— 10a* — 12a? + 24a? + 44x -- 18 


Remove the factor 2 from every term of the last expression, 
and then multiply every term by 3. Thus we have 


— 15a* — 182? + 362? + 662 + 27. 


Proceed with the division 
Sat + Aa? — Ga? — 122 — 5 ) — 152* — 182? + 362 + 66x + 27 (-5 
— 15a* — 20a? + 302? + 60x + 25 


Qa? + 62? + 6a + 2 


Remove the factor 2 and then continue the operation thus: 
a+ 3a°+ 9z +l) 3a*+40°- Gat — 12x- 5 (32-5 
Bat + 9a^-- Ya? + 3x 


— ba? — 15a? — 15x — 5 
— bað — 150a*—152 — b 


Thus z*--3a?-- 9z +1 is the G.c. M. required. 
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116. Suppose the original expressions Á and B to contain a 
common factor F, which is obvious on inspection; let A= af, and 
B=bF. Then F will be a factor of the a. c.m. For in the process 
of Art. 110, if F divide A and B, it may be shewn successively 
that it divides C and D; that is, F is a factor of the a. c.m. We 
may then find the c. c. M. of a and b, and multiply it by F, and the 
product will be the c. c. m. of Á and B. 


117. Similarly, if at any stage of the operation we perceive 
that a certain factor is common to the dividend and divisor, we 
may strike it out, and continue the operation with the remaining 
factors. The factor omitted must then be multiplied by the last 
divisor which is obtained by continuing the operation, and the 
product will be the required c. c. m. 


118. Suppose, for example, that we require the G.c.M. of 
(x—1y(x—2)(x—3) and (r—1)'(z—4)(x —5). Here the factor 
(x —1)' is common to both the proposed expressions, and is there- 
fore a factor of the a. c. w. Moreover in this example (x —1)* forms 
the entire G.C. M.; for no common measure can be found, except 
unity, of (z—2)(z—3) and (x—1)(z— 4)(z —5) which are the 
remaining factors of the proposed expressions. The last statement 
can be verified by trial, but when the student is acquainted with 
the theory of the resolution of algebraical expressions into factors 
it will be obvious on inspection. | 


119. Next suppose we require the a. c. M. of three algebraical 
expressions Á, B, C. Find the a. c. m. of two of them, say Á and 
B; let D denote this a. c. m.; then the c. c. x. of D and C is the 
required a. c. M. of A, B and C. 

For by Art. 111 every measure of D and C is a measure of 
A, B and C; and also every measure of A, B and C is a measure 
of D and C. Thus the G.c.Mm. of D and C is the a.c. x. of 4, B 
aud C. 


120. In a similar manner we may find the c.c.M. of four 
algebraical expressions. Or we may find the a.c.w. of two of 
T. A. 4 
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the given expressions and also the c. c. M. of the other two; then 
the c.c. M. of the two expressions thus found will be the G. c. m. 
of the four given expressions. 


121. The definition and operations of the preceding articles of 
this chapter relate to polynomial expressions. The meaning of 
the term greatest common measure in the case of simple expressions 
will be seen from the following example: 


Required the c. c. m. of 432a*b^xy, 270a°b°x*z and 90a?ba*. 


We find by Arithmetic the G.c.M. of the numerical coeffi- 
cients 432, 270, and 90; it is 18. After this number we write 
every letter which is common to the simple expressions, and we 
give to each letter respectively the least index which it has in 
the simple expressions. Thus we obtain 18a*ba, which will divide 
all the given simple expressions, and is called their greatest com- 
mon measure. 


EXAMPLES OF THE GREATEST COMMON MEASURE. 


Find the a. c. m. in the following examples: 
Of z^ — 3x + 2 and st —z — 2. 
. 9? + 392? + 4z - 12 and a? + 4a? + 4x + 3. 
. - x -z—9 and a+ 32? + 5x « 3. 


. 2? +l and a? mætt ma 4 1. 


. $^ —3" and a*— y. 
. 927 — 132? + 292 — 21 and 62? x? — 44x + 21. 


l. 

2 

3 

4 

5. ... 62? — Taz — 20a°x and 3a*-- ax — 4a’. 

6 

7 

8. ... v*—3a°+ 2x +w- l and 2°—a*- 24+ 2. 
9 


. X — TÆ + 8a? + 28: — 48 and 2? — 87? + 19x — 14. 
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10. Of gt- #1 2a? - 2 - 3 and w + 227^ —» — 2. 


ll. ... 4a*+ 92? + 25* — 25 — 4 and 32? + ba! — x - 2. 

12. ... 22*— 122? - 192? — 6x -- 9 and 42? — 182? + 19x — 3. 
13. ... 6z'- 2^ — x and 4a?— ba — 4x + 3. 

l4. ... Pta axy- y and a*+ 22*y — a^a? +y awy yt. 
15. ... 225—112? — 9 and Ag 4 1la* 81. 

16. ... 2a*+ 3a^z — Ias? and 6a*x — lIai + lda^a? — 3aa*. 
17. ... 22? (2a—9)a? — (9a. 6) x -- 27 and 225 — 13x +18. 
18. ... a/a?— abay + alzy^ — by and 2a*ba*y — ab æg — Vy. 
19. ... 124? — l5yx + 3y* and 62? — Gyæt + 2y*x — 27. 


20. ... w+ 3a*-— 8:57 —9x — 3 and ms — 2x*— 62? + 42? 4- 192 + 6. 
21. ... 62*—4a'—11la?— 32? 3x—1 and datt 20 1827+ 32 — 5. 


22. ... a*— aa? — a*x*— a^x — Jat and 3a?— aa? t 3a*x — 2a. 


VIL LEAST COMMON MULTIPLE, 


122. In Arithmetic the least common multiple of two or more 
whole numbers is the least number which contains each of them 
exactly. The term is also used in Algebra, and its meaning in this 
subject will be understood from the following definition of the least 
common multiple of two or more Algebraical expressions. Let two 
or more Algebraical expressions be arranged according to descend- 
ing powers of some common letter; then the expression of lowest 
dimensions in that letter which is divisible by each of these 
expressions is their least common multiple. 


4—2 
www.rcin.org.pl 


52 LEAST COMMON MULTIPLE. 


123. The letters L. c. M. will often be used for shortness 
instead of the term least common multiple; the term itself is not 
very appropriate for the reason already given in Art. 106. 


Any expression which is divisible by another may be said to 
be a multiple of it. 


124. We shall now shew how to find the r.c. M. of two 
Algebraical expressions. Let Á and B denote the two expres- 
sions, and D their greatest common measure. Suppose 4—aD 
and B=bD. Then from the nature of the greatest common 
measure, á and b have no common factor, and therefore their 
least common multiple is ab. Hence the expression of lowest 
dimensions which is divisible by aD and bD is abD. 

AB 


And abD = Ab = Ba = D: 


Hence we have the following rule for finding the L. c. M. of 
two Algebraical expressions: find their G. c. M.; divide either ex- 
pression by this c. c. M., and multiply the quotient by the other 


expression. Or thus:—divide the product of the expressions by 
their G. C. M. 


125. If M be the least common multiple of Á and B, it is 


obvious that every multiple of M is a common multiple of Á 
and B. 


126. Every common multiple of two Algebraical expressions is 
a multiple of their least common multiple. 


Let A and B denote the two expressions, M their L. c. m.; and 
let V denote any other common multiple. Suppose, if possible, 
that when JN is divided by M there is a remainder 2; let g denote 
the quotient. Thus N — qM + R; therefore R=N—gM. Now A 
and B measure M and J, and therefore (Art. 109) they measure 
R. But Eis of lower dimensions than M ; thus there is a common 
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multiple of A and B of lower dimensions than their L. c. m. This 
is absurd; hence there can be no remainder R; that is, W is a 
multiple of M. 


127. Next suppose we require the L. c. m. of three Algebraical 
expressions Á, B, C. Find the L. c.m. of two of them, say Á and 
B; let M denote this L. Cc. m.; then the L. c. M. of M and C is 
the required L. c. m. of Á, B and C. i 


For every common multiple of M and C is a common multiple 
of 4, B and C (Art. 125). And every common multiple of Á 
and 5 is a multiple of Jf (Art. 126); thus every common multi- 
ple of 4, B and C is a common multiple of M and C. Therefore 
the L. c. M. of M and C is the L. c. m. of A, B and C. 


128. By resolving Algebraical expressions into their compo- 
nent factors, we may sometimes facilitate the process of determin- 
ing their G. C. M. or L. C. M. For example, required the L. c. M. of 
æ’ — a^ and a^— a^. Since 


x’ — a = (x—a) (x +a) and a? — à? = (x — a) (x° + ax + a’), 


we infer that x—a is the c. c. M. of the two expressions; con- 
sequently their L. C. M. is (æt a)(z — a“), that is, 


a* + aa? — a?x — a*. 


129. The preceding articles of this chapter relate to polyno- 
mial expressions. The meaning of the term least common mul- 
tiple in the case of simple expressions will be seen from the 
following example. Required the r. c. m. of 432a*b*xy, 270a b’ xz 
and 90a*ba*®. We find by Arithmetic the Lr. c. m. of the numeri- 
cal coefficients 432, 270 and 90; it is 2160. After this number 
we write every letter which occurs in the simple expressions, and 
we give to each letter respectively the greatest index which it has 
in the simple expressions. Thus we obtain 2160a‘b*x*yz, which is 
divisible by all the given simple expressions, and is called their 
least common multiple. 
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130. The theories of the greatest common measure and of the 
least common multiple are not necessary for the subsequent chap- 
ters of the present work, and any difficulties which the student 
may find in them may be postponed until he has read the theory 
of equations. The examples however attached to the preceding 
chapter and to the present chapter should be carefully worked, on 
‘account of the exercise which they afford in all the fundamental 
processes of Algebra. 


EXAMPLES OF THE LEAST COMMON MULTIPLE. 


1. 

2. Find the 
3. Find the 
4. Find the 
5. Find the 
6. Find the 
7. Find the 
8. Find the 
9. Find the 
10. Find the 
1l. Find the 


L. C. M. 


. of #1 and z'4- z— 2. 


L C. M 
L. C. M. 
L. C.M 
L C. M 


L. C. M. 


n o0. 


M. of a*— 4a?, (æt 2a)* and (x — 2a)". 


L. C. 


L. C. M. 


L. C. M. 


Find the L. c. x. of 62°—a2-1 and 2a°+ 3x — 2. 


of 3a?— 5x --29 and 42? - 4r - æ 4 1. 


of a*— 9x + 93x — 15 and 2? — 8x +7. 


. of (æt 1) (za? —1) and z^- 1. 
. of a^ + 2a*y — xy — 2^ and 


a? — 2æðy — vy + W. 
of 2: — 1, 44? — 1l and 42? tl. 


of 2° —a, aà?—1 and tl. 


of aà?— 62?-- 11: — 6, a?— 927 + 26x — 24 
and a?— 82? + 19a — 12. 

of a* — 4a, a? + 2a? + Aa^x + Sa? and 
a? — 2ag? + 4a?x — 8a’. 


12. Find the L. c. w. of 
a? — (a - b) x + ab, a? — (bt e) e - be, and a^ — (e - a) v ca. 
13. Required the L. c. m. of 
22? + (2a — 3b) a?^— (25° + 3ab) x + 3b and 22? — (3b — 2c) a — 3be. 
14. Required the r. c. w. of 
6 (a^ — 0^) (a — bF, 9 (a* — b") (a — by. and 12 (a* - ^y. 
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VIII. FRACTIONS. 


131. We propose to recall to the student's attention some 
propositions respecting fractions which he has already found in 
Arithmetic, and then to shew that these propositions hold uni- 
versally in Algebra. In the following articles the letters repre- 
sent whole numbers, unless it is stated otherwise. 


; we indicate that a unit has been 


divided into b equal parts, and that a of such parts are taken. Here 


132. By the expression 


; is called a fraction; a is the numerator and b the denominator, 


so that the denominator indicates into how many parts the unit is 
to be divided, and the numerator indicates how many of those 
parts are to be taken. 


Every integer may be considered as a fraction with unity for 


its denominator; thatis, p EE. 

133. To multiply a fraction by an integer we multiply the 
numerator by that integer, and to divide a fraction by an integer we 
divide the numerator by that integer. 


Let z denote any fraction, and c any integer; then will 


- =? For in each of the fractions 2 and T 
divided into 6 equal parts; and c times as many parts are 
taken in the latter fraction as in the former; hence the latter 
fraction is c times the former. This proves the rule for multipli- 


cation. 


the unit is 


In a similar manner we may shew that + c -P and thus 


prove the rule for division. 
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134. Or we may use the following rules:—7'o divide a frac- 
tion by an integer multiply the denominator by that integer, and to 
multiply a fraction by an integer divide the denominator by that 
integer. 


Let 5 denote any fraction, and c any integer; then will 
-e=2. For.in each of the fractions A and IL. the same 
b bc b bc 


number of parts is taken; but each part in the latter is > th of 


each part in the former, since in the latter the unit is divided into 
c times as many parts as in the former; hence the latter fraction 


is E of the former. This proves the rule for division. 


In a similar manner we may shew that T xe 5 and thus 


bc 
prove the rule for multiplication. 


135. If any quantity be both multiplied and divided by the 
same number its value is not altered. Hence if the numerator 
and denominator of a fraction be multiplied by the same number 
the value of the fraction is not altered. For the fraction is 
multiplied by any number by multiplying its numerator by that 
number, and is divided by the same number by multiplying its 
denominator by that number. (Arts 133 and 134.) Thus 


= i. And so also if the numerator and denominator of a 


fraction be divided by the same number the value of the fraction 
is not altered. 


136. Hence, an Algebraical fraction may be reduced to an- 
other of equal value by dividing both numerator and denominator 
by any common measure; when both numerator and denominator 
are divided by their.G. c. m. the fraction is said to be reduced to ts 


Y . 602 —1x2 — 20 
lowest terms. For example, consider the fraction 23 n E 
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Here the c. c. m. of the numerator and denominator will be found 
to be 2x — 5; hence, dividing both numerator and denominator by 


this we obtain 
6x’ —- 1% -20 3æ+ 4 
4 —972-5 922 -5xz—-1' 


137. Since 7-7 (Art. 94) it is obvious that we may 


change the signs of the numerator and denominator of a fraction 
without altering the value of the fraction. 


138. To reduce fractions to a common denominator :—multi- 
ply the numerator of each fraction by all the denominators except 
its own for the numerator corresponding to that fraction, and mul- 
tiply all the denominators together for the common denominator. 


Thus, suppose 25 F» and Fto be the proposed fractions ; then, 


4 Art. 135, 2 adf c cbf ebd adf cbf 


Iu a iuba RETE 


; d M are fractions of the same value respectively as the proposed 
fractions, and having the common denominator bdf. 


139. If the denominators have any factors in common, we 
may proceed thus:—find the L.C. M. of the denominators and use 
this as the common denominator; then for the new numerator cor- 
responding to each of the proposed fractions, multiply the numerator 
of that fraction by the quotient which is obtained by dividing the 
L. C. M. by the denominator of that fraction. 


Thus nee for example, that the proposed fractions are 
E US 


— and ^ —. Here the r. c. Įm. of the denominators is mæyz ; 
mc! my’ 
b 
ae PN KM. ECCE s 
mu mayz! my mayz mz mayz 


140. To add or subtract fractions,—reduce them to a common 
denominator, then add or subtract the numerators and retain the 
common denominator. 
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i = ane ; this follows immediately from the 


For example, gt 


meaning of a fraction. 


a ið ad ch ad+eb 
eat ba er 


1 M 1 u-b a+b a 
Db. web 2-8) W—b eb’ 


a+b a—b 2(a*-6) eu sc by 


vise eer AE E AS ot oF 
_ 2a? — 26? + a? + 2ab +b? + a? — 2ab +b? 
a Ep 
4a? 
m mi n 
m v eMe 
Me ciu: es 


a c ad bc  ad—bc. 


b d bd bd bd * 
a etd a(c—d) b(erd) ac—ad-— (bc bd) 


b end b(c-d) b(e-d) b (c — d) 

_ ac — ad — be — bd. 

b (c — d) i 

a+b a-b (a+b) (a—by (a-by—(a—by 
Die ab ud up a*— b 

) _@ + 2ab + V — (a° — 2ab +b’) 
a Ly 
a^ * 2ab - b —a?- 2ab - b — 4ab 
Š oo alt 


141. The rule for the multiplication of two fractions is,— 
multiply the numerators for a new numerator, and the denomina- 
tors for a, new denominator. 
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a 


The following is usually given for a proof. Let i and < be 


a 


two fractions which are to be multiplied together; put 3 


=2, and 


c 
"mE therefore du AL 
therefore ac= bday; 


divide by bd; thus Tj ay. 

This process is satisfactory when v and y are really integers, 
though under a fractional form, because then the word multiplica- 
tion has its common meaning. It is also satisfactory when one of 
the two, æ and y, is an integer, because we can speak of multiplying 
a fraction by an integer, as in Art. 133. But when both and y 
are fractions we cannot speak of multiplying them together with- 
out defining what we mean by the term multiplication, for, ac- 
cording to the ordinary meaning of this term, the multiplier must 
be a whole number. 


In fact the so-called rule for the multiplication of fractions is 
really a definition of what we find it convenient to understand by 
the multiplication of fractions. And this definition is so chosen 
that when one of the fractions we wish to multiply is an integer 
in a fractional form, or when both are such, the result of the 
definition coincides with the consequences drawn from the ordi- 
nary use of the word multiplication. 


142. The following verbal definitions may shew more clearly 
the connexion between the meaning of the word multiplication 
when applied to integers, and its meaning when applied to frac- 
tions. When we multiply one integer a by another b, we may 
describe the operation thus: what we did with unity to obtain b 
we must now do with a to obtain b times a. To obtain b from 
unity the unit is repeated b times; therefore to obtain b times a 
the number a is repeated b times. Now let it be required to 

a 


multiply the fraction i by 5; adopting the same definition as 
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above, we may say that, what we did with unity to obtain S we 


must now do with K to obtain á times = To obtain 5 from unity 


the unit is divided into d qs parts, and c of such parts are taken; 


therefore, to obtain 5 times F the fraction ; is divided into d 
equal parts, and c such parts are taken. Now, by Art. 134, if ; be 


divided into d equal parts, each of them is and if c such parts 


þá? 


be taken the result is Aj 


The definition then of multiplication may be given thus; to 
obtain the product of the multiplier and multiplicand we treat the 
multiplicand in the same way as unity was treated to obtain the 
multiplier. 


143. To multiply three or more fractions together, —multiply 
all the numerators for the new numerator, and all the denominators 
Jor the new denominator. 


144. Suppose we have to divide 3 by 2 Here, by the 


nature of division, we have to find a quantity such that if it be 
multiplied by s the product shall be P This is the meaning of 


division applied to integers, and we shall give the same meaning 
to division applied to fractions, an operation which hitherto has 
not been defined. 


a.c . a aec ad | 
Let jogar" then 5 = 2x2 d) therefore g=” and 
z =a. Thus we obtain the rule for dividing one fraction by 


another; invert the divisor, and proceed as in multiplication. 


145. Hitherto we have supposed, in the present chapter, that 
the letters represented whole numbers ; and have thus only recalled 
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rules and proofs which are familiar to the student in Arithmetic. 
But in virtue of our extended definitions it may be proved that all 
the rules and formulæ given are true when the letters denote any 
numbers whole or fractional. Take, for example, the formula 


; = = and suppose we wish to shew that this is true when 


G=—, baz, and c= — 
" q 
Hells See 2. 
also ac = , and be ="; 
ns gs 
thus ©. = eo ee LT E 


be ms gs ms pr nspr np“ 


Thus the formula is shewn to be true. 


146. Moreover these formule and rules hold when the letters 


denote negative quantities by virtue of the remarks already made 
in Chapter v. 


147. By means of the foregoing rules and formule we can 
simplify Algebraical fractions, in which the numerator and de- 
nominator are themselves fractional expressions. For example, 


a b a (a + b) + b? 


2 batb __a+ab+b a(a-ð)  a(a'—V) 
aað) b (a +b) * a! — ab 4 b (a? + 0) ^ 
E^ a aa 


EXAMPLES OF FRACTIONS. 


Simplify the following fractions : 


a? — 62° + 112 — 6 9 a? + 3a?b + 3ab? + BF 
1. ^T - ww $$ r a? + 2ab + 0? 1 
a* + 102? + 352? + 502 + 24 4 Se 16x" + 230-6 
9 rr ok N Baro Oat ee 


www.rcin.org.pl 


62 


15. 


16. 


EXAMPLES OF FRACTIONS. CHAPTER VIII. 
62? — 5x? + 4 6 22? + 92? + 12 —3 
oe a ee ei ' 30° + 5a®~ lbæt4 
327+ 12x +9 8 að — 62? — 37x + 210 
M UR 0 t gee 4a? 112—210" 
ætt 92? + 9 10 + 92? + 93 
a*— Aa? Ag? —9" Á riy C 
æt - ær 12 a= ba ab“ D 
qM oon tit” "das Ba" —a bab 
(doni OR Bante 14 (zty) — a? —y? 
2b + (b — 4) a — 262°" (erg 


(1 — 10a*+ 52*) (b — 302" + öæ“) + (Dx — 102? - 25 (20a — 2027). 
(bx — 10z* + z^)* + (1 — 10a + Sat)? 


(1 — a’) (1-07) (1—c)— (c + ab) (b + ca) (a + be) 
l-a- b — — 2abc 


Perform the additions and subtractions indicated in the fol- 
lowing examples from 17 to 37: 


ET: 


19. 


a b 18 a b 
5 ox v " 9a-9b 935—393 


5 1 M 24 
2(z-1) l0(z-1) 5(2243) 
b-a a—2b 3xu(a—6b) 
æ—b cb æ =b 
3 + 2x 2— 3a 16x- 
dis 44k Dk - 
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3 7 | .4- 20 20a 
1-2% i20 A. 

1 b a 1 1 1 
arita wap oW ay (e+y) wy 
(att) a b. a 3a Qax 
abor P 98 "d a-a ate ax 
965—456 924.53 Jn l5a—4e a—4b 

TEM aoe að Caen 

a+b 3 b+c 3 cta 
=<) (e—a) Glaða (=<) 

a? — be b — ca c? — ab 


(@+0)(a+0) Wig (ba) (era) (erð)" 


a? — be b + ca cr ab 


(a—5)(a—c) (bxc) (b —a) (e-a) (e+) 


bc t ca 4 ab 
(=a) að) (4-3 6-9 6-9(-a) 
1 1 1 


a(a—b)(a—c) b(b—c)(b—a)  e(e—a)(c — 5) 
a-b b-c c-a  (a—b)(b—c)(c— a) 


a+b b+c eta (atb)(bte)(era) 
2 2 (a — by + (b — e + (c— a)? 


2 E (a—6)(6—c)(c—a) 


(a —b)? b 
b+a by æ(a—b)' 


Multiply 


E Er a —y 
Multiply dT by T cen 

; Sar af- bebo c—a 
Multiply together Aby A d.d , a an and Pepe: e 


Prove that 


36-05-6909. 


www.rcin.org.pl 


43. 


44. 


45. 


46. 


47. 


48. 


49. 


50. 


öl. 


öð. 


56. 


EXAMPLES OF FRACTIONS. CHAPTER VIII. 


toe ere d and 1 + | — $ 


Multiply together Ity' zc —g 


x (a — a) wit a (a +x) 
a? + 2ax 4- að a? — 2ax +x? ` 


a—b 


à? tab" 


Multiply 


n'es Df 
Simplify a. dab +5? x 


muli ety e aba) ua 
Simplify Ge “ety æy) dy 
a= a+b (S) 


Bimplify Wap at Va rab 5" 


WWE ONES a @ 
Multiply ar tl by tat 


Multiply æt 1 by me Sah 


2a? + 13a°x —15aa? — 126x? 2a? +19a°x + 35aa* 
ax + bax? — Ta? * ax- Aaa? — Ba?" 


Simplify 
ax — a? x 
(a +x)? Á a? ER "E . 


4 (a? — ab) Gab 
b(acby Y ato 


Divide 

Divide 

Divide ——, 
a 


Db c uU A oe by LL, 


DL. games AC D Vira | 
Simplify (5 + z) = (5 -y + =): 

‘ae a BL Cw b 
Pimplity ee po i) ‘i RT EA 2M 


Simplify (= 2y + =) M giu = =). 
BEY y y 2T 
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66. 


67. 


68. 


69. 


EXAMPLES OF FRACTIONS. 


Divide 


Divide 


Divide 


Divide 


Divide 


Divide 


Divide 


2 
nd q 
Divide 


Simplify 


CHAPTER VIII. 


(o 1 
Og by út 


1 1 
w+ t2 by MU" 


i 1 
2 — — — 
dt hy = l+a. 


a+b-—e 


2 2 2 
a —b —c +2be by 2:232: 


að + 3a?z + Sar? + æð 


(a 4- ac? 
a? TN y Mra ose et) a 


g^ + ey tg?“ 
at+b+e 
+b—¢" 


a^ — b. — c — Qbe hf 


æt — 98a — fats 12a 
a 


a+b | 4-8 
c-d c—d 
20-0 a—b° 


Cn "sd 


a +E 


a —o 


Simplify a -—ouo E 


~+ Gu 
a-v Gt 


3abe 


te ied (= 


Simplify 


T A. 


a+b a s 
23 æg) 
ce — böð ate): 
Taan) hl -b b 


= 
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66 EXAMPLES OF FRACTIONS. CHAPTER VIII. 


RN tr sa—yN./v-y x-y 
70. Simplify A uui) 


2 2 2 2 
71. Simplify (5 „(5 Ee ss p) 


Ao ac a ap 
m? +n? 
A nli LET. uua 
72. Simplify TTT“ * nan 
n m 


IE Bal or rd erre RES 


1 T 
e cm atea 
74. Simplify ¢ E i; } 
a b«c 
enm j? 
75. Simplify 1 
w+ 
],2*1 
3—ac 
76. Simplify ed 
bat 
ds“ 


IX. EQUATIONS OF THE FIRST DEGREE 


148, Any collection of Algebraical symbols is called an ex- 
pression. When two expressions are connected by the sign of 
equality the whole is called an equation. The expressions thus 
connected are called sides of the equation, or members of the equa- 
tion. The expression to the left of the sign of equality is called 
the first side, and the expression to the right the second side. 
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149. An identical equation is one in which the two sides are 
equal whatever numbers the letters stand for; for example, 


(a +b) (a—b) =a? — b° 


is an identical equation. An identical equation is called briefly 
an identity. 


150. An equation of condition is one which is not true for 
every value of the letters, but only for a certain number of values ; 
for example, 


ærl=7 


cannot be true unless x —6. An equation of condition is called 
briefly an equation. 


151. A letter to which a particular value or values must be 
given in order that the statement contained in an equation may 
be true is called an unknown quantity. Such particular value of 
the unknown quantity is said to satisfy the equation, and is called 
a root of the equation. To solve an equation is to find the parti- 
cular value or values. 


152. An equation involving one unknown quantity is said to 
be of as many dimensions as is denoted by the index of the 
highest power of the unknown quantity. Thus, if æ denote the 
unknown quantity, the equation is said to be of owe dimension 
when z occurs only in the first power; such an equation is also 
called a simple equation, or an equation of the first degree. If no 
power of æ higher than æ occur, the equation is said to be of two 
dimensions; such an equation is also called a quadratic equation, 
or an equation of the second degree. If no power of æ higher 
than æ occur, the equation is said to be of three dimensions; 
such an equation is also called a cubic equation, or an equation of 
the third degree. And so on. 


It must be observed that these definitions suppose both mem- 
bers of the equation to be integral expressions so far as relates to x. 


5—2 
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153. We shall now indicate some operations which may be 
performed on an equation without destroying the equality which 
it expresses. It will be seen afterwards that these operations are 
useful when we have to solve equations. 


154. Zf every term on each side of an equation be multiplied 
or divided by the same quantity the results are equal. This follows 
from Art. 100. 


155. The principal use of the preceding article is to clear an 
equation of fractions; this is effected by multiplying every term 
by the product of all the denominators of the fractions, or, if we 
please, by the least common multiple of those denominators. 
Suppose, for example, 


co rx x 
3*3*41-719 


Multiply every term by 2 x 3 x 4; thus, 
ðxdxætðxdxært2ðxðxæ=l13x2x3x4; 
that is, 12x + 8x + 6a = 312. 
Divide every term by 2; thus, 
6a + 4a + 3x = 156. 
Instead of multiplying every term by 2 x 3 x 4 we may multi- 
ply by 12, which is the r.c. x. of 2,3 and 4. Thus we obtain 


at once 
62 + 4x + 92 = 156. 


156. Any quantity may be transposed from one side of an 
equation to the other side by changing its sign. 

Thus suppose c —a-—b- y. 

Add a to each side (Art. 98); then 

&—a-a-b—y-a, 

that is, æ=bta— y. 

Now subtract b from each side; thus, 

æ-b=bta-y-b=a-y. 
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Here we see that —a@ has been removed from one side of the 
equation, and appears as +a on the other side; and +b has been 
removed from one side and appears as — b on the other side. 


157. If the sign of every term in an equation be changed the 
equality still holds. 


This follows from the preceding article by transposing every 
term. Thus suppose 


x—a=b 

By transposition, y—b=a-@, 
that is, a-z=y 
this result is what we shall obtain if we change the sign of every 
term in the original equation. 


2 


158. We can now give a rule for the solution of any simple 
equation with one unknown quantity. 


Let the equation first be cleared of fractions ; then transpose all 
ihe terms which involve the unknown quantity to one side of the 
equation, and the known quantities to the other ; divide both sides 
by the coefficient or the sum of the coeficients of the unknown 
quantity, and the value required is obtained. 


The truth of the rule will be obvious from the principles of 
the preceding articles, and we shall now apply it to some ex- 
amples; in these examples the unknown quantity will be de- 
noted by æ, and when other letters occur, they are supposed to 
represent known quantities. 


159. Solve 3x—4=24- x. 
By transposition, 3x +x= 2444; 
thus, 4x = 28; 
by division, æ= ~ aq. 


We may verify the result by putting 7 for x in the original 
equation. The first side becomes 3 x 7 — 4, that is, 21 — 4, that is, 
17; the second side becomes 24 — 7, that is, 17. 
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5a 4a Br sj 
160. Solve 3 3 17g + 35° 


Multiply by 96, which is the r. c. m. of the denominators; 
thus, 5x48xaw-4~x32xa-13x96=5x 12+ 3a; 


that is, 240x — 128x — 1248 = 60 + 32; 
by transposition, 240% — 128w — 3x = 1248 + 60; 
thus, 1092 = 1308; 

TEM 1308 
by division, 2-109 = 12. 


We may verify the result by putting 12 for æ in the original 
equation; it will be found that each side of the equation then 
becomes 1. 


161. Sometimes it is convenient to clear of fractions par- 
tially, and then to effect some reductions before getting rid of the 
remaining fractional coefficients. For example, solve 

æt7 2u—16 FLU my Ott 
11 3 | "Fall EN 

Here we may conveniently multiply by 12; thus, 

12 (æ+ 7) 
ll 


—4(2x—16) -3(2x +5)=16 x 4+ 3%+7; 


bein Irt) gar 4 64 +60 +15 =64 1823 7. 


By transposition and reduction, 


12(z-7) a 


Multiply by 11; thus, 
12x + 84 + 88 = 55x; 


by transposition, 172 = 483x; 
"um 172 
by division, | mn ae = 4. 
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162. Solve Ss tl = baè . 
Multiply by (2a + 1) (5z — 8); thus, 


5 (5x —8)-2 (2x + 1); 
that is, 25x — 40 = 4x + 2; 
by transposition, 21x - 42; 
by division, = = I^ 


2 9 42-5 
163. Solve er roms. 


Multiply by (3z— 4) (6: — 7); thus, 


(2a: — 3) (62 — 7) = (4: — 5) (3x — 4); 
that is, 122! — 32a + 21 = 122! 31« + 20. 
Take away 122" from both sides; thus, 


21 — 32x = 20 — 312; 
by transposition, 21 — 20 = 32x — 31a; 
thus, 


=l. 
æ Bæ 7 

164. Solve rr nt i 

Multiply by 12; thus, 


3x — 48 = 20x — 14; 
by transposition, 


1722—34; 
by division, a--ii--12 


We may verify this result; each side of the equation will be 
9 
found to become — =. 


2 
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165. Solve aæ+b = cæ+ d. 


By transposition, ax—cx=d—b; 
that is, (a—c)w=d—b; 
Ae d—b 
by division, Mamie 


Verification; put this hio for æ in the original equation; 


then the first side becomes "52 — ze +5, that is = asa blae). 
4 a —c 
that is, sina And the second side becomes eh 28 Me that 
p. 5d oh b. d (a — c) 2) jai a, SEC e 
a —c ua —C 


166. We may remark that an equation of the first degree 
cannot have more than one root. For any equation of the first 
degree will take the form aw =b if the unknown quantity is 
brought to one side of the equation, and the known quantities to 
the other. Suppose then, if possible, that this equation has two 
different roots a and 8; then by supposition, 

aa =b, aß =b; 
therefore, by subtraction, 
a (a — B) 20; 
but this is impossible, since by supposition a—£f is not zero, and 
a is not zero. Thus an equation of the first degree cannot have 
more than one root. 


EXAMPLES OF EQUATIONS OF THE FIRST DEGREE. 


2z 41 -Tætð 


æ roc 
1 2 = 8 . 9. 3-273*g-L 
3 ætl ðæ-4 1 6247 
Í CoV eon E ee 
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4. 


10. 


iL 


13. 


14. 


15. 


16. 


lr. 


18. 


19. 


21. 


sls 
$ 


ls 

|! 
Co 

+ 
þm 
or 
8 
+ 
Co 
co 
ÓJ 
| 
8 


x-2 1 
3 TR G 
ðæ-1 13-* Tx 11(æ+3) 

2 3 6 j 


5x —1 92-5 9x—-7 


ae T. 5 


3x+5 e cp eue 


ri 3 


æ 0x48 22z—9 19—-2x 22-11 
i. 6." AE 20. = 3 = 3 


(Er. 22. UE --255)- re 
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a e e 24.9 ELE LT D 
23. viðr Clues “ie ub 94. c4 3 NE nm s 
àv = 9807 
na: = a 3 
25. = S -4z-14. 
26 2x—1 3a—2 Bæ-4 Tæt6 
ye. nds vae ul eS Pees 
22-9 ax 
WOW 4 3 Ov 
9n —7 ,25— 43 Bæ—-14 
28. 5 25-3. 
29. 192+ 5 (Te 2) = os 


30. w= 3e- z(t- 2)41. 


2xz--5b 40—-æ 10x-— 427. 
i Rl C7 38 


31. 


32. 


33. 
34. 


A Spe AL 


| 36. (a—5) (a— 2) — (a—5) (22-5) + (x+ 7) (x—2) - 0. 
37. 3—x%-—2 (w—1) (x2) =(#—3) (5 - 22). 
38. «—3-(3-2) (x 1) 2 (x 3) (1 2) - 3— a. 


z410 3 (8r-2)(22-3) ., 8 


39, SS (wA) EE ea!-15 


40. (2+3) (2-3 - (r5) 3) - 
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5 3 93 
( -s)(»*3)- e-96«2-3-o. 
9:40 Se—7 36æt15 10} 


là "isr AM M 

62 4-7 22-2 2x41 44 6x41 26—4 _ 
15 —"f1—0g NEN "C VER - dai a 
4 7 37 

—; + — 


(o+1)'={6—(1— a} 9. 
Ai) ks ^ 
e-2 m-À4 a oae 
ge ey a 
22-05 «2-3 32=1° 
25—§e _ 160+4} _ 23 3 
cl dc 25 mul 


1 4 ga qute cw 
s(*-3 -3(e- 3) +4 ie et 


(a + x) (b + x) = (c + x) (d + æ). 


5. 


æ æ a 
-+— = —. 
a b-a „| 


iB. uale d 
a b 


z-a ae o z—e x-(a+b+ce) 
b NU on abc { 


a+b a b 


g-o v-a m—b. 

a'c 
(a + a) (b+ x)— a (b +c) = 3 tM. 
3abe | ab (20 +b) Bax bx 


sr ep UNES 


a-a\* v-2a-b 
CS "$0420. 
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59. :15xz + 1:575 — 875x = 0625x. 


60. 135-192 OF 89, 
6 14 eC A TY 


X. PROBLEMS WHICH LEAD TO SIMPLE EQUA- 
TIONS WITH ONE UNKNOWN QUANTITY. 


167. We shall now apply the methods already given to the 
solution of some problems, and thus exhibit to the student speci- 
mens of the use of Algebra. In a problem certain quantities are 
given, and certain others, which have some assigned relations to 
them, are to be found. The relations are usually expressed in 
ordinary language in the enunciation of the problem, and the 
method of solving the problem may be thus described in general 
terms :—denote the wnknown quantity or quantities by letters, and 
express 4n Algebraical language the relations which hold between 
the unknown quantities and the given quantities; we shall thus 
obtain equations from which the values of the unknown quantities 
may be derived. 


We shall now give some examples. 
168. The sum of two numbers is 89 and their difference 


is 31; find the numbers. 


Let « denote the less number, then the greater number is 
31 +æ; thus since their sum is 89, we have 


31 -- z 4-2 — 89, 
that is, 31+ 22 — 89; 
by transposition, 2x = 89 — 31 = 58; 
by division, m - = 29. 


Thus the less number is 29, and the greater is 29 + 31, that 
is, 60. 
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169. A bankrupt owes B twice as much as he owes A, and 
C as much as he owes A and B together ; out of £300 which is to 
be divided among them, what should each receive ? 


Let x denote the number of pounds which A should receive ; 
then 2x is what B should receive; and «+2, that is 3æ, is what 
C should receive. The whole sum they receive is £300; thus, 


æ + 22 + 3x = 300; 


that is, 6a = 300 ; 
and = ad = 50; 


therefore A should receive £50, B £100, and C £150. 


170. Divide a line 21 inches long into two parts, such that 
one may be three-fourths of the other. 


Let « denote the length of one part in inches, then = denotes 
the length of the other part; thus, 


3x 
clear of fractions; thus, 
4w + 3x = 84; 
that is, 7x = 84; 
therefore, d - = 12, 


Thus one part is 12 inches long and the other 9 inches. 

171. If A can perform a piece of work in 8 days, and B in 
10 days, in what time will they perform it together ? 

Let æ denote the number of days required. In one day Á can 


perform á th of the work, therefore in æ days he can perform 5 ths 


of the work. In one day B can perform Pa th of the work, there- 
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fore in z days he can perform í ths of the work. Hence since 


Á and Z together perform the whole work in æ days, we have 


vos 
8*19-U 
clear of fractions by multiplying by 40 ; thus, 
5x + 4v = 40, 
that is, 92 = 40; 
therefore, = F = 4$. 


172. A workman was employed for 60 days, on condition 
that for every day he worked he should receive 15 pence, and for 
every day he was absent he should forfeit 5 pence; at the end of 
the time he had 20 shillings to receive; required the number of 
days he worked. 

Let « denote the number of days he worked, then he was 
absent 60—a days; thus 15x denotes his pay in pence, and 
5 (60 — æ) denotes the sum he forfeited. Thus, 

15x —5(60 — x) = 240; 


that is, 152 — 300 + 5x = 240; 
therefore, 20a = 240 + 300 = 540; 

540 
therefore, = 5 = 27. 


Thus he worked 27 days and was absent 60 —27 days, that is, 
33 days. 


173. How much rye at four shillings and sixpence a bushel 
must be mixed with fifty bushels of wheat at six shillings a bushel, 
that the mixture may be worth five shillings a bushel ? 

Let x denote the number of bushels required; then 9æ is the 
value of the rye in sixpences, and 600 is the value of the wheat. 
The value of the mixture is 10 (50 +æ). Thus, 

10 (50 + x) = 9æ 600 ; 
that is, 102 + 500 = 9a + 600 ; 
and æ= 100. 
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174. A smuggler had a quantity of brandy which he expected 
would produce £9. 18s.; after he had sold 10 gallons a revenue 
officer seized one-third of the remainder, in consequence of which 
he makes only £8. 2s.; required the number of gallons he had 
and the price per gallon. 


Let æ denote the number of gallons; then ir is the value 


of a gallon in shillings. The quantity seized is gm , and the 


3 
value of this is oit. x aS ; thus, 
3 a 
æ—10 198 


z x — 2198-1062 = 36. 
3 x 
Multiply by 3x; thus, 
198 (x — 10) 2 3a x 36 = 1082; 


therefore, 198x — 1087 = 1980 ; 

that is, 90x = 1980, 
1980 

and c= "ED = 22. 


Thus 22 is the number of gallons, and the price of each is 
€ shillings, that is, 9 shillings. 


175. The student may now exercise himself in the solution 
of the following problems. We may remark that in these cases 
the only difficulty consists in translating ordinary verbal state- 
ments into Algebraical language, and the student should not be 
discouraged if at first he is sometimes a little perplexed, since 
nothing but practice can give him readiness and certainty in 
this process. 
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EXAMPLES OF PROBLEMS. 


1. "The property of two persons amounts to £3870, and one 
of them is twice as rich as the other; what is the property of 
each ? 


2. Divide £420 among two persons so that for every shilling 
one receives the other may receive half-a-crown. 


3. How much money is there in a purse when the fourth 
part and the fifth part together amount to £2. 5s. ? 


4. After paying the seventh part of a bill and the fifth part, 
£92 is still due; what was the amount of the bill ? 


5. Divide 46 into two parts, such that if one part be di- 
vided by 7 and the other by 3, the sum of the quotients shall 
be 10. 


6. A company of 266 persons consists of men, women and 
children ; there are four times as many men as children, and 
twice as many women as children, How many of each are 
there ? 


7. A person expends one-third of his income in board and 
lodging, one-eighth in clothing, and one-tenth in charity, and 
saves £318. What is his income? 


8. Three towns, A, B, C, raise a sum of £594; for every pound 


which B contributes, A contributes twelve shillings, and C seven- 
teen shillings and sixpence. What does each contribute ? 


9. Divide £1520 among A, B, and C, so that B shall have 
£100 more than A, and C £270 more than B. 

10. A certain sum is to be divided among Á, B, and C. 
A is to have £30 less than the half, B is to have £10 less than 
the third part, and C is to have .£8 more than the fourth part. 
What does each receive ? 


11. The sum of two numbers is 5760, and their difference is 
equal to one-third of the greatest; find them. 
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12. 'Two casks contain equal quantities of beer; from the 
first 24 quarts are drawn, and from the second 80; the quantity 
remaining in one vessel is now twice that in da othon, How 
much did each cask originally contain ? 


13. A person bought a print at a certain price, and paid the 
same price for a frame; if the frame had cost £l less and the 
print 15s, more, the price of the frame would have been only 
half that of the print. Find the cost of the print. 


14. Two shepherds owning a flock of sheep agree to divide 
its value; Á takes 72 sheep, and B takes 92 sheep and pays A 
£35. Required the value of a sheep, 


15. A house and garden cost £850, and five times the price 
of the house was equal to twelve times the price of the garden; 
find the price of each. 


16. One-tenth of a rod is coloured red, one-twentieth orange, 
one-thirtieth yellow, one-fortieth green, one-fiftieth blue, one- 
sixtieth indigo, and the remainder which is 302 inches long, violet. 
What is its length ? 


17. Two-thirds of a certain number of persons received 
eighteenpence each, and one-third received half-a-crown each. 
The whole sum spent was £2. 15s. How many persons were 
there? 


18. A and B play at a game, agreeing that the loser „shall 
always pay to the winner one shilling more than half the money 
the loser has; they commence with equal quantities of money, but 
after B has lost the first game and won the second, he has twice 
as much as A; how much had each at the commencement ? 


19. .A crew which can pull at the rate of nine miles an 
hour, finds that it takes twice as long to come up a river as to go 
down; at what rate does the river flow ? 


20. Of a certain dynasty one-third of the kings were of the 
same name, one-fourth of another, one-eighth of another, one- 
twelfth of a fourth, and there were five besides, How many were 
there of each name? 


TÁ 6 
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21. Find that number the third part of which added to its 
seventh part makes 20. 


22. A person who possesses £12000 employs a portion of the 
money in building a house, One-third of the money which re- 
mains he invests at 4 per cent., and the other two-thirds at 5 per 
cent., and from these investments he obtains an income of .£392. 
What was the cost of the house ? 


23. The difference of the squares of two consecutive numbers 
is 15. What are the numbers ? 


24. A farmer has oxen worth £12. 10s. each, and sheep 
worth £2. 5s. each; the number of oxen and sheep being 35, and 
their value £191. 10s, Find the number he had of each. 


25. A and B find a purse with shillings in it. A takes out 
two shillings and one-sixth of what remains; then B takes out 
three shillings and one-sixth of what remains; and then they find 
that they have taken out equal shares How many shillings 
were in the purse, and how many did each take? 


26. A hare is eighty of her own leaps before a greyhound ; 
she takes three leaps for every two that he takes, but he covers 
as much ground in one leap as she does in two. How many leaps 
will the hare have taken before she is caught ? 


27. The length of a field is twice its breadth; another field 
which is 50 yards longer and 10 yards broader, contains 6800 
square yards more than the former; find the size of each. 


28. A vessel can be emptied by three taps; by the first alone 
it could be emptied in 80 minutes, by the second in 200 minutes, 
and by the third in 5 hours In what time will it be emptied if 
all the taps are opened ? 


29. If an income tax of 7d. in the pound on all incomes 
below .£100 a year, and of 1s. in the pound on all incomes above 
£100 a year realize £18750 on .£500000, how much is raised 
on incomes below £100 a year? 
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30. Two horses run over a mile course, the winner complet- 
ing the distance in 2 minutes 54 seconds, and winning by 2 
seconds How many yards start might have been allowed to the 
other without risk of losing, supposing the same rates be kept! 


31. <A fruiterer sold for 19s. 6d. a certain number of oranges 
and apples, of which the latter exceeded the former by 180. He 
sells the apples at the rate of 5 for 3d., and 15 oranges bring 
him in 13d. more than 35 apples. How many are there of each 
sort Í 


32. Á cask Á contains 12 gallons of wine and 18 gallons of 
water; and another cask B contains 9 gallons of wine and 3 gal- 
lons of water; how many gallons must be drawn from each cask 
so as to produce by their mixture 7 gallons of wine and 7 gallons 
of water? 


33. Á can dig a trench in one-half the time that B can; B 
can dig it in two-thirds of the time that C can; all together they 
can dig it in 6 days; find the time it would take each of them 
alone. 


34. Á person after paying sevenpence in the pound for In- 
come Tax has £408. 4s. 84d. left. What had he at first? 


35. At what times between one o'clock and two o'clock is 
there exactly one minute division between the two hands of a 
clock? 


36. A person has just æ hours at his disposal; how far may 
he ride in à coach which travels b miles an hour, so as to return 
home in time, walking back at the rate of c miles an hour? 


37. A certain article of consumption is subject to a duty 
of 6 shillings per cwt.; in consequence of a reduction in the 
duty the consumption increases one-half, but the revenue falls 
one-third. Find the duty per cwt. after the reduction. 


38. A ship sails with a supply of biscuit for 60 days, at a 
daily allowance of llb. a head; after being at sea 20 days she 
6—2 
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encounters a storm in which 5 men are washed overboard, and 
damage sustained that will cause a delay of 24 days, and it is 
found that each man's allowance must be reduced to five-sevenths 
ofa pound, Find the original number of the crew, 


XI. SIMULTANEOUS EQUATIONS OF THE FIRST 
DEGREE WITH TWO UNKNOWN QUANTITIES. 


176. Suppose we have an equation containing two unknown 
quantities æ and y, for example 5a—2y=4. For every value 
which we please to ascribe to one of the unknown quantities we 
can determine the corresponding value of the other, and thus 
find as many pairs of values as we please which satisfy the given 


equation. Thus, for example, if y=1 we find 2-5; if y= 


we find 2-5; and so on. 


Also, suppose that there is another equation of the same kind, 


as for example, 4% + 3y = 17. We can also find as many pairs of 
values as we please which satisfy this equation. 


. But suppose we ask for values of æ and y which satisfy both 
equations; we shall find then that there is only one value of æ 
and one value of y, For multiply the first equation by 3; thus, 


15a — 6y = 12; 
multiply the second equation by 2; thus, 
8x + 6y = 34, 
Therefore, by addition, 
15a — by + 8æ + 6y = 12 + 34; 
that is, 23x = 46, 
„and, x= 2, 


- 
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Thus if both equations are to be satisfied æ must equal 2; put 
this value of æ in either of the two given equations; for example, 
in the second equation; thus we obtain 


B3) 17; 
therefore, 3y = 17 -8, 
and, LI 


177. Two or more equations which are to be satisfied by the 
same values of the unknown quantities are called simultaneous 
equations. We are now about to treat of simultaneous equations 
involving two unknown quantities where each unknown quantity 
occurs only in the first degree. 


178. "There are three methods which are usually given for 
solving these equations. The object of all these methods is the 
same—namely, to obtain from the two given equations which 
contain two unknown quantities a single equation containing only 
one of the unknown quantities. By this process we are said to 
eliminate the unknown quantity which does not appear in the 
single equation. 


179. First method. The first method is that which we 
adopted in the example of Art. 176; it may be thus described— 
multiply the equations by such numbers as will make the coefficient 
of one of the unknown quantities the same in the two resulting 
equations ; then by addition or subtraction we can form an equa- 
tion containing only the other unknown quantity. 


Example. 4x + 3y = 22; 5x —'1y = 6. 


If we wish to eliminate y we multiply the first equation by 7, 
which is the coefficient of y in the second, and the second by 3, 
which is the coefficient of y in the first. Thus we obtain 


28x + 2ly=154; 15z— 215 — 18. 


* 
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Then by addition, 
28x + 15x — 154 +18; 


that is, 432 — 172, 
172 
and, t= 43 = 4 


Then put this value of x in either of the given equations, in 
the first for example; thus, 


16 + 3y=22; 
therefore, 3y = 6, 
and, y= 2. 


If we wish to solve this example by eliminating æ we multiply 
the first of the given equations by 5, and the second by 4; thus, 
20z--15y 2110; 20z—28y = 24. 
Then by subtraction, 
20a + 15y — (20x — 28y) = 110 — 24; 
thus, 43y = 86, 
and, y- 2. 

180. Second method. | Express one of the unknown quantities 
in terms of the other from either equation, and substitute this value 
in the other equation. 

Thus, taking the same example, we have from the first 


equation 
4x = 22 — 3y; 


22-3 
qo ». 
substitute this value of z in the second equation and we obtain 
5 (22 — 
A bw. i 39) Ty =6; 


divide by 4, 


multiply by 4, 5 (22 — 3y) — 28y = 24; 
that is, 110 — 15y - 28y = 24; 
by transposition, 43y = 86, 
and, y= 2. 

" 
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Then substitute this value of y in either of the given equations 
and we shall obtain x = 4. 


Or thus; from the first equation we have 
3y = 22 — 4x; 


divide by 3, Mle NEA 


substitute this value of y in the second equation and we obtain 


55.192 — 40) _ 6; 
3 
multiply by 3, 15a —7 (22 — 42) 218; 
that is, 15x — 154 + 28x 218 ; 
that is, 43a = 172, ? 
and, æ = Á. 


Then substitute this value of æ in either of the given equa- 
tions and we shall obtain y= 2. 


181. Third method. Express the same unknown quantity in 
terms of the other from each equation and equate the expressions 
thus obtained. 


Thus, taking the same example, from the first equation 


æ= = " 3y , and from the second equation # = s E : 
TM inns Med 

clear of fractions, 5 (22 — 3y) = 4 (6 + Ty); 

that is, 110 — 15y = 24 + 28y; 

by transposition, 43y = 86, 

and, y= 2. 


Hence, as before, we deduce x = 4. 


E 
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Or thus; from the first equation we obtain y= 


and from the second equation y= = ; thus, 


—6 


22— 4x 5a—6 
AE h 


22 — 4x 
3 


Hence as before we shall obtain x= 4 and then deduce y= 2. 


EXAMPLES OF SIMULTANEOUS SIMPLE EQUATIONS WITH TWO 


12. 


UNKNOWN QUANTITIES. 


9z — 2y —- 1, 3y — 4x — 1. 
gy 15, æ-y=T. 

3x- 5y —13, 2x + Ty = 81. 
Sá AT. 

5*$718 9 172. 

eRe A 

B n DUNT 

æty -yY Cty v-y — 
yv po 
2a + 3y = 43, 10z—35- 7T. 
5æ-— Ty = 33, ll«+12y= 100. 
ee | oe I| 


16a + 17y =500, 172 — 3y = 110. 

lla—5y 3ety of 

dier 39 ? 8x — 5y — 1. 

o wow y 

SOD To z-y 1 
T 2 ue a+y 5 
4 2 
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13. 40+ 8y = 2:4, 10:2% — 6y = 3:48. 
14. 132+1ly = 4a, 12x — 6y =a. 


16) ey BOE 
we y c y 
ey wy 2 

16. Pei lege 3a 6b ^ 3' 


17. w=4y, (æti) 1-3 a 6y +1). 


1 3 
18. zels-y-1)-i aie 1), (fæ + 3y) = pr. 


19. av+by=c, max — ny = d. 

3a — 5y 2x +y xz—2y = y 
9 = — — =- +^. 
20. 3 +3 B 8 i 3*5 


jo y 4 mv. y eae es 
21. 10. 15 5 12 18? 2x 23 = = + 10" 


99 4e—3y—T 3e 2y 5 
h T E owl 2d 


23. 5a+Ty = 43, lle + 9y = 69. 
24. Sx—2ly=33, 6x + 3ðy = 177. 


2x y sy 1 S AT Dd 
25. 34-4*5*2- Sally idly E 6 gt2=g-2%æt6. 


26. 3y-1æ=4, 2y + 5a = 22. 
27. 21y+20a=165, 77y — 902 = 295. 
28. 11z—10y-14, |... Sæt Ty=4l. 
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XII. SIMULTANEOUS EQUATIONS OF THE FIRST 
DEGREE WITH MORE THAN TWO UNKNOWN 
QUANTITIES. 


182. If there be three simple equations and three unknown 
quantities, deduce from two of the equations an equation con- 
taining only two of the unknown quantities by the rules of the 
preceding chapter; then deduce from the third equation and 
either of the former two, another equation containing the same two 
unknown quantities; and from the two equations thus obtained 
the unknown quantities which they involve may be found. The 
third quantity may be found by substituting the above values in 
any of the proposed equations. 


Example, suppose, 


QOEM a ar (1), 
tf AR RF (2), 
D Ci 1 4 MTM (3). 


For convenience of reference the equations are numbered (1), 
(2), and (3), and this numbering is continued as we proceed with 
the solution. 

Multiply (1) by 3 and (2) by 2; thus, 

62 -- 9y + 122 — 48, 
6x -- 4y —102— 16 ; 
by subtraction, 
DF POR in 1. 00.0.05 áva bona eri (4). 


Multiply (1) by 5 and (3) by 2; thus, 
102 + 155 + 202 = 80, 
10z—12y-62 =12; 


by subtraction, 
209 514g 5 68. ..... sas Fan ah enel de (5). 
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Multiply (4) by 27 and (5) by 5; thus, 
135y + 594z = 864, 
135y + 702-340; 


by subtraction, 5242— 524, ` 
therefore, z= 1, 
Substitute the value of z in (4); thus, 
5y + 22 = 32; 
therefore, y = 2, 
Substitute the values of y and z in (1); thus, 
2x 64-16; 
therefore, | x= 3, 


91 


The same method may be applied to any number of simple 


equations. 


EXAMPLES OF SIMULTANEOUS EQUATIONS OF THE FIRST DEGREE 


WITH MORE THAN TWO UNKNOWN QUANTITIES. 


1. 3z42y—42-15, 5e—3y+2z2=28, 3y - 4z—x — 24. 


2. w+y—z=1, Sætðy-6a=1, 32—4e-y=l. 
LM Lc 2 1 Bed 


l, —+-=2, -+-=35. 


ee "Oo y z 2 


4. 4a—3y+22=9, Iw+dy—-3e=4, 5æ+ by—32=18. 


5. 22— 4y+ 92-28, 
Tæt 3y— 02-23, 
92 + 10y — 112— 4. 

6. w-2y+32=6, 
2x + 3y — 4z = 20, 
3a — 2y + 5z = 26. 
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L4 
[| 


10. 


11. 


12. 


13. 


14. 


15. 


16. 


Ar — 3y + 22 = 40, 
Dx 4 9y — I2 = 47, 
9z + 8y — 32 = 97, 
3z-2y4 2-93, 
5x + 2y + Áz = 46, 
102 5y + 4z = 75. 
oz — 6y + 4z = 15, 
Tæ + 4y-— 32 —19, 
2æ+ y+6z=46. 


72 —3y -1, 
112-7u=1, 
3u — 2y = 2, 
bz —'[2 — 11, 
2x —3y + 22 213, 
4y + 22 — 14, 
Tu — 132 = 87, 
10y— 3x-11, 
72 — 22 4-39w 2 1T, 
4y—22+ t =11, 
5y — 3x — 2u = 8, 
4y — 3u + 2t =9, 
3z + 8u = 33. 


192 — 3u = 1. 
2x + 3y = 39, 
4y + 3z = AL. 


4u — 2x = 30, 
5y + 3u = 32. 


3u + 142 = 57, 
2% — 11s = 50. 


www.rcin.org.pl 


CHAPTER XII. ` 


EXAMPLES OF SIMULTANEOUS EQUATIONS. CHAPTER XII. 93 


17. 


23. 
24. 


XIII. 


3x < 4y + 3z + w — bu — 11, 
3x — 5y + 2z — 4u = 11, 
10y — 3z + 3u — 2v = 2, 
5z + 4u + 2v — 22 = 3, 
6u — 3v + 4c — y = 6. 


7.0.1 Bat S 

SN ac l, Eu 

ay + bx = c, cx + az = b, bz cy = a. 
A NEN hen ai ætyta= 2c. 
2 y y. 4 

ætyta=0, 


(btc)æt(eta)yt(atb)z=0, 

bex + cay + abz — 1. 

ax + by + cez =Å, 

a's + b^y + z= A*, 

ax + by + Pa = A’, 

xyz = a (yz — zæ — xy) = b (zx — xy — yz) = c (xy — yz — zx). 
et+y+z=at+brte, 


bx + cy + az = ex ay bz - a? +b +c. 


PROBLEMS WHICH LEAD TO SIMPLE EQUA- 
TIONS WITH MORE THAN ONE UNKNOWN 
QUANTITY. 


183. We shall now give some examples of problems which 
lead to simple equations with more than one unknown quantity. 


A and B engage in play; in the first game Á wins as much 
as he had and four shillings more, and finds he has twice as much 
as B; in the second game B wins half as much as he had at first 
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and one shilling more, and then it appears he has three times 
as much as Á; what sum had each at first? 


Let x be the number of shillings which A had, and y the 
number of shillings which B had; then after the first game Á 
has 2z--4 and B has y—-æ-— 4. Thus by the question, 


2x + 4 = 2 (y -x — 4) = 2y — 2x — 8; 


therefore, 2y — 4x =12; 
therefore, y —2z = 6. 
Also after the second game Á has 2x4 4-5-1, and B has 
y-z-445 41. Thus by the question, 
y-a-44 D «1-3(o44- 1) - 6212-29 3; 


therefore, 2y — 2x — 8 +y +2 =12g + 24- 3y- 6; 


therefore, Gy —14« = 24, 
and, 3y — Ta —12. 
And from the former equation, 

3y — 62 —18; 
hence by subtraction,' £6; 
therefore, y —18. 


184. A sum of money was divided equally among a certain 
number of persons; had there been three more, each would have 
received one shilling less, and had there been two fewer, each 
would have received one shilling more than he did; required the 
number of persons, and what each received. 


Let æ denote the number of persons, y the number of shillings 
which each received. Then zy is the sum divided; thus by the 
question, 

(x 3) (y - 1) = ey, 
and also, (a — 2) (yt 1) = ay. 
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The first equation gives 


zy*3y-z-3-cy; 
thus, 3y—2z = 3. 


The second equation gives 


zy — 2y +x- 2 = sy; 


thus, x— 2y = 2, 
By addition, 3y—-z-z—2y-5; 
that is, a y=ð. 
Hence, w= 2y 42-12. 


185. What fraction is that which becomes equal to 2 when 
its numerator is increased by 6, and equal to 1 when its denom- 
inator is diminished by 2? 


Let x denote the numerator and y the denominator of the 
fraction; then by the question, 


z-6 3 
ro 

x 1 

and, y-2 $ 


Clear the first equation of fractions by multiplying by 47; 


thus, 
4 (x + 6) = 3y; 


therefore, 3y — 4o = 24. 


Clear the second equation of fractions by multiplying by 
2 (y — 2); thus, 


2» 29 —2; 
therefore, y — 2x = 2, 
and, 3y — 6a = 6. 
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By subtraction, 
3y — 4a — (3y — 6x) = 24—6; 


that is, 22 = 18, 
and, .$g-—9. 
Hence, y = 2 + 2x = 20. 


Thus the required fraction is 26 ; 


EXAMPLES OF PROBLEMS. 


1. A certain fraction becomes 1 when 3 is added to its nu- 
merator, and 4 when 2 is added to its denominator. What fraction 
is it? 

2. A and B together possess £570. If A's money were three 
times what it really is, and #'s five times what it really is, the 
sum would be £2350. What is the money of each? 


3. If the numerator of a certain fraction is increased by one 
its value becomes one-third; if the denominator is increased by 
one its value becomes one-fourth. What is the fraction? 


4. Find two numbers such that if the first be added to four 
times the second, the sum is 29; and if the second be added to 
six times the first the sum is 36. 


5. If A's money were increased by 36s, he would have three 
times as much as B, but if B’s money were diminished by 5s, he 
would have half as much as Á. Find the sum possessed by each. 


6. A and B lay a wager of 10s. ; if A loses he will have twenty- 
five shillings less than twice as much as B will then have; but 
if B loses he will have five-seventeenths of what Á will then have; 
how much money does each of them have? 


7. Find two numbers, such that twice the first plus the 
second is equal to 17, and twice the second plus the first is 
equal to 19. 4 
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8. Find two numbers, such that one-half the first and three- 
fourths of the second together equal the difference of three times 
the first and the second, and this difference equals 11. 


9. A certain number of persons were divided into three 
classes, such that the majority of the first and second together 
over the third was 10 less than four times the majority of the 
second and third together over the first; but if the first had 30 
more, and the second and third together 29 less, the first would 
have outnumbered the last two by one. Find the number in each 
class when the whole number was 34 more than eight times the 
majority of the third over the second. 


10. Determine three numbers such that their sum is 9; the 
sum of the first, twice the second, and three times the third, 22; 
and the sum of the first, four times the second, and nine times the 
third, 58. 


1l. A pound of tea and three pounds of sugar cost six shil- 
lings, but if sugar were to rise 50 per cent. and tea 10 per cent. 
they would cost seven shillings. Find the price of tea and 
sugar. : 


12. A person has £2550 to invest. The three per cent. con- 
sols are at 81, and certain guaranteed railway shares which pay 
a half-yearly dividend of 10s. on each original share of £25 are at 
£24. Find how many shares he must buy that he may obtain 
the same income from the railway shares as from the rest of his 
money invested in the consols. 


13. A person possesses a certain capital which is invested at 
a certain rate per cent. A second person has £1000 more capital 
than the first person and invests it at one per cent. more; thus 
his income exceeds that of the first person by £80. A third 
person has £1500 more capital than the first and invests it at two 
per cent. more; thus his income exceeds that of the first person 
by £150. Find the capital of each person and the rate at which it 
is invested. 


Ux Li 
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14. A railway train after travelling for one hour meets with 
an accident which delays it one hour, after which it proceeds at 
three-fifths of its former rate, and arrives at the terminus three 
hours behind time; had the accident occurred 50 miles further on, 
the train would have arrived 1 hour 20 minutes sooner. Required 
the length of the line. 


15. Two plugs are opened in the bottom of a cistern con- 
taining 192 gallons of water; after three hours one of them 
becomes stopped, and the cistern is emptied by the other in 
eleven hours; had six hours occurred before the stoppage, it would 
have required only six hours more to empty it. How many gal- 
lons will each plug hole discharge in an hour, supposing the 
discharge uniform? 


16. A person after paying a poor-rate and also the income- 
tax of Td. in the pound, has £486 remaining; the poor-rate 
amounts to £22. 10s. more than the income-tax; find the 
original income and the number of pence per pound in the 
poor-rate. 


17. A farmer would spend all his money by buying 4 oxen 
and 32 lambs; instead of doing this he bought the same number 
of oxen and half as many lambs, and had a surplus of £9 after 
paying for them and for their conveyance by railway at an average 
cost of six shillings per head. Each ox cost as many pounds as 
its carriage by railway was shillings, and the lambs altogether cost 
three times as many pounds as the carriage of each was shil- 
lings. How much money had he to begin with ? 


18. A, B, and C sit down to play, every one with a certain 
number of shillings. A loses to B and C as many shillings as 
each of them has. Next B loses to A and C as many as each of 
them now has. Lastly C loses to A and B as many as each of 
them now has. After all every one of them has sixteen shillings. 
How much had each originally ? 


19. A and B play at bowls, and A bets B three shillings to 
two upon every game; after a certain number of games it appears 
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that Á has won three shillings; but if Á had bet five shillings 
to two and lost one game more out of the same number, he 
would have lost thirty shillings. How many games did they 
play ? 

20. Five persons, A, B, C, D, E play at cards; after A has 
won half of £s money, B one-third of C's, C one-fourth of D’s, 
D one-sixth of Z's, they have each £l. 10s. Find how much 
each had to begin with. 


21. If there were no accidents it would take half as long to 
travel the distance from Á to B by railroad as by coach; but 
three hours being allowed for accidental stoppages by the former, 
the coach will travel the distance all but fifteen miles in the 
same time; if the distance were two-thirds as great as it is, and 
the same time allowed for railway stoppages, the coach would 
take exactly the same time; required the distance. 


22. Á and B are set to à piece of work which they can 
finish in thirty days working together, and for which they are 
to receive £7. 10s. When the work is half finished A intermits 
working eight days and B four days, in consequence of which the 
work occupies five and a half days more than it would otherwise 
have done. How much ought Á and B respectively to receive ? 


23. Á and B run a mile. First Á gives B a start of 44 
yards and beats him by 51 seconds; at the second heat Á gives 
B a start of 1 minute 15 seconds, and is beaten by 88 yards. 
Find the times in which Á and 7 can run a mile separately. 


24. Á and B start together from the foot of a mountain to 
go to the summit. Á would reach the summit half an hour 
before B, but missing his way goes a mile and back again need- 
lessly, during. which he walks at twice his former pace, and reaches 
the top six minutes before B. C starts twenty minutes after 
A and B and walking at the rate of two and one-seventh miles per 
hour, arrives at the summit ten minutes after B. Find the rates 
of walking of Á and B, and the distance from the foot to the 
summit of the mountain. 


7—35 
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25. A offers to run three times round a course while B runs 
twice round, but he only gets 150 yards of his third round 
finished when B wins. He then offers to run four times round 
for B’s thrice, and now quickens his pace in the ratio of 4 : 3. 
B also quickens his in the ratio of 9 : 8, but in the second round 
falls off to his original pace in the first race, and in the third 
round only goes 9 yards for 10 he went in the first race, and 
accordingly this time Á wins by 180 yards. Determine the length 
of the course. 


26. A pedestrian starts p hours before a coach; the latter 
(both travelling uniformly) passes the former after a certain 
number of hours. From this point the coach increases its speed 
in the ratio of 6 to 5, while the man increases his in the ratio of 
5 to 4, and they continue at these increased rates for qg hours 
longer than it took the coach to overtake the man. They are then 
92 miles apart; but had they continued for the same length 
of time at their original rates they would have been only 80 
miles apart. Shew that the original rates are as 2 to 1. Also if 
p+q=16, shew that the original rate of the coach was 10, of the 
man 5 miles per hour. 


27. Two persons Á and B could finish a work in m days; 
they worked together n days when A was called off and 7 finished 
itin p days. In what time could each do it? 


28. <A railway train running from London to Cambridge 
meets on the way with an accident, which causes it to diminish 


; 1 i Á die tis 
its speed to = th of what it was before, and it is in consequence 


a hours late. If the accident had happened 6 miles nearer Cam- 
bridge, the train would have been c hours late. Find the rate of 
ihe train before the accident occurred. 


29. "The fore-wheel of a carriage makes six revolutions more 
than the hind-wheel in going 120 yards; if the circumference of 
the fore-wheel be increased by one-fourth of its present size, and 
the circumference of the hind-wheel by on of its present 
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size, the six will be changed to four. Required the circumference 
of each wheel. | 


30. There is a number consisting of two digits; the number 
is equal to three times the sum of its digits, and if it be multiplied 
by three, the result will be equal to the square of the sum of its 
digits. Find the number. 


31. A certain number of two digits contains the sum of its 
digits four times and their product twice. What is the number? 


32. A person proposes to travel from Á to B, either direct 
by coach, or by rail to C, and thence by another train to B. The 
trains travel three times as fast as the coach, and should there be 
no delay, the person starting at the same hour could get to B 
20 minutes earlier by coach than by train. But should the train 
be late at C, he would have to wait there for a train as long as it 
would take to travel from C to B, and his journey would in that 
case take twice as long as by coach. Should the coach however 
be delayed an hour on the way, and the train be in time at C, he 
would get by rail to B and half way back to C, while he would be 
going by coach to B. The length of the whole circuit ABCA is 
76$ miles. Required the rate at which the coach travels. 


XIV. DISCUSSION OF SOME PROBLEMS WHICH 
LEAD TO SIMPLE EQUATIONS. 


186. . We propose now to solve some problems which lead to 
Simple Equations, and to examine certain peculiarities which 
present themselves in the solutions. We begin with the following 
problem: What number must be added to a number a in order 
that the sum may be 6? Let x denote this number; then, 


a+x=b; 


therefore, æ=b-a. 
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This formula gives the value of æ corresponding to any as- 
signed values of a and b. Thus, for example, if a=12 and 
b= 25, we have æ=25—12=13. But suppose that a= 30 and 
b=24; then £—24 —30— —6, and we naturally ask what is 
the meaning of this negative result? If we recur to the enun- 
ciation of the problem we see that it now reads thus:— What 
number must be added to 30 in order that the sum may be 24? 
Itis thus obvious, that if the word added and the word sum are 
to retain their arithmetical meanings, the proposed problem is 
impossible. But we see at the same time that the following 
problem can be solved:— What number must be taken from 30 
in order that the difference may be 241 and 6 is the answer to 
this question. And the second enunciation differs from the first 
in these respects; the words added to are replaced by taken from, 
and the word sum by difference. 


187. Thus we may say that, in this example, the negative 
result indicates that the problem in a strietly Arithmetical sense 
is impossible; but that a new problem can be formed by appro- 
priate changes in the original enunciation to which the absolute 
value of the negative result will be the correct answer. 


188. This indicates the convenience of using the word add: 
in Algebra in à more extensive sense than it has in Arithmetic. 
Let æ denote a quantity which is to be added algebraically to a ; 
then the Algebraical sum is æ +æ, whether z itself be positive or 
negative. Thus the equation a+a=6 will be possible algebrai- 
cally whether a be greater or less than b We proceed to another 
problem. | 


189. A’s age is a years, and B's age is b years; when will A 
be twice as old as B? Supposed the required epoch to be x years 
from the present time; then by the question, 


a+x=2(b+2); 
hence, x=a— 2b. 


Thus, for example, if a=40 and b= 15, then x —10. But 
suppose a= 359 and b= 20, then #=—5; here, as in the pre- 
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, ceding problem, we are led to inquire into the meaning of the 
negative result. Now with the assigned values of a and 6 the 
equation which we have to solve becomes 


35 + x = 40 + 2x, 


and it is obvious that if a strictly arithmetical meaning is to be 
given to the symbols æ and +, this equation is impossible, for 40 is 
greater than 35, and 2v is greater than x, so that the two members 
cannot be equal. But let us change the enunciation to the fol- 
lowing:—4A's age is 35 years, and B's age is 20 years, when was A 
twice as old as 5! Let the required epoch be x years from the 
present time, then by the question, 
35 — x = 2 (20 — x) = 40— 2x; 
thus, vð, 


Here again we may say the negative result indicates that the 
problem in a strictly Arithmetical sense is impossible, but that a 
new problem can be formed by appropriate changes in the original 
enunciation, to which the absolute value of the negative result 
will be the correct answer. 


We may observe that the equation corresponding to the new 
enunciation may be obtained from the original equation by chang- 
ing x into — a. 


190. Suppose that the problem had been originally enun- 
ciated thus:—<A’s age is a years, and Z's age is b years; find the 
epoch at which A’s age is twice that of B. These words do not 
intimate whether the required epoch is before or after the present 
date. If we suppose it after we obtain, as in Art. 189, for the 
required number of years z —«— 2b. If we suppose the required 
epoch to be æ years before the present date we obtain æ= 20 — a. 
If 2b is less than a, the first supposition is correct, and leads to 
an arithmetical value for æ; the second supposition is incorrect, 
and leads to a negative value for æ. If 2b is greater than a, the 
second supposition is correct, and leads to an arithmetical value 
for æ; the first supposition is incorrect and leads to a negative 
value for z. Here we may say then that a negative result indi- 
cates that we made the wrong choice out of two possible supposi- 
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tions which the problem allowed. But it is important to notice, 
that when we discover that we have made the wrong choice, it is 
not necessary to go through the whole investigation again, for we 
can make use of the result obtained on the wrong supposition. 
We have only to take the absolute value of the negative result 
and place the epoch before the present date if we had supposed 
it after, and after the present date if we had supposed it before. 


191. One other case may be noticed. Suppose the enuncia- 
tion to be like that in the latter part of Art. 189; A's age is a 
years, and B’s age is b years, when was Á twice as old as BY 
Let a denote the required number of years; then 


a—x=2(b-2), 
hence, x= 2b — a. 


Now let us verify this solution. Put this value for æ; then 
a—x becomes a —(2b — a), that is, 25 —2b; and 2(b—2») becomes 
2(b—2b--a) that is, 2a —20. If b is less than a, these results 
are positive, and there is no Arithmetical difficulty. But if b is 
greater than a, although the two members are algebraically equal, 
yet since they are both negative quantities, we cannot say that we 
have arithmetically verified the solution. And when we recur 
to the problem we see that it is impossible if æ is less than 6; 
because if at a given date A's age is less than #'s, then A's age 
never was twice B's and never will be. Or without proceeding to 
verify the result, we may observe that if b is greater than a, then x 
is also greater than a, which is inadmissible. Thus it appears that 
a problem may be really absurd, and yet the result may not im- 
mediately present any difficulty, though when we proceed to ex- 
amine or verify this result we may discover an intimation of the 
absurdity. 


192. The equation a+#=2(b+) may be considered as the 
symbolical expression of the following verbal enunciation. Sup- 
pose æ and b to be two quantities, what quantity must be added 
to each so that the first sum may be twice the second? Here the 
words quantity, sum, and added may all be understood in Alge- 
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braical senses, so that a, a, and b may be positive or negative. 
This Algebraical statement includes among its admissible senses 
the Arithmetical question about the ages of A and B. It appears 
then that when we translate a problem into an equation, the same 
equation may be the symbolical expression of a more comprehen- 
sive problem than that from which it was obtained. We will now 
examine another problem. 


193. A and P travel in the same direction at the rate of a 
and 6 miles respectively per hour. A arrives at a certain place P 
at a certain time, and at the end of n hours from that time B 
arrives at a certain place Q. Find when A and B meet. 

P Q R 


Let c denote the distance PQ; suppose A and B to travel in 
the direction from P towards Q, and to meet at R at the end of x 
hours from the time when A was at P; then since A travels at the 
rate of a miles per hour, the distance PR is ax miles. Also B 
goes over the distance QA in x—n hours, so that QR is b(a—n) 
miles. And PÈR is equal to the sum of PQ and QR; thus, 

ax = c + b (x — n) = c + bæ — bn; 
c—bn 
a-b' 

We shall now examine this result on different suppositions as 

to the values of the given quantities. 


therefore, x= 


I.. Suppose « greater than b, and c greater than bn; then the 
value of æ is positive, and the travellers will meet, as we have 
supposed, after A arrives at P. For when 4 is at P, the space 
which B has to travel before he reaches Q is bn miles, and since bn 
is less than c, it follows that when A is at P he is behind B; 
and A travels more rapidly than B, since æ is greater than b. 
Hence A must at the end of some time overtake B. 


bn) 


The distance PR = ar = RE Thus, 
Qs. 256-00) (c — bn) - c (a — b) eb—abn b(c- an) 
"W uw D a—b ares er ey 
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Now if c be greater than an, this expression is a positive quantity, 
so that Æ falls, as we have supposed, beyond Q; we see that this 
must be the case, for since c is greater than an, it will take Á 
more than n hours to go from P to Q, so that he cannot overtake 
B until after passing Q. If, however, c be less than an, the ex« 
pression for QR is a negative quantity, and this leads us to sup- 
pose that some modification is required in our view of the problem. 
In fact A now takes less than n hours to go from P to Q, so that 
he will overtake B before arriving at Q. Hence the figure should 
now stand thus : 
P R : Q 


And now, since PR = PQ — RQ, the equation for determining 
æ would naturally be written 
ax = c —b (n — x) = c — bn + ba. 
This, however, we see is really the same equation as before. 


Again, if c be equal to an the value of RQ is zero. Thus 

R now coincides with Q; and 
_c—bn an-bn 
 a-b  a-b 


Hence A and B meet at Q at the end of n hours after A was 
at P. 


=n. 


II. Next suppose that a is greater than b, and c less than 
bn. The value of æ is now negative, and we may conjecture 
from what we have hitherto observed respecting negative quanti- 

c 


— bn 
ties that Á and B instead of meeting zz 


hours after Á was 


bn — c 
a—b 
And in fact, since c is less than bn it follows that B was behind A 
when A was at P, so that A must have passed B before arriving 
at P. Hence the correct solution of the problem would now be 
as follows. 


at P, will now really have met hours before A was at P. 


R P Q 


www.rcin.org.pl 


WHICH LEAD TO SIMPLE EQUATIONS. . 107 


Suppose that 4 and B meet æ hours before A arrives at P; let 
R be the point where they meet. Then ZP-—az, and RQ=b(«@+n). 
Also RP = RQ — PQ; thus, 
ax =b(a+n)—c¢; 
bn — c 
a-b' 


therefore, æ= 


III. Next suppose that a is less than b, and c greater than 
bn. In this case also the expression originally obtained for æ is 
negative, and we shall accordingly find that Á and B met before 
A was at P. For B now travels more rapidly than Á, and is 
before A when A is at P; so that: B must have passed A before A 
was at P. The result now is, as in the second case, that A and B 


oce before A was at P. 


met [er 


IV. Lastly, suppose a less than b, and c less than bn. Here 
the expression originally obtained for æ is a positive quantity, for 


e —^. Now B travels more rapidly 

—a 

than Á and is behind A when A is at P; thus B must at some 

time overtake 4. If we suppose A and B to meet after Á is at Q, 
the figure will stand thus: 

| P Q R 


it may be written thus, 


Here we should naturally write the equation thus, 
aa =c +b (x — n) =c + bz — bn. 
If we suppose Á and B to meet before A is at Q, the figure 
will stand thus: 
P R Q 
Here we should naturally write the equation thus, 
ax = c — b (n— x) =c — bn + bx. 
In the two cases we have, however, really the same equation, 
bn — ce 
b-a 


and we obtain æ= 
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194. The preceding problem may be variously modified; for 
instance, instead of supposing that A and B travel in the same 
direction, we may suppose that A travels as before, but that B 
travels in the opposite direction. In this case, if we suppose, as 
before, that A and B meet æ hours after A arrived at P, we shall 


find that 2. SEEN 
a+b 


Thus the time of meeting will necessarily 


be after A leaves P, and the travellers meet at some point to the 
right of P. The student should notice that the value of æ in the 
present case coincides with the result obtained by writing — b for 
b in the original value of x in Art. 193. 


195. Or instead of supposing that the arrival of B at Q 
occurs hours after the arrival of A at P, we may suppose it to 
occur n hours before; and we suppose A and B to travel in the 
same direction. In this case if æ have the same meaning as 


before, we shall find that «= itin . This is a positive quantity 


if a is greater than 6, and the travellers then really meet after the 
arrival of Á at P. If, however, æ is less than b, the value of æ is 
a negative quantity; this suggests that the travellers now meet 


+bn " TOT à 
5 z hours before the arrival of Á at P, and on examination this 


will be found correct. The student should notice that the value of ` 
æ in the present case coincides with the result obtained by writing 
— n for n in the original value of z in Art. 193. 


196. Again, let us suppose that Á and B travel in opposite 
directions, and that the arrival of A at P occurs n hours before 
that of B at Q; and suppose the positions of P and Q in the 
former figures to be interchanged, so that now Á reaches Q before 
he reaches P, and B reaches P before he reaches Q. If a have 
bn — 
the same meaning as before, we shall now find that x= A 5 > 
If then bn is greater than c, the value of x is a positive quantity, 
and the travellers meet, as we have supposed, after the arrival of 
A at P. If however bn is less than c, the value of x is a negative 
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e — bn 
a+b 
hours before the arrival of A at P. The student should notice 
that the value of æ in the present case coincides with the result 
obtained by writing —c for c in the value of x in Art. 194; 
it also coincides with the result obtained by writing — b for b, and 
— € for c in the original value of x in Art. 193. 


quantity, and it will be found that the travellers meet 


197. From a consideration of the problems discussed in the 
present chapter, and of similar problems, the student will acquire 
confidence and accuracy in dealing with negative quantities. We 
will lay down some general principles which have been illustrated 
in the preceding articles, and the truth of which the student will 
find confirmed as he advances in the subject. 


(1) A negative result may arise from the fact that the 
enunciation of a problem involves a condition which cannot be 
satisfied; in this case we may attribute to the unknown quantity 
a quality directly opposite to that which had been attributed to it, 
and may thus form a possible problem analogous to that which 
involved the impossibility. 


(2) A negative result may arise from the fact that a wrong 
supposition respecting the quality of some quantity was made 
when the problem was translated from words into Algebraical 
symbols ; in this case we may correct our supposition by attri- 
buting the opposite quality to such quantity, and thus obtain a 
positive result. 


(3) When we wish to alter the suppositions we have made 
respecting the quality of the known or unknown quantities of a 
problem, and to attribute an opposite quality to them, it is not 
necessary to form a new equation; it is sufficient to change in the 
old equation the sign of the symbol representing each quantity 
which is to have its quality changed. 


198. We do not assert that the above general principles have 
been demonstrated; they have been suggested by observation of 
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particular examples, and are left to the student to be verified in 
the same manner. Thus when a negative result occurs in the 
solution of a problem the student should endeavour to interpret 
that result, and these general principles will serve to guide him. 
When a problem leads to a negative result, and he wishes to form 
an analogous problem that shall lead to the corresponding positive 
result, he may proceed thus:—change æ into —2 in the equation 
that has been obtained, and then, if possible, modify the verbal 
statement of the problem, so as to make it coincident with the 
new equation. We say, if possible, because in some cases no such 
verbal modification seems attainable, and the problem may then 
be regarded as altogether impossible. 


199. We will now leave the consideration of negative quan- 
tities, and examine two other singularities that may occur in 
results. 


In Art. 193 we found this result, «= me . Suppose that 


a = b, then the denominator in the value of zis zero; thus, denot- 
ing the numerator by N, we have æ = I and we may ask what is 


the meaning of this result? Since Á and B now travel with 
equal speed, they must always preserve the same distance; so that 
they never meet. But instead of supposing that a is exactly 
equal to b, let us suppose that a is very nearly equal to b; then 


ca may be a very large quantity, since if « — b is very small 
compared with JN, it will be contained a large number of times in 


N; and the smaller a —b is, the larger will e be. This is 


T 


abbreviated into the phrase að is infinite,“ and it is written 
P 0 


thus, 4 =o. But the student must remember that the phrase 


is only an abbreviation, and no absolute meaning can be attached 
to it. 
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200. The student should examine every problem, the result 


of which appears under the form a ^ and endeavour to interpret 


that result. He may expect to find in such a case that the pro- 
blem is impossible, but that by suitable modifications a new 
problem can be formed which has a very great number for its 
result, and that this result becomes greater the more closely the 
new problem approaches to the old problem. 


201. Again, let us suppose that in Art. 193 we have a=b, 
and also c — bn; then the value of x takes the form d: On 
examining the problem we see that, in consequence of the sup- 
positions just made, Á and B are together at P, and are travelling 
with equal speed, so that they are always together. The question, 
when are Á and B together, is in this case said to be indeterminate, 


since it does not admit of a single answer, or of a finite number of 
answers. í 


202. The student should also examine every problem in 
which the result appears under the form 5 and endeavour to 


interpret that result. In some cases he will find, as in the ex- 
ample considered above, that the problem is not restricted to a 
finite number of solutions, but admits of as many as he pleases. 
We do not assert here, or in Art. 200, that the interpretation of 
the singularities 3 and È will always coincide with those given 
in the simple cases we have considered; the student must there- 
fore consider separately each distinct class of examples that may 
occur. 
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. Simplify 


MISCELLANEOUS EXAMPLES. CHAPTER XIV. 


MISCELLANEOUS EXAMPLES. CHAPTER XIV. 


Simplify the expression 


Sa (br (a 6-9] - 4 ST. 


Reduce to its lowest terms the expression 


Gat + 102? 22? — 20x — 28 
Sa? --142*- 225-21  ' 


9 
Find the value of Ani data when «= NR 
b a a—b 
1 


1 
(@—b) (a—c) * 6-0) (b—a) (e-a TG (c—a) (=b) 


d" (a — b) (b-c) -b"(a—d)(c-d) b-d 
c"(a—b) (a-d) +a" (b-c) (c-d) a-c 
when m=1, or 2. 


Shew that 


a? + 63 4 c — 3abe 


(a — by (b — c) + (c a) 


Reduce to its simplest form 


If cy - yz -- 2 — 1, shew that 


æ y Anyz 


1-z* 1-5 di ia [2^ (1 — a”) (1—y’) (1-2) 


Solve the simultaneous equations 
e+y+z=atbte, 


be + cy + az = cx + ay + bz = ab + be + ca. 


Find the least common multiple of 
að + 62? + lla + 6, a? + Ta? + 142 + 8, 
að + Sæt - 19x +12, and x? + 92? + 26x + 24. 
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XV. ANOMALOUS FORMS WHICH OCCUR IN THE 
SOLUTION OF SIMPLE EQUATIONS. 


203. We have in the preceding chapter referred to the forms 
4 and 5 which may occur in the solution of an equation of the 
first degree. We shall now examine the meaning of these forms 
when they occur in the solution of simultaneous equations of the 


first degree. We will first recall the results already obtained. 


204. Every equation of the first degree with one unknown 
quantity may be reduced to the form ax =b. Now from this we 
obtain «= A If a=0 the value of æ takes the form ; in this 
case no finite value of æ can satisfy the equation, for whatever 
finite value be assigned to x, since az — 0, we have 0 = b, which is 
impossible. If @=0 and 6=0, the value of æ takes the form : ; 
in this case every finite value of x may be said to satisfy the 
equation, since whatever finite value be given to z we have 0 — 0. 
If 6=0 and a is not =0, then of course «=0; this case calls 
for no remark. 


205. Suppose now we have two equations with two unknown 
quantities; let them be 


ax+by=c and az by = c. 


We will first make a remark on the notation we have here 
adopted. We use certain letters to denote the known quantities 
in the first equation, and then we use corresponding letters with 
accents to denote corresponding quantities in the second equation ; 
here a and a“ have no necessary connexion as to value, although 
they have this common point, namely, that each is a coefficient 
of x, one in the first equation and the other in the second equa- 
tion, Experience will establish the advantage of this notation. 

Instead of accents subscript numbers are sometimes used ; 
thus a, and a, might be used instead of æ and a’ respectively. 

T. A 8 
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By solving the given equations we obtain 
b/c — be’ a'c — ac“ 
Cba-bet oo UT4Rray] 
I. Suppose that #'a— ba' = 0; then the values of x and y take 
the forms T and = ; we should therefore recur to the given equa- 


0 0 
tions to discover the meaning of these results, From the relation 


ba—ba'=0 we obtain = Ku k suppose; thus a'= ka and 


b 
b'= kb. By substituting these values of a’ and b’ we find that the 
second of the given equations may be written thus: 
kax  kby = c, 


, 


whence, ax + by = i j 


d 


Now if i be different from c, the last equation is inconsistent 


with the first of the given equations, because aæ by cannot be 
equal to two different quantities We may therefore conclude 
that the appearance of the results under the forms : and E 
indicates that the given equations are inconsistent, and therefore 
cannot be solved. 

, , 
IL Next suppose that b'a — ba’ = 0, so that L JEN d , and also 

| | a b 

, , , 

that - =<, and therefore of course =. In this case the nu- 
merators in the values of « and y become zero as well as the 


denominators, so that the values of x and y take the form : ‘ 


Now by what we have shewn above, the second of the given 
equations may be written 


ax + by = E: 


, 
But now LE so that the second given equation is only a 
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repetition of the first; we have thus really only one equation 
involving two unknown quantities. We cannot then determine 
x and y, because we can find as many values as we please which 
will satisfy one equation involving two unknown quantities, In 
this case we say that the given equations are not independent, and 
that the values of x and y are indeterminate. 


206. We have hitherto supposed that none of the quantities 

a, b, c, a’, b', c' can be zero; and thus if the value of one of the 
» 0. rat 

unknown quantities takes the form ITT the value of the other 

takes the same form, Eut if some of the above quantities are 

zero, the values of the two unknown quantities do not necessarily 

take the same form. For example, suppose a and a’ to be zero; 


then the value of « takes the form s and the value of y takes 


the form :: Now in this case the given equations reduce to 


by=c, and by=c; 
these lead to 


, 


c c 
y73: and y-py: 


Thus we have two cases. First, if % is not equal to P the 
two equations are inconsistent, Secondly, if ; is equal to 7 the 


two equations are equivalent to one only. In the second case, 


, 


since the relation Pp makes the numerator of æ also vanish, 
the values of both æ and y take the form Á ; in this case æ is in- 


determinate but y is not, for it is really equal to 3 
207. Before we consider the peculiarities which may occur in 
the solution of three simultaneous simple equations involving 
three unknown quantities, we will indicate another method of 
solving such equations. 
8—2 
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Let the equations be 
ax+by+cz=d, dæ+by+ez=d, ax ly e cs d". 

Let J and m denote two quantities, the values of which are at 
present undetermined; multiply the second of the given equations 
by J, and the third by m; then, by addition, we have 
ax + by 4- ez - D (aa + by +c’) + m (aa +b"y + ce"2) 2 d +d - md", 
that is, 

x(a + la + ma“) + y (b + lb’ + mb”) + z (c lé + me”) = d + Id’ md“. 

Now let such values be given to / and m as will make the 
coefficients of y and z in the last equation to be zero; that is, let 

b+1b'+ mb" — 0, c 4 lc 4 mc" =0. 


Thus the equation reduces to 
x (a ^- la/ * ma^) — d  ld' - md" ; 
_ d+ld'+md” 


therefore, = ; zs 
a+la - ma 


We must now find the values of / and m, and substitute them 
in this expression for z, and then the value of æ will be known. 
We have : 

b -- lb - mb" — 0, clc -mce"-0; 
from these we shall obtain 
ys ior bc" be-be 
Ve" yc? gt cum vn 
substitute these values in the expression for z, and after simplifi- 
cation we obtain 
_ d( — Vc) + d' (b"e— be") +d” (bé — Vc) 
a(b — Vc) x a (Be —be’) + a” (bé Uc) 


By a similar method the values of y and z may also be obtained. 


208. The above method of solution is called the method of 
indeterminate multipliers, because we make use of multipliers 
which we do not determine beforehand, but to which a convenient 
value is assigned in the course of the investigation. The multi- 
pliers are not finally indeterminate ; they are merely at first un- 
determined, and if it were possible to alter established language, 
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the word undetermined might here with propriety be substituted 
for indeterminate. 


209. We now proceed to our observations on the values of 
x, y, and z which are obtained from the equations 

ax+by+cz=d, wat+Vyt+cez=d’, a’ut+b’y+c'2z=d". 

The value of æ has been given in Art. 207; if the student 
investigates the value of y he will find that the denominator of it 
is the same as that which occurs in the value of x, or can be made 
to be the same by changing the sign of every term in the nume- 
rator and denominator. The same remark holds with respect to 
the denominator in the value of z. 


210. We may however obtain the values of y and z from the 
expression found for the value of « For the original equations 
might have been written thus: 

by +ax+cz=d, Vyt+adut+cz=d’, bytrdutca=d'; 
we may say then that the equations in this form differ from those 
in the original form only in the following particulars; œ and y are 
interchanged, a and b are interchanged, a' and b’ are interchanged, 
and a“ and b” are interchanged. We may therefore deduce the ` 
value of y from that of æ by the following rule; for a, a’, and a” 
write b, b’, and b” respectively, and conversely. Thus, from 

d (bc — Vd) +d’ (be — be”) + d" (be — Vc) 
Uo = Uc) + a (^c — bc") + a" (bc — V'o) 
we may deduce that 
d (a/c" — a^ c) + d' (ae — ac") + d" (ac — a'c) 
~ b(ac' -a d) +0 (a c — ac") tt" (ac — ac) 

It wil be found on comparison that the denominator of the 
value of y is the same as that of the value of x with the sign of 
every term changed. 


Similarly by interchanging a, a’, and a“ with c, c, and c" 
respectively, we may deduce the value of z from that of z; or by 
interchanging b, b’, and b” with c, c’, and c" respectively, we may 
deduce the value of z from that of y. 
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211. There is another system of interchanges by which the 
values of y and z may be deduced from that of æ. The given 
equations are 

ax+by+cz=d, aærbytca=d', a'szeb"y -c"z- d^; 
they may also be written thus, 

bytcætaæ=d, Byrcdatar=d', Ub'yxc"z ax d". 

We may say then that the second form differs from the first 
only in the following particulars; æ is changed into y, y into 2, 
z into a, a into b, b into c, c into a, a’ into b’, and so on. We 
may therefore deduce the value of y from that of æ by this rule; 
change a into b, b into c, c into a, and make similar changes in the 
letters with one accent, and in those with two accents. The 
value of z may be deduced from that of y by again using the 
same rule. 


212. These methods of deducing the values of y and z from 
that of x by interchanging the letters may perhaps appear difficult 
to the student at first, but they deserve careful consideration, 
especially that which is given in Art. 211. 

We shall now proceed to examine the peculiarities which 
may occur in the values of the unknown quantities deduced from 
the equations 

ax+by+cz=d, adætbytda=d',  a'xb^y v cs — d". 

213. The most important case is that in which d, d’, and d" 
are all zero. The given equations then become 

ax+by+cz=0, aœax+by+cz=0, a'"xb"y cz — 0. 


It is obvious that x=0, y —0, z=0 satisfy these equations; 
and from the values found in Art. 210 it follows that these are 
the only values which will satisfy the equations unless the deno- 
minator there given vanishes, that is, unless 


a (b'c" — b") +a’ (bc — be") + a" (be — Vc) = 0. 


If this relation holds among the coefficients, the values found 
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for x, y, and z take the form i and we must recur to the given 


equations for further information. 


We observe that when this relation holds the equations are 
not independent; from any two of them the third can be deduced. 
For multiply the first of the given equations by bc — b'c”, the 
second by bc"— be, and the third by b'c— bc, and then add the 
results. It will be found that by virtue of the given relation we 
arrive at the identity 0 — 0; thus, in fact, if the first equation be 
multiplied by 5"c' — b'c”, and the second by bc" — bc, and the two 
added, the result is equivalent to the third equation, for it may be 
obtained by multiplying that equation by be — b'c. 

Suppose then that this relation holds; we may confine our- 
selves to the first two of the given equations, for values of æ, y, 
and z which satisfy these will necessarily satisfy the third equa- 
tion. Divide these equations by æ; thus 


by cz oe ee  ., 
~ +— +a=0, — +— +a =0; 
a 00 N 
1 y ca -—ca z ab -—ab 
ence E = wi sada aver 
æ be —oc’ æ be-be 


We may therefore ascribe any value we please to x, and deduce 
corresponding values of y and z. Or we may put our result more 
symmetrically thus; let p denote any quantity whatever, then 
the given equations will be satisfied by 

æ=p(b'—be),  y-p(ca —ca) z=p (ab — ab). 

We might in the same way have used the second and third of 
the given equations, and have omitted the first; we should thus 
have deduced solutions of the form 

s-q(We-Wd) y-q(ca'— d'a), s-q(aW a"), 
where q is any quantity. "These values however are substantially 
equivalent to the former; for it will be found that by virtue of 
the supposed relation among the coefficients, 

p(bi—Ve) _ plea’'—ca) _ p(a/-at) - 
qO- q(da —c'a) q(ab"—a"b)' 
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214. We shall now consider the peculiarities which may occur 
when d, d', and d" are not all zero. 


We shall first shew that if the value of any one of the un- 


E the given equations are 
inconsistent. Suppose, for instance, that the value of x takes this 
form, that is, suppose that 


a (Dc — Uc") + a! (be" — b’c) + a" (lc — bc’) 


known quantities takes the form 


is zero. Of course if the given equations were consistent, any 
equation legitimately deduced from them would also be true. 
Now multiply the first of the given equations by b’c’—b’c’, the 
second by bc"— bc, and the third by 6’c— bc’ and add. It will be 
found that the coefficients of y and z in the resulting equation 
vanish ; and the coefficient of x is zero by supposition. Thus the 
first member of the resulting equation vanishes, but the second 
member does not; hence the resulting equation is impossible, and 
therefore those from which it was obtained cannot have been con- 
sistent, 


215. We cannot however affirm certainly, that if the value of 


one of the unknown quantities takes the form A 
consistent, but not independent. For it is possible that the value 
of one of the unknown quantities should take this form, while 


the equations are 


that of another takes the form 2: and, as we have shewn in the 


2a ae 
preceding article, the occurrence of the form y is an indication 


that the given equations are inconsistent. For example, suppose 
the equations to be 


aærbysrer=d, awatbyt+cz=d’, a’u+byt+cz=d”. 
Here it will be found that the values of y and z take the form 
i , and that of x takes the form 4 
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Moreover, if the values of all the. unknown quantities take 


the form d we cannot affirm certainly that the given equations 


are consistent, but not independent. For example, suppose the 
equations to be 

ax+by+cz=d, aætbytrea=d, aætbytrea=d"; 
here it will be found that the values of all the unknown quan- 


tities take the form 


inconsistent, unless d, d', and d" are all equal. 


but the equations themselves are obviously 


216. We may shew that if the numerators in the values of 
x, y, and 2, all vanish, the denominator will also vanish, assuming 
that d, d' and d” are not all zero. 

For supposing these numerators to vanish we have 

d (b"c' — b'c”) + d' (be" — b"e) + d" (b'e — be’) = 0, 
d (c"a/ — a") + d (ea^ — Ha) + d" (c'a — ea^) = 0, 
d (a"b' — a'b") + d' (ab" — ab) + d” (d'b — ab’) = 0. 

Let us denote these relations for shortness thus, 

Ad 4 Bd' - Cd" —0, | A'd 4 B'd'--C'd"—0, A’d+ B"d' + C"d" — 0. 
By Art. 213, since d, d' and d" are not all zero the following 
relation must also hold, 

A (B'C" — B"C^) + A'(B"C — BC") + A" (BC" — BC) = 0. 
It will be found that 

BO" — B"C' = a {a (b'c" — Vc) + a (bc — be") + a" (be — be); 
and B’C — BC” and .BC' — BC may be similarly expressed, so that 
finally the relation becomes 

— (a (b'c" — c^) + a (Dc — bc") +a” (be — U'e)y = 0. 
This establishes the required result, 

217. If we adopt the method of indeterminate multipliers 
given in Art. 207, it may happen that the equations for finding 
l and m are inconsistent; we will examine this case. Suppose 
then "c — ic" 2 0, so that these equations are inconsistent (Art. 
205). In this case the value of æ may be obtained from the 
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second and third of the given equations, without using the first. 
For multiply the second of the given equations by c", and the 
third by c', and subtract; thus the coefficients of y and z vanish, 
and we have an equation for. determining x. For example, sup- 
pose the equations to be 
4v-2y-32-219, -æ+y+4z=9, w+ 2y+8e=15. 

Here the value of z may be found from the second and third 

equations; we shall obtain z—3; substitute this value of æ in 


the three given equations; from the first we have 2y + 32— 7, and 
from the second or third y+ 42— 6; hence y= 2 and z=1. 


Again, the values of í and m may take the form 4 so that 


the equations for finding them are not independent; we will 
examine this case. Here we have 5"c' — b'c” — 0, bc" — b"c = 0, and 
le — be’ = 0; these suppositions are equivalent to the two relations 
ee and E ==. Suppose then that 5'— pb, and therefore 
c'— pc, and that "= gb, and therefore c"- ge. Thus the given 
equations are 


ax+by+cz=d, awut+pbyt+pez=d’, — ac qby  qez - d", 
and they may be written thus, 


al d' a" " 
ax+by+ce=d, —ætbyrea=—, —ætbyta=—. 
y a" y p! 4 y q 


Here æ may be found from any two of the equations; if we do 
not obtain the same value from each pair, the given equations are 
of course inconsistent; if we do obtain the same value for v, then 
the given equations are not independent; and in fact we shall in 
the latter case have only one equation for finding by + cz, so that 
the values of y and z are indeterminate. For example, suppose 
the given equations to be 

æt2ytða=10, 3x+4y+6z=23, -c406y492—24. 

From any two of these equations we can find z— 3; then 
substituting this value of æ in any one of the three equations we 
obtain 25 + 3z 2 7, and thus y and z are indeterminate. If, how- 
ever, the right-hand member of one of the given equations be 
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altered, we shall not obtain the same value of æ from each pair of 
the equations, and thus the given equations will be inconsistent. 


218. In the preceding articles we have supposed the given 
equations to be solved, and from the peculiar forms of the solu- 
tions have drawn inferences as to the nature of the given equa- 
tions We will now take one example of investigating a relation 
between the equations without solving them. Suppose, as before, 
that the equations are 

aa+byt+ez=d, Wa+Vy+cz=d', aut ytcz=d'; 
and let us find the relations which must exist among the known 
quantities, in order that the third equation may be deducible from 
the other two by multiplication by suitable quantities and addition. 
Suppose then that by multiplying the first equation by A, and the 
second by p, and adding, we obtain a result which is coincident 
with the third equation. Thus, 

(Aa + pa’) æ + (Xb + pb’) y + (Ac + pe’) z = Ad + pd’ 
is equivalent to a x c-by-cz-d; 
that is, we suppose that 
àa-pga a” — D+ pb’ O” Ae+ pe’ o” 
Mend í Á ep RI Adtpd' d"' 
From the last three equations we deduce 
A a'd —ad" Á V'd'-UVd" Á dd" 
Pate er Rae CRETAE 

Hence in order that the third equation may be deducible from 
the other two in the manner proposed, we must have the follow- 
ing relations among the known quantities, 

a/d' — a'd” bd!" dd" 
ad"—a'd d"-Vd —«d"—-ed' 

It is easy to shew that if these relations hold, the values of 
x, y, and z take the form o: For by multiplying up we obtain 
results which shew that the numerators in the values of a, y, 
and z vanish; and then by Art. 216 the denominator will also 
vanish. 
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MISCELLANEOUS EXAMPLES. CHAPTER XV. 


a* + 3a? — Ta? — 291a — 36 


1. Reduce S wA X03 1113 to its simplest form. 
2. Shew that 
(a +b +c) (a? + b? eð + abe) — (ab + be + ca) (a^ +  - eð) = a*-- b+ c. 
E 2 2 
3. Ift=5— cage TEPE, sg ae, PX find the 


relation between £ and z. 


4. Solve the simultaneous equations 
ætyta=0, ax+by+cz=0, 
bez + cay + abæ (a — b) (b — e) (e — a) = 0. 
MUR: 


Ain he or. ater dé 
a 0. € a+b+e 


1p RE 
G b c cx nmt p pero. P duin i 


6. A person leaves £12670 to be divided among his five 
children and three brothers, so that after the legacy duty has been 
paid, each child's share shall be twice as great.as each brother's. 
The legacy duty on a child's share being one per cent. and on a 
brother's share three per cent., find what amounts they respectively 
receive. 

7. Solve the equation 

m RA PUER NM. 
æt6a “2-34 2+2a sta 
8. If æ bea quantity such that 
(a — ay + (x — b)* (x — ey ^ ...... =a eb eg... 
shew that the sum of the products of every two of the quantities 
v—a, V— b, x —0,...... will be equal to the sum of the products 
of every two of the quantities a, b, c, ...... 
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XVI. INVOLUTION. 


219. If & quantity be continually multiplied by itself, it is 
said to be involved or raised, and the power to which it is raised 
is expressed by the number of times the quantity has been em- 
ployed in the multiplication. The operation is called Jnvolution. 


Thus as we have stated (Art. 16), a x a or a’ is called the 
second power of a; axaxa or a? is called the third power 
of a; and so on. 


220. If the quantity to be involved have a negative sign 
prefixed, the signs of the even powers will be positive, and the 
signs of the odd powers negative. 


Fon -ax-a=@, -—ax-—ax—a-a x-a--—a, 


—ax—ax—ax—a--a x—ac-a, 
and so on. 


221. A simple quantity is raised to any power by multiply- 
ing the index of every factor in the quantity by the exponent of 
that power, and prefixing the proper sign determined by the pre- 
ceding article. 


Thus a" raised to the n* power is a"; for if we form the 
product of n factors, each of which is a", the result by the rule of 
multiplication is a". Also (ab)"=abxabxab... to n factors, 
that is, axaxa... to n factors xb xb xb... to n factors, that 
is, a" xb". Similarly, a*b’c raised to the fifth power is a"b"c". 
Also — a" raised to the n power is 2 4", where the positive or 
negative sign is to be prefixed according as « is an even or odd 
number. Or as —a"=—1xa", the &" power of —a" may be 
written thus (— 1) x a" or (— 1y'a"". 


222. If the quantity which is to be involved be a fraction, 
both its numerator and denominator must be raised to the pro- 
posed power. (Art. 142.) 
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223. If the quantity which is to be involved be compound, 
the involution may either be represented by the proper index, or 
may actually be performed. 


Let a+b be the quantity which is to be raised to any 


power, 
a+b a? + 2ab 4 D? a? + 3a°b + 3a? +B 
a+b a+b ‘ib 
a? + ab a?  2a?ð + ab? a‘ + 3a?^b  3a?ð? + ab? © 
t ab +b? Fab + 9ab) +d? +’ a?b + 3a°b? + 3ab? + bt 


a@+2ab+b? a+ 3ab Jab +b at Aa?b + Gabh’ + dab? + b* 
Thus the square or second power of a+b is a* + 2ab + U^, the 


cube or third power of a+b is a*--3a?b + 3ab° -- U^, the fourth 
power of a+b is a“ 4a?b + 6a°b’ + 4ab* + b*, and so on. 


Similarly, the second, third, and fourth powers of a—6 will 
be found to be respectively a?— 2ab - ^, a?— 3a?b + 3ab? — ^, and 
a‘ — 4a?b  Ga'b* — 4ab” - b^; that is, wherever an odd power of b 
occurs, the negative sign is prefixed. 

We shall hereafter give a theorem, called the Binomial Theo- 
rem, which will enable us to obtain any power of a binomial ex- 
pression without the labour of actual multiplication. 


294. It is obvious that the n™ power of a” is the same as the 
m power of a”, for each is a™"; and thus we may arrive at the 
same result by different processes of involution. We may, for 
example, find the sixth power of að by repeated multiplication 
by a+b; or we may first find the cube of a+b, and then the 
square of this result, since the square of (a +b) is (a +b); or we 
may first find the square of a +b and then the cube of this result, 
since the cube of (a +b)’ is (a +6)’. | 


225. It may be shewn by actual multiplication that 
(a - b 4 cy 2 a? +b? + c+ 2ab + 2be + 2ac, 
(a -- b -- c - d =a" +b + è+ d’  2ab + 2ac  2ad + 2bc + 2bd  2ed. 
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The following rule may be observed to hold good in the above 
and similar examples; the square of any multinomial consists of 
the square of each term, together with twice the product of every pair 
of terms. 


Another form may also be given to these results, 
(a - b -- cy =a + 2a (b - e) - 05 + 2be - c^, 
(a b - c - d =a + 2a (b - c - d) +0? + 2b (c - d) - e+ 2ed +d. 
The following rule may be observed to hold good in the above 
and similar examples; the square of a multinomial consists of the 


square of each term, together with twice the product of þr term by 
the sum of all the terms which follow it. 


These rules may be strictly demonstrated by the process of 
mathematical induction, which will be explained hereafter. 

226. The following are additional examples in which we 
employ the first of the two rules given in the preceding article. 

(a—b +c) =a +b? + c? — 2ab — Abe + 2ac, 
(1 — 2x + 3a?) = 14 42? + 9a*— 4x — 122? + 62? 
=l — 42 10z*— 122? + 9z*, 

(L+ a+ a+ 2°)? = 1+ 0% + a+ of + Qo + Qa? 22? 4 22? + Dat + 945 


=1 2a + 3a* + 40° + Bat + 225 - 25. 


227. The following results should be noticed: 
(a + b = a? + 0* + 3ab (a + b), 
(a — by = a? — b? — 3ab (a — b), 
(a +b + cf = a? +0 e 3a? (b +c) + 3b" (a +c) + 30? (a + D) + Gabe. 


EXAMPLES OF INVOLUTION. 
Find (1+ 2x 4 32*)*. 
Find (1— a +g’ — z?y. 
Find (a 4 b — cy. 
Find (abc dy. 


> Se | 
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5. Find (1— 3z 4 32? — að). 
(21a* — 18a*b* — b*)* 4 (9a* — b*)*(b? — að) _ - 
64a°b* 64a7* TA 
7. Shew that (ax*+ 2bzy + cy’) (aX? + 2XY + cY?) 
= [az X + cyY - b (zY + y X)y + (ac - 05) (xY — y Xy. 
8. Shew that (z^ + pay + gy) (X? - pXY 979) 
= (eX + pyX + qyY) + p(zX + pyX + gyY) (zY -yX) c q(zsY-yX) 
and also 
—(rX-pcY +qyY Y+ p(xX pzY + qyY)(yX—-xY) - q(xY - yXy. 


6. Shew that 


XVIL EVOLUTION. 


228. Evolution, or the extraction of roots, is the method of 
determining a quantity, which when raised to a proposed power 
will produce a given quantity. 


229. Since the n power of a” is a"", an n™ root of a"" must 
be a"; that is, to extract any root of a simple quantity, we 
divide the index of that quantity by the index of the root re- 
quired. 


230. If the root to be extracted be expressed by an odd num- 
ber, the sign of the root will be the same as the sign of the 
proposed quantity, as appears by Art. 220. Thus, 


Yaa: 
231. If the root to be extracted be expressed by an even 
number, and the quantity proposed be positive, the root may be 


either positive or negative; because either a positive or negative 
quantity raised to an even power is positive by Art. 220. Thus, 


NOE 


232. 1f the root proposed to be extracted be expressed by an 
even number and the sign of the proposed quantity be negative, 
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the root cannot be extracted; because no quantity raised to an 
even power can produce a negative result. Such roots are called 
impossible. 


233. A root of a fraction may be found by taking that root 
of both the numerator and denominator. Thus, 


VEE m (C5) 


234. We will now investigate the method of extracting the 
square root of a compound quantity. 

Since the square root of a+ 2ab-- b° is a+b, we may be led 
to a general rule for the extraction of the square root of an alge- 
braical expression by observing in what manner a and b may be 
derived from a’  2ab + b. 


a + 2ab - b (a+b 


a? 


2a +b ) 2ab +b 
2ab + b? 


Arrange the terms according to the dimensions of one letter a, 
then the first term is a’, and its square root is a, which is the first 
term of the required root. Subtract its square, that is a“, from 
the whole expression, and bring down the remainder 2ab + b. 
Divide 2ab by 2a and the quotient is b, which is the other term 
of the required root. Multiply the sum of twice the first term 
and the second term, that is 2a + b, by the second term, that is 
b, and subtract the product, that is 2ab + b°, from the remainder. 
This finishes the operation in the present case. If there were 
more terms we should proceed with að as we did formerly 
with a; its square, that is a*+2ab+b’, has already been sub- 
tracted from the proposed expression, so we should divide the 
remainder by the double of a+b for a new term in the root, and 
then for a new subtrahend we should multiply this term by the 
sum of twice the former terms and this term. The process must 
be continued until the required root is found, 


T. À 9 
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235. For example, required the square root of the expres- 
sion 42“ — 12a°+ 5x? + 6x +1. i 
4z* — 12a? + 5x + 6x - 1 ( 22°- 3x-1 


4a 
Aa! — 3x ) — 122? + 5a? + 6x 1 
— 122? + 92? 
4x — 6x — 1 )— 4x’ + 62+1 


—4a*+ Gærl 


Here the square root of 4z* is 22^, which is the first term of 
the required root. Subtract its square, that is 4z*, from the 
whole expression, and the remainder is. — 122? 5a? + 6w 1. 
Divide — 122? by twice 22^, that is by 42, the quotient is — 37, 
which will be the next term of the required root; then mul- 
tiply 4x” — 3x by —3« and subtract, so that the remainder is 
—4a°+6x2+1. Divide by twice the portion of the root already 
found, that is by 4z^— 6»; this leads to —1; the product of 
4a* — 6x — 1 and —1 is — 42? + 6x 1, and when this is subtracted 
there is no remainder, and thus the required root is 2%? — 3% — 1. 


236. Again, extract the square root of 
æð — 6aa? + 15a?a* — 20a?a? + 15a*a* — 6a^x + a". 
The operation may be arranged as before, 
a — Gaz" 15a^a*— 20a x + 15a? — 6a^x - a* ( à? —3aa? - 3a^x — a? 


a 


9a? — 3a? ) — bax’ + 15a?x* — 20a*3? + 15a*a? — 6a^x a“ 
— baxt + 9a?x* 
22° — bax’ + 3a?x ) 6a?x* — 20a?2? + 15a*a? — Gaðr t a^ 
6a^2* — 18a?a? + 9a*a? 
2a?— bax + 6a^x—a? )— 2a'a? + ba'r? — 6a*x-- a^ 


— 92a?a? + ba — 6a5x-- a* 
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237. It has been already remarked, that all even roots admit 
of a double sign. (Art. 231.) Thus in the example of Art. 235, 
the expression 27'— 3z —1 is found to be a square root of the 
expression there given, and — 2x°+3x+1 will also be a square 
root, as may be verified. In fact, the process commenced by the 
extraction of the square root of 4z*, and this might be taken as 
2a" or as — 22^; if we adopt the latter and continue the opera- 
tion in the same manner as before, we shall arrive at the result 
— 2a? + 3x 4 1. 


238. The fourth root of an expression may be found by ex- 
iracting the square root of the square root. Similarly the eighth 
root may be found, or the siæteenth root, and so on. 


239. The preceding investigation of the square root of an 
Algebraical expression will enable us to prove the rule for the 
extraction of the square root of a number, which is given in 
Arithmetic. 


The square root of 100 is 10, of 10000 is 100, of 1000000 is 
1000, and so on; hence it will follow that the square root of a 
number less than 100 must consist of only one figure, of a number 
between 100 and 10000 of two places of figures, of a number be- 
tween 10000 and 1000000 of three places of figures, and so on. 
If then a point be placed over every second figure in any number 
beginning with the units, the number of points will shew the 
number of figures in the square root. Thus the square root of 
4356 consists of two figures, the square root of 611524 of three 
figures, and so on. 


240. Suppose the square root of 4356 required. 


Point the number according to gc 
the rule; thus it appears that the SOS GNE 
root consists of two places of figures, "59 
Let «--b denote the root, where a is % 20+6)756 
the value of the figure in the tens’ 756 
Place, and b of that in the units e 


9—2 
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place. Then a must be the greatest multiple of ten which has 
its square less than 4300; this is found to be 60. Subtract a’, 
that is the square of 60, from the given number, and the remain- 
deris 756. Divide this remainder by 2a, that is by 120, and the 
quotient is 6, which is the value of b Then (2a 5) b, that is 
126 x 6 or 756, is the quantity to be subtracted; and as there is 
now no remainder, we conclude that 604-6 or 66 is the required 
square root. 


It is stated above that a is the greatest multiple of ten which 
has its square less than 4300. For a evidently cannot be a 
greater multiple of ten. If possible suppose it to be some multi- 
ple of ten less than this, say æ; then since æ is in the tens’ place, 
and 6 in the units’ place, æ +b is less than a; therefore the square 
of z--b is less than a’, and consequently «+0 is less than the 
true root. 


If the root consist of three places of figures, let a represent 
the hundreds and 5 the tens; then having obtained a and b as 
before, let the hundreds and tens together be considered as a new 
value of a, and find a new value of b for the units. 


241. The cyphers may be omitted for the sake of brevity, 
and the following rule may be obtained from the process. 


Point every second figure beginning with 
the units place, and thus divide the whole 
number into several periods. Find the great- 36 
est number whose square is contained in the 126 )756 
first period; this is the first figure in the 756 
root; subtract its square from the first period, v 
and to the remainder bring down the next period. Divide this 
quantity, omitting the last figure, by twice the part of the root 
already found, and annex the result to the root and also to the 
divisor, then multiply thé divisor as it now stands by the part of 
the root last obtained for the subtrahend. If there be more 
periods to be brought down the operation must be repeated. 


4356(66 
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242. Extract the square root of 611524; also of 10246401. 


611524(782 10246401(3201 
49 9 
148)1215 62)124 
1184 124 
1562)3124 6401/6401 
COS ga 6401 


In the second example the student should observe the occur- 
rence of the cypher in the root. 


243. The rule for extracting the square root of a decimal 
follows from the preceding rule. We must observe, however, that 
if any decimal be squared there will be an even number of decimal 
places in the result, and therefore there cannot be an exact square 
root of any decimal which in its simplest state has an odd number 
of decimal places. 


The square root of 21:76 is one-tenth of the square root of 
100 x 21:76, that is of 2176. So also the square root of :0361 is 
one-hundredth of that of 10000 x :0361, that is of 361. "Thus we 
may deduce this rule for extracting the square root of a decimal; 
put à point over every second figure beginning at the units' place, 
and continuing both to the right and left of it; then proceed as 
in the extraction of the square root of integers, and mark off as 
many decimal places in the result as the number of periods in the 
decimal part of the proposed number. 


244. In the extraction of the square root of an integer, if 
there is still a remainder after we have arrived at the figure in 
the units’ place of the root, it indicates that the proposed number 
has not an exact square root. We may if we please proceed with 
the approximation to any desired extent by supposing a decimal 
point at the end of the proposed number, and annexing any even 
number of cyphers and continuing the operation. We thus obtain 
a decimal part to be added to the integral part already found. 
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Similarly, if a decimal number has no exact square root, we 
may annex cyphers and proceed with the approximation to any 
desired extent. 


245. "The following is the extraction of the square root of 
twelve to seven decimal places. 
12:0000...(3:4641016 

9 " 


64)300 
256 


686)4400 
4116 


6924/28400 
27696 


69281)70400 
69281 


6928201)11190000 
6928201 


69282026)426179900 
415692156 


10487744 


246. When n+1 figures of a square root have been obtained 
by the ordinary method, n more may be obtained by division only, 
supposing 2n +1 to be the whole number. 

Let JV represent the number whose square root is required, 
a the part of the root already obtained, æ the part which remains 
to be found; then 


NN=ata, 
so that N =a + 2ao +2’, 
therefore, N — a? = 2ax+ 2’, 
N-a a? 
and D. "bs + oa 7 
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Thus N-— a“ divided by 2a will give the rest of the square 
2 2 


root required, or x, increased by »; ; and we shall shew that 5z 


is a proper fraction, so that by neglecting the remainder arising 
from the division we obtain the part required. For æ by sup- 


position contains » digits, so that z* cannot contain more than 
2 


2n digits; but a contains 2n + 1 digits, and thus a is á proper 


fraction. 


247. We will now investigate the method of extracting the 
cube root of a compound quantity. 


The cube root of a?-- 3a?*b + 3ab* + D? is a+b, and to obtain 
this we proceed as follows; arrange ^ : t HE 
the terms according to the dimen- o 3a/b + 3ab* + (a +b 
sions of one letter a, then the first: ^ == 1 1 
term is a“, and its cube root is a, 34?) 3a°b  3ab? + b’ 
which is the first term of the re- 3a°b + 3ab? + D? 
quired root. Subtract its cube, that tai aero ol 
is a“, from the whole expression, and bring down the remainder 
3a°b + 3ab°+ 6°. Divide the first term of the remainder by 3a’, 
and the quotient is b, which is the other term of the required 
root; then subtract 3a'ð + 3ab?+ b? from the remainder, and the 
whole cube of a +6 has been subtracted. This finishes the opera- 
tion in the present case. If there were more terms we should 
proceed with a+6 as we formerly did with a; its cube, that is 
a? + 3aðb + 3ab^ -- 6° has already been subtracted from the pro- 
posed expression, so we should divide the remainder by 3 (a + b) 
for a new term in the root; and so on. 


248. It will be convenient in extracting the cube root 
of more complex Algebraical expressions, and of numbers, to 
arrange the process of the preceding article in three columns, 
as follows: 
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3a +b 3a? a’ + 3a°b + 38ab?+ b (a+b 
(3a + b) b a? 
3a? + 3ab + b° 3a?ð  3að? + D? 


3a°b + 3ab? + D? 


Find the first term of the root, that is a; put a° under the 
given expression in the third column and subtract it. Put 3a 
in the first column, and 3a’ in the second column; divide 3a°b 
by ða“, and thus obtain the quotient b; add b to the quantity 
in the first column; multiply the expression now in the first 
column by b, and place the product in the second column and add 
it to the quantity already there; thus we obtain 3a’ + 3ab + b°; 
multiply this by b and we obtain 34? + 3ab’+ b°, which is to be 
placed in the third column and subtracted. We have thus com- 
pleted the process of subtracting (a+b)? from the original ex- 
pression. If there were more terms the process would have to 
be continued. 


249. In continuing the operation we must add such a quan- 
tity to the first column as to obtain there three times the part of 
the root already found. This is conveniently effected 5, , b) 
thus; we have already in the first column 326; 2b f 
place 25 under the b and add; thus we obtain 3a + 35, 
which is three times a +b, that is, three times the 
part of the root already found. Moreover, we must add such a 
quantity to the second column as to obtain there three times the 
square of the part of the root already found. 


3a4 38 


This is conveniently effected thus; we have (3a +b) b 
already in the second column (3a 5)5, and ða" + Jab + b” 
below that 3a°+3ab+ 0; place b below and b° 


add the expressions in the three. lines; thus we 3a? +. Gab + 3b" 
obtain 3a?-- 6ab + 36°, which is three times 

(a +b)’, that is, three times the square of the part of the root 
already found. 
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250. Example; extract the cube root of 


Sæ“ — 36ca? + 66c*x* — 63c?2? + 330*a? — eðr + cl. 


62? — 3cx 12a* 
— — 3cæ (6x? — 3ex) 
6a? — 9c + c? 12z* — 18ca? + z 
+ 9c*x* 


12z* — 36e? + 2 co? 
+ e! (62? — 9ex + c?) 


122* — 36ca? + 33c?a? — 9c*x + c* 
84* — 36ca? + 66c*x* — 63c92? + 33c*x* — 9c: + c* KV 22* — 3ex + c" 
8a? 


— 86ca? + 66c*2* — 63c%a* + 33c*a? — Dcw + c? 
— 360? + BAr — 91 c2? 


12cs* — 36c3? + 33cfz* — 966 + c? 
12¢*a* — 36c*? + 33cfa? — 9c» + c" 


The cube root of 87^ is 22? which will be the first term of the 
root; put 82^ under the given expression in the third column and 
subtract it. Put three times 22? in the first column, and three 
times the square of 27? in the second column; that is, put 6z? in 
the first column, and 12z* in the second column. Divide — 36ca? 
by 12z', and thus obtain the quotient —3cz, which will be the 
second term of the root; place this term in the first column, 
and multiply the expression now in the first column, that is, 
6x? — 3e» by — 3e»; place the product under the quantity in the 
second column and add it to that quantity; thus we obtain 
12a:* — 18ca? + 9c*a*; multiply this by — 3eæ, and place the product 
in the third column and subtract. Thus we have a remainder in 
the third column, and the part of the root already found is 
2x* — 3cæ. 
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We must now adjust the first and second columns in the 
manner explained in Art. 249. We put twice — 3ca, that is, 
— Geæ, under the quantity in the first column, and add the two 
lines; thus we obtain 6z*— 9cx, which is three times the part of 
the root already found. We put the square of — 3cæ, that is, 927, 
under the quantity in the second column, and add the last three 
lines in this column; thus we obtain 12z*— 36e2? + 27 c7, which 
is three times the square of the part of the root already found. 


Now divide the remainder in the third column by the ex- 
pression just obtained, and we arrive at c' for the last term of 
the root; proceed as before and the operation closes. 


251. The preceding investigation of the cube root of an 
Algebraieal expressios will enable us to deduce a rule for the 
extraction of the cube root of any number. 


The cube root of 1000 is 10, of 1000000 is 100, and so on; 
hence it will follow that the cube root of a number less than 
1000 must consist of only one figure, of a number between 1000 
and 1000000 of two places of figures, and so on. If then a point 
be placed over every third figure in any number beginning with 
the units, the number of points will shew the number of figures in 
the cube root. 


252. Suppose the cube root of 405224 required. 


210+4 14700 405224(70+4 
856 343000 
15556 62224 


62224 


By pointing the number according to the direction, it appears 
that the root consists of two places; let a be the value of the 
figure in the tens’ place, and b of that in the units’ place. Then 
a must be the greatest multiple of ten which has its cube less 
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than 405000; that is, æ must be 70. Place the cube of 70, 
that is 343000, in the third column under the given number and 
subtract. Place three times 70, that is 210, in the first column, 
and three times the square of 70, that is 14700, in the second 
column. Divide the remainder in the third column by the number 
in the second column, that is, divide 62224 by 14700; we thus 
obtain 4, which is the value of b Add 4 to the first column; 
multiply the sum thus formed by 4, that is, multiply 214 by 4; 
we thus obtain 856; place this in the second column and add it 
to the number already there. Thus we obtain 15556; multiply 
this by 4, place the product in the third column and subtract. 
The remainder is zero, and therefore 74 is the required root. 
The cyphers may be omitted for brevity, and the process will 
stand thus: 


214 147 405224(74 
856 343 
15556 62224 


62224 


253. Example; extract the cube root of 12812904. 


4) 12 19812904 (234 
6 189 8 
694 ET 4812 
9 4167 
1587 645904 
2776 645904 
161476 


After obtaining the first two figures of the root 23, we adjust 
the first and second columns in the manner explained in Art. 249. 
We place twice 3 under the first column and add the two lines 
giving 69, and we place the square of 3 under the second column 
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and add the last three lines giving 1587. Then the operation is 


continued as before. 


The cube root is 234. 


254. Example; extract the cube root of 144182818617 453. 


p 


TENET 
8 


a 


6 
157297 


75 1441823818617453\( 52437 
304 125 
Tm 19182 
4 15608 
8112 3574818 
6256 3269824 
and 304994617 
16 247259907 
823728 57734710453 
47169 57734710453 
TET 
9 
82467147 
1101079 
8247815779 


The cube root is 52437. 


255. If the root have any number of decimal places the cube 
will have thrice as many; and therefore the number of decimal 
places in a decimal number, which is a perfect cube, and in its 
simplest state, will necessarily be a multiple of three, and the 
number of decimal places in the root will be a third of that 


number. 


Hence if the given eube number be a decimal, we 


place a point over the units’ figure, and over every third figure to 
the right and left of it; then the number of points in the decimal 
part of the proposed number will indicate the number of decimal 
places in the cube root. 
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256. Required the cube root of 1481:544. 


31 3 1481-544 (11:4 
a} A 1 
334 331 481 
1 331 
363 150544 
1336 150544 
37636 


The cube root is 11:4. 


257. When n+2 figures of a cube root have been obtained 
by the ordinary method, n more may be obtained by division 
only, supposing 2n+2 to be the whole number. 

Let JN represent the number whose cube root is required, 
a the part of the root already obtained, x the part which remains 
to be found; then 


VN =a+2, 
so that N = að + 3a*z + 3aa? + o^; 
therefore, N — að = 3a^x + 302° +2", 
| N-a c ow 
and E" er 


Thus NX — a? divided by 3a’ will e the rest of the cube 
x 
root required, or a, increased by T 55 " ss; and we shall shew 


that the latter expression is a proper fraction, so that by neglect- 
ing the remainder arising from the division, we obtain the part 
required. For by supposition, æ is less than 10", and a is not 


2 
less than 10?*'; thus = is less than ees i 


T a? T0 
io And — 3a? is less than 3x ]ge* that is, less than 


that is, less than 


mm Um 
3x10 


ANE : bs 1 
Hence — = 2A is less than — o* 3x10" and is thus less than 


unity.. 
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EXAMPLES OF EVOLUTION. 
Extract the square roots of the expressions contained in the 
following examples from 1 to 15 inclusive. 
1. a'—22*-34— 2x» 41. 
2. a*— 42? + 8r 4. 
3. 4a*+ 122? + 5a? — 6x +l. 
4. 4a* — 4o? + Da? — 2o 4 1. 
5. 4a*— 12ax? + 25a^a? — 24a?x + 16a. 
6. 25a*— 30a? + 49a*2? — 24a?x + 16a". 
T. a9— bar + 15a?x* — 20272? + 15a'a? — Gara + a. 
8. (a—b)*— 2 (a? +b’) (a — by +2 (a* + 5^). 
9. 4 {(a®—b*) ed + ab (c — d^) + {a — b°) (c? — d?) — 4abcdY*, 
10. a+b ++ d*— 2a? (b’ +. d*) - 20? (c? — d?) + 2c? (a? — d*). 


11. (ex) -4( -i 


a? 4 

12. att — at? + tíx-21 3. 
a^ a? 2 2 

18. Y d *tua-00-20. 


14. a*42(2b— c) à? (4? — 4bc + 3c) a’ + 2c° (20 — e) a c. 

15. (a — 2b) at — 2a (a — 26) að + (a^ + 4ab — 6a — 8b° 120) x° 
— (&ab — 6a) x + 4 — 12b + 9. 

16. Find the square root of the sum of the squares of '2, :4, 

*6, *86. 
Extract the cube root of the expressions and numbers in the 
following examples from 17 to 24 inclusive. 
17. 84*— 36x" + 66a* — 632? + 332^ — 9x 1. 
18. 8æ 4807 + 60c%a* — 80c*a? — 90c*a? + 1085: — 270°. 
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19. 8a*— 36ea? 4- 102c*a* — 17 1c*2? + 904c*x* — 144^: + 64c*, 
20. 167:284151. 
21. 731189187729. 
22. 10970:645048. 
23. 1371742108367626890260631. 


2 
24. Extract the fourth root of ( a? + 5) - 4 (s +2) #12. 


25. If a number contain z digits, its square root contains 
1 (2n 4 1 — (— 1)') digits. 


26. Shew that the following expression is an exact square : 


(a! — ye) + (f — aa)’ + (I — ay)? — 3 (x? - yz) (^ — zw) (9 — ay). 


XVIII. THEORY OF INDICES. 


258. We have defined a", where m is a positive integer, as 
the product of m factors each equal to a, and we have shewn that 


m 


a : ; 
a" x a^ = q"*", and that rm a" or T according as m is greater 


n-m 


or less than n. Hitherto then an exponent has always been a 
positive integer; it is however found convenient to use exponents 
which are not positive integers, and we shall now explain the 
meaning of such exponents. 


259. Positive Fractional Exponent. a" is used to denote 
the n™ root of a", that is „/(a"). 


Negative Exponent. a” is used to denote z whether p be 
whole or fractional. 
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260. "Thus, for example, according to the first definition, 


að = Ja", að = „a, a? = slá“ = a, 


and so on. 
According to the second definition, 


a = 


1 ki mi 
ai p" at a 


and so on. 


261. Thus it wil appear that it is not absolutely necessary 
to introduce fractional and negative exponents into Algebra, since 
they merely supply us with a new notation for quantities which 
we had already the means of representing. It is, as we have said, 
a convenient notation, which the student will learn to appreciate 
as he proceeds. We may, however, shew at once that the new 
notation is not arbitrary, but founded on an important principle ; 
to this we proceed. 


262. The relation a" xa" — a"*", which holds when m and n 
are positive integers, occurs perpetually in Algebraical operations ; 
if we wish to give a meaning to fractional and negative exponents, 
it is reasonable that the meanings should be such as will allow this 
important relation still to subsist. We shall shew hereafter that 
the meanings we have given do satisfy this condition, and we will 
here briefly indicate how these meanings might have been sug- 
gested by the condition. Take the given relation, and suppose, 
for example, that m and n are each 3, so that the relation be- 
comes at xat=a'=a. Thus aè must denote a quantity such 
that if it be multiplied by itself the product isa; now the square 


root of a is, by definition, such a quantity. Thus a* must be the 
square root of a, that is, must denote the same thing as ,/a. 


263. Similarly we can indicate the way in which the meaning 
of negative exponents might have been suggested by the condition 
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of making the relation a" x a" —a"*" universally true, For write 
— m for n in this relation, then it becomes 
W'xqiosa t 
But we know if m be greater than n that 


=- 74 *- M 
hence we see that a " and - must denote the same thing. 


264. We have shewn in Arts. 62 and 63 that 


a" 1 
n n—m?) 


a a 


according as m is greater or less than n; in consequence of the 
meaning which we attach to negative exponents, it will no longer 
be necessary to distinguish between these two cases, For 

1 a 


—(n—m m-n, 
qo HOME 


a 2 


so that we may for the future use 


T and a"^* indifferently. 


265. In the relation E =a" suppose that m -— 7; the left- 


hand member is then obviously unity, and the right-hand member 
takes the form a’; the last symbol has not hitherto received a 
meaning, so that there is nothing to prevent our giving it the 
meaning which naturally presents itself. Hence we may put 
a" =. 


266. The notation which we have explained will now be 
used in establishing some propositions relating to roots and 
powers. 


Ss 1 
267. To shew that a" xb" =(að)". 
1 1 
Let a" xi" — 2; therefore 
Ege C OE dd. 
a^ = (a" x i)" = (a")" x (b")", (by Art. 41), =a xb. 


T. A. 10 
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J 
Thus æ" = ab, therefore x= (ab)", which was to be proved. 


In the same manner we can prove that 
38 
a Ib = (i) . 


LUEMUL KR: “A 
268. Hence a" x b" x c" = (ab)" x c" = (abc)". 
And by proceeding in this way we can prove that 


1 1 


di pA ng 2 4 
OKOT RO x... x b" =(abe....k)*. 


Suppose now that there are m of these quantities a, b, e, ...k, 
and that each of them is equal to a; then we obtain 


E = 
(a E iz (a™)". 
1 = 
But (a")" is, by definition, a"; thus 


(a = a*. 


1 


n RE 
269. To shew that (a™)" = a™. 


1 1 
Let x=(a")"; therefore z"— 4"; therefore 2™=a; there- 
1 


1 11 
fore æ=a"". Thus (a")* 2 a^, which was to be proved. 
mo m 
270. To shew that a" = a". 


m 
Let æ=a"; therefore z"— 4"; therefore x" — a"; therefore 
mp m mp 


=a". Thus a*=a", which was to be proved. 


271. The student may infer from what we have said in 
Art. 261, that the propositions just established may also be 
established without using fractional exponents. Take for example 
that in Art. 267; here we have to shew that 


Ja x Jb = 3 (ab). 
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| Proceed as before; let x= ,/a x ;/b; therefore 
a" = (Ja x fb)" = (Jay x (bY, (by Art. 41), =a xb. 
Thus z" = ab, therefore «= ;/(ab), which was to be proved. 


272. We shall now proceed to shew that the relations 
a"xaq"—q"*" and (2")'— 4" are universally true, whatever m 
and n may be. 


T 


p Ld p 
= = I. 
273. To shew that a’xa‘=a! * 


EID e gr 
a! x a^ «a? x at, by Art. 270, 


1 1 
= (a?*y* x (a”)®, by definition, 
1 
= (a* x a"), by Art. 267, 


e pe+ar Pr 
= Í qs — a qs = a! » 


274. In the same way we can prove that 


p 2 At 
5 


a! a*-a! 

275. Thus the relation a"xa"—a"*" is shewn to be true 

when m and n are positive fractions, so that it is true when m 

and n are any positive quantities. It remains to shew that it is 

also true when either of them is a negative quantity, and when 
both are negative quantities. 


(1) Suppose one to be a negative quantity, say n; let 


n=-n 0 
Then a” x a^ -a" xa" —a"x M - 5 =a", (by Art. 274), 
zt aie 


(2) Suppose both to be negative quantities; let 
10—2 
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Then 

1 1 1 
an 
áð sg a 


min 
. 


= 2 (by Art. 273), 


=q "=q 


276. Similarly a” x a” xa? -a"*" xg" 2 q"*"*?; and so on. 
Thus if we suppose there to be 7 quantities 7n, n, p, ..., and 
that each of the others is equal to m, we obtain 
(a")" = a", 


whatever m may be. 
Tr m 
277. To shew that (a'f =a". 


be 2 - 
Let z—(a*); therefore z'—(a*) 2a*, by Art. 276; there- 


- 
fore a^^ — a" ; therefore x= a^, which was to be proved, 


278. To shew that (a")" = a"" universally. 


By the preceding article this is true when m and n are any 
positive quantities; it remains to shew that it is true when either 
of them is a negative quantity, and when both are negative 
quantities. 


(1) Suppose n to be a negative quantity, and let it = — v. 
1 1 


—my mn 


Then (a^) =(a") "= oe Pa, 


(2) Suppose m to be a negative quantity, and let it = — jc 


Then (a" NI. (ay at (=) = 4. 2 a = n A 


a" 


(3) Suppose both m and x to be negative quantities; let 
m=—p and n=-v. 


1 1 


Then  (a"}}=(a #)"= (a) — a 
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EXAMPLES OF INDICES. 
3 yi 
Simplify (x? x at ys, 
Find the product of að, a, a, and a5, 


DE n (2), (S and (255). 


Simplify the product of 


} 3 A s La 
a^, a *, Na, að, Vas, and (a7%). 


Simplify Gi er : {(5) }- 


Multiply að + 55 4735 by ab *— að +b 
apt at — ary? + ahy — y? by æt æð + Y. 


A a5 — a? 4 ad - at à$ - a c a$-1 by a! +1. 
viales al-aa.l-aj.a. by à) -14 a7. 
muta — 3a + 2a*b™ by -2a *-3a'*b. 
Divide a! — ay? + ahy — y! by æð — y. 
kg að taa 1 ad by að + ata? + að 


3n 3n 


eran araa * by á 


E 2e 2xy ^ — Baty + Tay! — 5a? + 2xy 
by xy ð- æy? + æg). 


bI a! — ab 4- ab) — aði? + pi by að — ab* + a*b _ B, 


að — aa + aða — æð 


Simplify =. 
p al — afa? + Sala — 3aa? + ala? - að 
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17. Extract the square root of 
A a? 2y* — að 
t— + ‘ 
ty" (ey) 


18. Extract the square root of 
4a — 12a?6ð + 905 + 16aðet — 24553 + 1602. 
19. Extract the square root of 
2562! — 5122 + 64025 — 5122ð 304 — 198273 + 40273 — Sæ“! +a. 


20. If a=6*, shew that (F - e ^; and if a= 25, shew 
that b= 2. 


XIX. SURDS. 


279. When a root of an Algebraical quantity which is re- 
quired, cannot be exactly v it is called an irrational or 
surd quantity. Thus a“ or a! is called a surd. But dat or að, 
though apparently in a surd form, can be expressed by a’, and so 
is not called a surd. 

The rules for operations with surds follow from the proposi- 
tions established in the preceding chapter, as will now be seen. 


280. A rational quantity may be expressed in the form of a 
given surd, by raising it to the power whose root the surd expresses, 
and affixing the radical sign. 


Thus a= a =}, &c.; and a+“@=(a+)". In the same 
manner the form of any surd may be altered; thus 
(a+ a - (a æj -— (a a)*, &c. 


'The quantities are here raised to certain powers, and the roots of 
those powers are again taken, so that the values of the quantities 
are not changed. — 
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' 281. The coefficient of a surd may be introduced under the 
radical sign, by first reducing it to the form of the surd and then 
multiplying according to Art. 271, 


For example, 
a e= Jat x fo Jat); ay! = (ay); 
æ (ða — x)= /(2an?— a°); ax (a — 2)? = {að (a — ayy 
4 J/2 = J(16 x 2) =,/32. 
282. Conversely, any quantity may be made the coefficient of 


a surd, if every part under the sign be divided by the quantity 
raised to the power whose root the sign expresses. 


Thus Y(a'—aa)=alx (a-a); yà- d'a) =a (a 2); 
-af =a" (1-5 a A/60 = /(4 x 15) 2 2 /15; 


(a- 4) = 6-5- TEEN -=e 
æ b a æ \b? æb 


283. When surds have the same irrational part, their sum or 
difference is found by affixing to that irrational part, the sum or 
difference of their coefficients. 


Thus a Jc 2 b æ= (a 2 b) Jon; 
"9300 = 5 V3 — 10 /3 +5 ,/3=15,/3 or 5 3; 
A/(3a*b)  „/(32'b) = a „(36) + æ (3b) = (a + x) (3b). 
284. If two surds have the same index, their product is found 


by taking the product of the quantities under the signs and retain- 
ing the common index. 


T 


Thus a" xb"= = (að), (Art, 267);  /2x,/3=,/6; 
(a +b}? x (a — b)? = (a? — 9). 
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285. If the surds have coefficients, the product of these coeffi- 
cients must be prefixed. 


Thus aJaxb/y=ab Jay); 3,/8x5,/2 15 J16 = 60. 


286. If the indices of two surds have a common denominator, 
let the quantities be raised to the powers expressed by their respective 
numerators, and their product may be found as before. 

Thus 9* x 33 = 88 x 38 = (24)); 

(a + 2)! x (a — 2)! = ((a +2) (a — x). 
287. If the indices have not a common denominator, they may 


be transformed to others of the same value with a common deno- 
minator, and their product found as in Art. 286. 


Thus 
(a — 2°) x (a — e) = a =) (a — 2)"; 
24 x 33 = 2% x 38 = 8È x 98 = (72)? 
288. If two surds have the same rational quantity under the 


radical signs, their product is found by making the sum of the 
indices the index of that quantity. 


1 1 a á 
ntm 


Thus a*xa"=a" ™, (Art. 273); 
J2 x 3/2 = 93 x gh 2.93 *3 5 98, 


289. If the indices of two surds have a common denominator, 
the quotient of one divided by the other is obtained by raising them 
respectively to the powers expressed by the numerators of their 
indices, and extracting that root of the quotient which is expressed 
by the common denominator. 


l „a 
Thu, Z= (p) (Art 267); 5; - (Fs, 
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290. If the indices have not a common denominator, reduce 
them to others of the same value with a common denominator, and 
proceed, as before. 


Thus 


3 
(e a- at= rays t (Y. 
291. If the surds have the same rational quantity under the 
radical signs, their quotient ís obtained by making the difference of 
the indices the index of that quantity. 


1 


1 1 X vi 
Thus, a" +a" =a" ^, (Art. 274); 
J2 + i2 - ahs 98 = 9173 — 9t 
292. It is sometimes useful to put a fraction which has a 
simple surd in its denominator into another form, by multiplying 


both numerator and denominator by a factor which will render the 
denominator rational. Thus, for example, 


E 7249 sous 
ae GS ee o. 
If we wish to calculate numerically the approximate value of 


^ it will be found less laborious to use the equivalent form 
2 


a ant, 
JE 


L Similarly, 


293. It is also easy to rationalise the denominator of a frac- 
tion when that denominator consists of two quadratic surds. 


For a (0 a bs e) La (be o). 
„/b ze (Jb Jo) (Jb + Jc) (Jb æð | .b-o > 


a | a(b= Jo) _a(b = Je) 
be Je (be) bm c) Bre ° 


So also 
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294. By two operations we may rationalise the denominator ' 
of a fraction when that denominator consists of three quadratic 
surds. For suppose the denominator to be „/a + „/bt „/e; first 
multiply both numerator and denominator by ,/a+,/b—,/c, thus 
the denominator becomes a + b — ec 2 /(a5); then multiply both 
numerator and denominator by a--b—c —2,/(ab) and we obtain 
a rational denominator, namely (a + b — c)! — 4ab, that is, 


a? + b? 4- c? — 2ab — 2be — 2ca. 


295. Á factor may be found which will rationalise any bino- 
mial. 
1 1 1 1 
(1) Suppose the binomial a” #07. Put æ=a?, y=b!; let 
n be the least common multiple of p and q; then a" and y” are 
both rational. Now 


(æt y) ie? y any Lat y E a egt y") E: a" EY y^ 
where the upper or lower sign must be taken according as n is odd 


or even. Thus 
yr... +y 


is a factor which will rationalise x + y. 


1 1 

(2) Suppose the binomial a” — b*. Take æ, y, and n as be- 

fore. Now 
(a — y) ("tyra sf) 

Thus qty ean Nt aeui. gy 
is a factor which will rationalise x — y. 

Take, for example, a? 4 bi ; here n=6. Thus we have as a 
rationalising factor 

að — ay Fs a^y* — ay? + ay! — y, 


- 5 4.1 3.2 2.8 174 $ 
that is, a? — a?b? + a?b* — g73 + ab? — ps, 

è 5 7 1 "X NA 5 
that is, a? — ab? + a? b? — ab + ab? — 63. 


The rational product is a^ — y^, that is, a* — 63, that is, a? — b. 
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296. The square root of a rational quantity cannot be partly 
rational and partly a quadratic surd. 


If possible let „/n=a * „/m; then by squaring these equal 
quantities we have n=a’+2a,/m+m; thus 2a Jm =n — a — m, 
aa hme RR ILS 

2a 
the supposition. 


, a rational quantity, which is contrary to 


297. If two quadratic surds cannot be reduced to others which 
have the sume irrational part, their product is irrational. 


Let Jc and „/y be the two quadratic surds, and if possible 
let „/(æy) = ræ, where r is á whole number or a fraction. Then 
zy =r'x*, and y=ræ, therefore ,/y=r,/a, that is, „/y and ,/x 
may be so reduced as to have the same irrational part, which is 
contrary to the supposition. 


298. One quadratic surd cannot be made up of two others 
which have not the same irrational part. 


If possible let ,/x=,/m+,/n; then, by squaring, we have 
e=m+n+2,/(mn), and ,/(mn)=3(a—m—n), a rational quan- 
tity, which is absurd. 


299. In any equation x + Jy =a + b which involves rational 
quantities and quadratic surds, the rational parts on each side are 
equal, and also the irrational parts. 


For if z be not equal to a, suppose x=a+m; then 
a+m+ /y=a+,/b, 


so that m+,/y=,/b; thus ,/b is partly rational and partly a 
quadratic surd, which is impossible by Art. 296. Therefore x= a, 
and consequently ,/y = „b. 


300. If „(at „/b)=æt,/y, then JJ(a — Jb) 2 x — y. 
For since „(a + Jb) = æt „/y, we have by squaring 
a b ma? 2x Jy y; 
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therefore a=% +y, Jb = 2x Jy, (Art. 299). 
Hence a — Jb — a^ — 2v JY +y, 
and „(a — Jb) — a — Jy. 

Similarly we may shew that if 

Na Jb) = Jet Jy, 

then J(a—J/b) = Ja — Jy 

301. The square root of a binomial, one of whose terms ís a 


quadratic surd and the other rational, may sometimes be expressed 
by a binomial, one or each of whose terms is a quadratic surd. 


Let a+,/6 be the given binomial, and suppose 
Ja JD) = Jn dy 
By Art. 300, „(a — Jb) = Ja — Jy. 
By multiplication, — ,/(a^ — b) =% — y. 
By squaring both sides of the first equation, 


a Jb — x 4 2 JJ (xy) try; 
therefore Q — $4 y. 


Hence, by addilion and subtraction, 
a 4- JJ (a^ — b) = 22, a — J(a? — b) = 2y; 
therefore æ=ð{at,(a*-b)}, ^ y-i(a—,J(d —0)). 


Thus z and y are known, and therefore „(a + ,/b), which is 
"æt gy. ; 
Also „(a — Jb) is known, for it is Jæ- „/y. 


302. For example, find the square root of 3 + 2 ,/2. 
Here a=3, Jb = 2 ,/2, a —b-9—8-1; 

therefore | z-1(341)-2,  y=4(3-l)=l. 
Thus J(3  2,/2) 2 J2 - J1- J2 +1. 
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303. Again; find the square root of 7 — 2 ,/10. 


Instead of using the result of Art. 301 we may go through the 
whole operation as follows : 


Suppose A/(T -2,/10)= Ja — y ; 
then, by squaring, | 7—2,/10—z— 2 J(xy)- y ; 


hence BE NE od ne Monga Season e Tene un (1), 
and 2 J(xy) = 2 10; 

thereforo (a+ yy — 4ay = 49 — (2 J107, 

that is, ` (x—y)’=49-40=9, 

and gi MER in as ond a E (2); 


therefore, from (1) and (2), æ=ð, and y= 
Thus J(7 — 2 10) z J5 — „/2. 


304. It appears from Art. 301 that 


e EE). a ce 


hence, unless a? — b be a perfect square, the values of „/æ and „/y 
will be complex surds, and the expression ,/x +,/y will not be so 
simple as „/(a + J/b) itself. 


305, A binomial surd of the form ,/(a?c)  „/6 may be written 
thus, /c (« + Jz *). If then a? 2 be a perfect square, the square 
root of a + NE z may be expressed in the form „/æ + ,/y. 


Hence the square root of ,/(a’c)+,/b is Ae (Jo + Ay). 


306. For example, find the square root of „32 + „/30. 
Here „32 +,/30 = V2 (4+,/15) ; 
thus A/(J32 + /30) = „2 x A/(4 +,/15) ; 
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and it may be shewn that 


5 3 
tt 15 - /5 + /5- 
Hence ,/(,/32 + ,/30) = 4/2 ( fe e 5) - li 
„Et 3) 38 
307. Sometimes we may extract the square root of a quantity 
of the form a + ,/b+,/e+,/d by assuming 
„(at fb etsd)=Jært fyr a; 
then at, ,/ðt et /d=ax+y+24+2,f/(ay) + 2 (yz) #2 J(z2) ; 
we may then put 
24(xy)-4b, | 24(y)e-Jo — 24(2)-/d, 
and if the values of x, y, and z, found from these, also satisfy 
“x+y +2=4a, we shall have the required root. 
308. For example, find the square root of 
8 2,/2 - 2,/5 4 2 ,/10. 
Assume ,/(8-2,/2.-2,/5 4 2,/10) — JJz + Jy * ns; 
then 
84-2,/2-2,/5 4 2,/10— x - y - z +2 AJ (cy) +2 (yz) - 2 (ea). 
Put 2,J(xy)-2,/2, 2/J(yz)=2,/5, . 2,4J(22)22,/10; 
hence, by multiplication, „(æy) x ,/(yz) = 4/10, 


and (22) = 10, 
therefore, by division, y 4s 
hence $2, and s=Á. 


These values satisfy the equation æt y -- 2 — 8. 
Thus the required square root is ,/2  „/1 + ,/5, 
that is, 1+,/2+,/5. 
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309. If (at ,fb)=æt,/y, then j/(a— Jb) —-z— Jy. 
For suppose (a+ Jb) — o 4- Jy ; 
then, by cubing, a + /b= 2? + 3a? Jy + 3ay+y Jy; 
therefore a= a? + 3ay, Jb - 3a" Jy y Jy, (Art. 299); 
hence a, — Jb — a? — 3a? Jy + 32y — y y, 
and (a — Jb) =x — Jy. 


310. The cube root of a binomial a+ ,/b may be sometimes 
found. 


Assume (a+ JD) = æt y, 
then A (a — Jb) = « — Jy. 
By multiplication, {/(a°—b) = o? — y. 


Suppose now that a*— b is a perfect cube, and denote it by c, 


thus c=% -y; 

and, as in Art. 309, a = + 3ay. 
Substitute the value of y ; 

thus a, — a? + 3x (x — c); 

therefore 4a? — 3ez = a. 


From this equation æ must be found by trial, and then y is 
known from the equation y =% — c. 


Thus it appears that the method is inapplicable unless a* — b 
be a perfect cube; and then it is imperfect since it leads to an 
equation which we have not at present any method of solving 
except by trial The proposition, however, is of no practical 
importance. 


311. For example, find the cube root of 10 + ,/108. 


Assume 410 + ,/108) = o Jy, 
then 5/(10 — „108) = « — „/y. 
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By multiplication, A/(100 — 108) = a^ — y, 


that is, —2-ag- y. 
Also 10 = 2? + 3ay 

= a + 3x (æ + 2) ; 
therefore 4a? + 6x = 10. 


We see that this is satisfied by æ=1; hence y —3 and the 
required cube root is 1 + ,/3, 


EXAMPLES OF SURDS. 


1. Find a factor which will rationalise a? — 03. 

2. Find a factor which will rationalise ,/2 — 2/3. 
3. Find a factor which will rationalise „/3 + 4/5. 
a [z 4 a AJ (a? — a? 


æt a —,J (x —a) 
5. Given „/3=1'7320508, find the value of 


4. Shew that SM æt AJ (a^ — a^). 
1 
2 4-3 
| (3 + /3)(8 + /5)(/5—2) 1 
6. Shew that Oe TE UE 519. 


15 
n WP»  —— ae 2). 
7. Shew that eria: ids JH > P= 80 J5 (1 +,/2) 


8. Extract the square root of 


92.94 „gt Jt 492. 
y y HH x 


9. Extract the square root of (a +b)? — 4(a — b) (ab). 
10. Extract the square root of 4 + 2,/3. 
11. Extract the square root of 7 — 4 J/3. 
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161 


12. Extract the square root of 7 +2 „/10. 
13. Extract the square root of 18 + 8 ,/5. 
14. Extract the square root of 75 — 12 „/21. 
15. Extract the square root of 16 +5 ,/7. 
16. Extract the square root of ab + c* +,/{(a? — c?) (b? — e?)}. 
17. Extract the square root of — 9 + 6,/3, 
18. Extract the square root of 1 (1 — c*)-*, 
19. Find the value of 
Try ENT when € á 
20. Find the value of 
ICADTS "cu S when a=sð. 
21. Extract the square root of 6 +2 ,/2 #2,/32,/6. 
22. Extract the square root of 5 - /10 —,/6 — „15. 
23. Extract the square root of 
15—2,/3— 2 V15 4 6 /2- 2 6 4- 2 ,/5 — 2 ,/30. 
24, Extract the cube root of 7 +5 „2. 
25. Find the cube root of 16+ 8 J/5. 
26. Find the cube root of 9 ,/3 — 11 „/2. 
27. Find the cube root of 21 ,/6 — 23 „/5. 
28. Shew that J(J5 + 2)— J(J5 — 2) 1. 
T. A. 


www.rcin.org.pl 


11 


162 QUADRATIC EQUATIONS. 


XX. QUADRATIC EQUATIONS. 


312. When an equation contains only the square of the 
unknown quantity the value of this square can be found by the 
rules for solving a simple equation ; then by extracting the square 
root the values of the unknown quantity are found. For example, 
suppose 

85* — 72 + 102? = 7 — 24a? + 89: 


by transposition, 422? = 168 ; 
by division, at =4; 
therefore w= 4 = & 2. 


The double sign is used because the square root of a quantity 
may be either positive or negative. (Art. 231.) 


313. It might at first appear that from z*=4 we ought to 
infer, not that z—2-2, but that +%== 2., It will however be 
found that the second form is really coincident with the first. For 
-9$—32 gives either +a=+2, or --z-5—2, or —2—-2, or 
—9$ ——2; that is, on the whole, either x= 2, or z ——2. Hence 
it follows, that when we extract the square root of the two mem- 
bers of an equation it is sufficient to put the double sign before the 
square root of one of the members. 


314. Quadratic equations which contain only the square of 
the unknown quantity are called pure quadratics. Quadratic 
equations which contain the firs& power of the unknown quantity 
as well as the square are called adfected quadratics. We proceed 
now to the solution of the latter. 


315. We shall first shew that every quadratic equation may 
be reduced to the form æt pæ=g, where p and g are positive or 
negative. For we can reduce any quadratic equation to this form by 
the following steps; bring the terms which contain the unknown 
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quantity to the left-hand side of the equation, and the known 
quantities to the right-hand side; if the coefficient of x° be nega- 
tive, change the sign of every term of the equation; then divide 
every term by the coefficient of z^. Thus we may represent any 
quadratic equation by 

att pæ= gq. 


To solve this we add ð p! to both sides; thus 


The left-hand member is now a complete square; extract the square 
root of each member; thus 


2 
2E SENA CEDE 


transpose the term 2 and we obtain 


oe" 


316. For example, suppose 
— 32° + 367—105 = 0; 


transpose, — ða? + 362 = 105; 
change the signs, 3x’ — 36x = — 105; 
divide by 3, æ — 122 = -35 ; 


8 
add to both sides (5) „that is, 36 ; thes 


z'—12z4 36= 36-35-1; 
extract the square root of both members ; thus 
ce —-6-2]. 
Therefore x=6+1; that is, z— 7, or 5. If either of these 


values be substituted for æ in the expression — 3x? + 36x — 105, the 
result is zero. 


11—23 
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317. Hence the following rule may be given for the solution 
of a quadratic equation : 

By transposition and reduction arrange the equation so that 
the terms involving the unknown quantity are alone on one side, 
and the coefficient of x^ is +1; add to both sides of the equation 
the square of st the coefficient of x, and extract the square root of 
both sides. 


318. Asanother example we will take 
ax’ +bet+e=0; 


transpose, axvt+be=-—e ; 
ear ba e 
divide by a, PESE 
by o cb... DP-—4ac 
add (22): ER m 
2 
extract the square root, c + — E AJ (D — 4ac) (9 — ze 
* LUN 


transpose, c= 9a 
319. When an example is proposed for solution we may, 
instead of going through the process indicated in Art. 317, make 
use of the formula in Art. 318. Thus, take the example in Art. 
316, namely, — 3x7 + 36x — 105 2 0, and by comparing it with the 
formula in Art. 318 we see that we may suppose a=- 3, b= 36, 
c=—105. Hence if we put these values for a, b, and c in the 
result of Art. 318, we shall obtain the value of x Here 


b —4ac = (36 — 12 x 105 = 36 ; 


eh or 5. 


therefore ac 


320. For another example take the equation 
cz —6x--2;; 


add (5); a —62+9=9-2=7; 
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extract the square root, #—3=+,/7, 
transpose, G=3e,/7. 


Here ,/7 cannot be found exactly; but we can find an ap- 
proximate value of it to any assigned degree of accuracy, and thus 
obtain the value of æ to any assigned degree of accuracy. 


321. In the examples hitherto considered we have found two 
different roots of a quadratie equation; in some cases however we 
shall find really only one root. Take for example the equation 
æ’ —12%+36=0; by extracting the square root we have x — 6 — 0, 
and therefore x= 6. It is however convenient in this case to say 
that the quadratic equation has two equal roots. 

322. If the quadratic equation be represented by 

aa? bæt c— 0, 


we know from Art. 318 that the two roots are respectively | 


-b+ JŒ- dao) (að 
2a x 


2a 
Now these will be different unless 8*— 4ac —- 0, and then each of 
them is — z . This relation 5*— 4ac — 0 is then the condition that 
must hold in order that the two roots of the quadratic equation 
may be equal. 
323. Consider next the example æt — 10x + 32 = 0. 
By transposition, æ — 10x =—32; 


by addition, x — 10x + 25 =25— 32 = - T. 
If we proceed to extract the square root we have 


But —7 has no square root either exact or approximate (Art. 
232); thus no real value of æ can be found to satisfy the proposed 
equation, In such a case the quadratic equation has no real roots ; 
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this is sometimes expressed by saying that the roots are imaginary 
or impossible. We shall return to this point in a subsequent 
chapter. See Chapter xxv. 


324, Ifthe quadratic equation be represented by 
ax? + bæ + e= 0, 


we see from Art. 318 that the roots are real if b^ — 4ac is positive, 
that is, if b° is algebraically greater than 4ac, and that the roots 
are impossible if b°— 4ac is negative, that is, if b° is algebraically 
less than 4ac. 


EXAMPLES OF QUADRATICS. 


l. a'—-5-m44-0. 9. 62-1324 6-0. 
8. a?—4z43-90. 4. 32°—Tx = 90. 

5. 2æ-Tærð=0. 6. 3x — 530 34 = 0. 
7. #1 1021 24-90. 8. Ta?—3a= 160. 
“aye at 10. bj 2050. 
1. #-325(e-3) 12. 4(2-—1)-4z—1. 
13. 1102*-21a+1=0. 14. 7805—73x -1- 0. 
15. (x-1)(z—-2)- 6. 16. (3-2) (a—1)= 


17. (3a —5) (2a—5) = (x +3) (z — 1). 

18. (20+ 1) (a+ 2) = 34^ — 4. 

19. (@+1)(2%+ 3) - 4^ — 22. 

20. (x—1)(w—2)+ (x—2)(x—4) = 6 (2 — 5). 


21. (2x—3)'- 8a. 22. (bx—3y —T = 44x45. 
23. T Et 

v f 
24. pa s ;**1ig^ 9 
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26. 


21. 


28. 


30. 


32. 


34. 


35. 


36. 


38. 


40. 


42. 


44. 


46. 


48. 


50. 


c 


EXAMPLES OF QUADRATICS. 


CHAPTER XX. 167 


abu lg ode 


z 2. 
9° 


5a bo PE 
31 @ * 1)-7 Ge +æ- 1)= 95 


ds BL I. 21+ 65a 
7 

x 21 

" ecu” 


3 1 


1 
(4-1) 4(@+1) 8° 


2x 3æ + 50 


15*3ü0-az)- 
2x 3a — 50 Y 
15 3(10-2) © 
e+2 ta 
"us NUNC ^ 3n 
tað —on— 13 
3—19 wa + 


122— 70 
190 


12a +70 


190 


ætð x-3 2-3 


s48 a-2. 


RN 


37. RA IUE. 
39. — + —— =. 
41, — + — =—. 
43. —.- 


45. 


4T. 


9u-5 E 3^ 
z-2 æt? 23(zr3) 


C a0, 4—9 - 228 


10 (2w +3) (e — 3) + (Ta +3)? = 20 (w+ 3) (« — 1). 
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5l. (1-4 3)a* + (2— J3)u 2. 
52. c'—2ax-a*—b*—0.: 
53. (3a? +b’) (a? — æt 1) 2 (39 + a?) (++ 1). 
54. a*—2ax40*—0. 


cc t ui 

x-a c—b xv—c 
56 Mo oa i E EE t. 7 
` (æ-b)(æ-0 (a+c)(a+b) (ac)r—oc) (ab)(z—by 
oT. : Js 


atbtæ a b æ 
58. (aw—b)(bz— a) =e’. 


59. Boh eu me 


60 abu? 99. Sa’ + ab—2b6° bx 
| "uere S 


C c 


æra +b, te 


61. me Sel aeg a 
atc(aræ ara a 
62, —- — = —. 
a+c(a— z) a a — 2cx 


XXI. EQUATIONS WHICH MAY BE SOLVED 
LIKE QUADRATICS. 


325. There are many equations which, though not really 
quadraties, may be solved by processés similar to those given in 
the preceding chapter. For example, suppose 


E a* — 9a? + 20 = 0. 
Transpose, æt — 9x? — —20; 
hjá d oy Dm 1 
by alidition, a* — 9a? + (5) x (3) -30-1; 
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extract the square root, a? — a = #5 ; 

UM NEC 
therefore gu g*375, or 4; 
therefore x= 3/5, or +2. 


326. Similarly we may solve any equation of the form 


az" + ba" +c=0. 


Transpose, aa" + ba"=—¢; 
divide by a, PL ME: 
a a 
a a0 f0Y 75V 6. D—4ac. 
by addition, æ + (n) = (s) m on’, 
' 2,0 s, J(D  —4ae) 
extract the square root, œ” + Cal Eia carpa 
— 2 — 
therefore a" = mdti i y 


Hence by extracting the n™ root the value of æ is known. 


327. Suppose, for example, 


æ+ 4, o —21; 
therefore g4 44x 4-25; 
therefore Næt2==ð. 
therefore Je=—-2+5=3, or -7; 
therefore æ=9, or 49. 


328. . Again, suppose 
a 4xi-6; 


: -b. t T 

therefore gw +2 bra an 
NI cu 
therefore «ums 
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therefore = 3 2 =2, or — 3; 
therefore ao = 4 or 9, 

1 1 
and s= tz 


329. Suppose we require the solutions of the equation 
x+ (5210) = 8. 
By transposition, ,/(5x10)-8—2; 
square both sides ; thus 
öæt 10264 —16z x; 


therefore æ —2lx =- 54; 

therefore x - 212 + (2) = (5) - öd = - P 
therefore € — - = ss á 

therefore = n ay = 18, or 3. 


Substitute these values of æ in the left-hand side of the given 
equation; it will be found that 3 satisfies the equation but that 18- 
does not; we shall find however that 18 does satisfy the equation 


a — (52 -- 10) — 8. 


In fact the equation 5æ + 10—64 — 16x ræ" which we obtained 
from the given equation by transposing and squaring might have 
arisen also from x — ,/(5z-4-10)— 8. Hence we are not sure that 
the values of z which are finally obtained will satisfy the proposed 


equation; they may satisfy the other form. 


330. Again, consider the example 
c — 2 JJ (a? -- m4 5)— 14-0. 


By transposition, z — 14 = 2 J(æ +æ + 5); 
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by squaring, æð — 28æ + 196 = 42? + 4a+ 20; 
therefore 92? + 32x = 176. 
From the last equation we shall obtain x= 4, or =. It will, 


however, be found on trial that neither of these values satisfies the 
proposed equation ; each of them however satisfies the equation 


a 4-2 (c +æ 5)—14 — 0. 


From this and the preceding example we see that when an 
equation has been reduced to a rational form by squaring, it will 
be necessary to examine whether the roots which are finally 
obtained satisfy the equation in the form originally given. 


331. Suppose that all the terms of an equation are brought to 
one side and the expression thus obtained can be represented as 
the product of simple or quadratic factors, then the equation can 
be solved by methods already given. For example, suppose 


(a — c)(a* — 3ax + 2a?) = 0. 
The left-hand member is zero either when x—c=0, or when 
x'—3acx--2a'—0. But ifx—c=0, we have x—c; and if 
að — 3ax + 2a! = 0, 
we shall find that =a, or 2a. Hence the proposed equation is 
satisfied by æ= c, or a, or 2a. 


332. Facility in separating expressions into factors will be 
acquired by experience ; some assistance however will be furnished 
by a principle which we will here exemplify. Consider the 
example 

x (a —c)* =a(a- cy. 
Here it is obvious that «=a satisfies the equation ; and we shall 
find that if we bring all the terms to one side æ— a will be a factor 
of the whole expression. For the equation may be written 


a? — a? — 2c(a* —a*) +e («—a)=0; 
that is, (a — a) (a? + ax + a? — 2c(z + a) + 0°} =0. 
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Hence the other roots besides a will be found by solving 


the quadratic 
a tan +a — 2c (x à) t c^ — 0. 


In this manner when one root is obvious on inspection, we 
may succeed in arranging the equation in the manner named in 


Art. 331. 


333. We will now add some miscellaneous examples of equa- 
tions reducible to quadraties. 


(1) Suppose 
æt — Ta 4 AJ (à — Tæ + 18) = 24. 


Add 18 to both sides; thus 
a? — Tæ -18 e (£ — Tx + 18) = 42 ; 


complete the square; thus 


að — Ta 184 JG — T2418) tg, 
therefore VG! - 1218) 1522 ; 
therefore NJ? — 72 +18) =6, or - 7; 
therefore x° —- Ta 18 = 36, or 49. 


Hence we have now two ordinary quadratic equations to 
solve. We shall obtain from the first x= 9, or — 2, and from the 
second z—1(72,/173). It will be found on trial that the first 
two only are solutions of the proposed equation ; the others apply 


to the equation 
a — Ta — JJ (a? — Tx +18) = 24. 


(2) Suppose 
at a? - 49 ræt 1l=0. 


Divide by x’; thus 
E. 


x'-z-4---4-0; 
c x 
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1 1 

or thea oy Sa 

Ty 1 
therefore (=+) + (2+ 5)-6=0; 

x x 

2 
therefore (s T4 >) F (« E ;) = 6, 
x x 

lv 1 1 25 

and (2+5) «(52-975 
p. 5 
therefore eto t Gaeta 
1 
therefore qr 2, or — 3. 
; 1 

First suppose æt ER 2; 
therefore z!'—92z4120; 
therefore wel, 
Next suppose £+ i =—3; 
therefore a+ 3e=—1; 

8 9 5 
therefore a+ 3n+7=5-1=33 
therefore 215 2205, and æ= 5 

(3) Suppose 
w + 9x2 1-32? + a, 
2 
Transpose, a — 3 + 85 + l= = : 
Bað? 9a? Aa? 
therefore (=- 2) we 3 *ðetl= T 
92M Sa\. a" 4z? 
2 2 S UA A 
therefore (2-3) -9 a erg agi ii 
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3a\* ; 0 ee de" 252" 
therefore (2-3) -2(es-7 acr Cae Wa ui 


Extract the square root, 
, 9m 5a 


«€ = P —l=+ er 
; í "m. 5a 
We have now ordinary quadratics, namely, «*— * -1- rx 
and a?— a —je— 3 . From the former we shall obtain 


æ=1(7 85), and from the latter æ=4(1*,/10). 


(4) Suppose 
62 Jx- llo 6 ,/2x— 1-0. 
We may write the equation in the form 
(x—9 Mæ} +2 (x-3 Ja) - 1-2*. 
Hence æ-3 J/z-1-22. 
Take the upper sign; thus 
æ-3/ætl=c; 


therefore Jamas and tet S 
9 
Take the lower sign; thus 


2-3 ,/x+1l=-2; 
therefore 22 8 Jz 1-0. 


From this we obtain |/z = 1, or t. and therefore z — 1, or i ; 


(5) Suppose 


ætct(#—c) 9(z4c) 
vri GMT "e wi MNT (1) 


In solving this equation we shall employ a principle which 
often abbreviates algebraical work. 
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Sak 
Suppose that [f 


then will 
a+b p+q a—-b p-g a+b að 

án a a arp 

For the first of these three results is obtained by adding unity 
to each of the given equal quantities, the second is obtained by 
subtracting unity from each of the given equal quantities, and the 
third result is obtained by dividing the first by the second. Each 
result is sometimes serviceable. For the present example we 
employ the last. Thus from (1) we deduce 


_2(æ+e) — 9u+17e 
2 Jac) Iate ` 


Square both sides, and simplify the left-hand member; thus 
æte (9x+17c)* 
L—C — (9e roy Sv... (2). 
Again, by employing the third of the above results we deduce 
from (2) 
æ (9r-lTcy-(90m-cf  (9x--lToy + (9o e 


— SO. COU 


(9a + 17¢)? — (9x +c)? lóc(l8r--18c) ` 
By reducing, we obtain 
632^ — 18xc — 145c* = 0, 


29c 


and from this, "E or s=- z: 


3 
(6) Suppose 


J-e) + Baza) = J- 42). 


Transpose; thus 


FM -49- /(F-e) =B) 
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2 
By squaring, = (1 — 42) — 3a ,/(1 — 4a) J/G - 2) = 3ax— ^ 


ith = (1 — 42). 
Divide by „(1— 47); thus | 


oa + 3A (1 4) = 3a JG -). 


By squaring, (1+ 3a)’ (1—42) - 16 GE -— 2) ; 


4 
therefore 4a (1 + 3a)’ — 4} = (1 + 3a)? — 12a = (1 — 8a)’; 
therefore 4a (3a + 3) (3a — 1) = (3a — 1)’; 
ða —1 
therefore c= 12(a+1) . 


Also corresponding to the factor „(1 — 42), which was removed, 


we have the root æ = 4 


This example is introduced in order to draw the attention of 
the student to the circumstance that when both sides of an equa- 
tion are to be squared, an advantageous arrangement of the terms 
on opposite sides of the equation should be made before squaring. 
If in this example as it originally stands we square both sides, no 
terms will disappear; but by transposing before squaring we ob- 
tain a result in which — æ occurs on both sides, and may therefore 
be cancelled. 


(T) Suppose 
M + 9) (a? — 9) = (34) + 4. 
We have identically 
x’ +9- (x2 -— 9)=18=34—16. 


Hence, dividing the members of this identity by the cor- 
responding members of the proposed equation, we obtain 


"(æt #9) — Ma? — 9) = „/(34) — 4. 
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Therefore, by addition, ,/(z? + 9) =,/(34); 
therefore 2 —25, and 2-25. 


This equation is introduced for the sake of illustrating the 
artifice employed in the solution. This artifice may often be em- 
ployed with advantage; for instance, example (6) may be solved 
in this way. 


(8) Ja 4) -2 J(2—2)- TFS m a 


We may write this equation thus, 
{2 (x + 2)— 4 (2—« 
(2a 4 4)-2 J(2—2) = ERIS 


The factor J/(2z + 4)— 2 J/(2 —2) can now be removed from 
both sides; thus we obtain " 


N(9a? + 16) = 2 { J (2a: + 4) + 2 ,J(2 —2)). 
By squaring, 9a°+16=4{12—27+4,/(8— 227) ; 
therefore a’ + 8x = 4 (8 — 22^) + 16 ,/(8 — 227); 
therefore æð + 8r +16 2 4 (8— 227) +16 ,/(8 — 227) + 16. 
Extract the square root; thus 
= (x + 4) = 2 J/(8 — 22) + 4. 
The solution can now be completed; we shall obtain 


and also a pair of imaginary values. 
Also, by equating to zero the factor ,/(2x--4)— 2 J/(2 —«), 


which was removed, we shall obtain æ = 4 

It will be seen that very artificial methods are adopted in some 
of these examples; the student can acquire dexterity in using 
such transformations only by practice. More examples will be 
found in Chapter riv. 


I. A. 12 
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CHAPTER XXI. 


EXAMPLES OF EQUATIONS REDUCIBLE TO QUADRATICS. 


3x - 2 ,/z — 1- 0. 2. 
Bað + 4943 = 3321. 4. 
æð — 35a? + 216 2 0. 6. 
æt 2 JJ (ac) 4 c — 0. 8. 
2a" 
na zé 
3a + Tai 10. 
J (2a) — Ta = — 52. 12. 
20+ (hz 8)- 2. 14. 
að + Bað — 22 — 0. 16. 
æ + 5 — (x 4-5) — 6. 18. 
(22 #7) + (32 — 18) = pd 


Jeh-16), v 
arg te = grg 


„(a * æ) 4 JJ (a — æ) = Jb. 

N(x 9) 2 2 Ja — 3. 

æst AJ (Dac + 10) — 8. 

(að n = (að E 
Masse) a 

Ja * „(a * 2) n Aime Ja — „a — aj a) 


(3) + G) =n(n-1). 


NL gera 


æt Sl = 32. 


1 
a” 135 = 
4 2 
æ* EN 


3a* — Ta? = 43076. 


14. 


x — 142* 4 40 — 0. 
2 
NT 


Sat dm= 7. 


2 æt 


il b 
2(z" o "-5. 
1). 


4* — 80. 


(a +b) „(að +b + að) — (a — b) JJ (a* + b — x°) =a" + U^. 


; [e (ee 2) 2x) = a. 
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. 2æ+ (2-22) 2e (1— 2). 


a+x 


NEA &) ta Jaca)" TAPA 
"(et 2a) — „(æ—2a) _ c 


` J(@—2a)+ (a+ 2a) Qa 
. N(æt8)- J (e+ 3) 2 as. 
. (e 3) - (x 8)2 5 Ja. 


æt — a? pta 34 
e+e ala M 


- J (a * ba") — Ja — e (b). 


850 x É a 207 


931 æð — a^ 
AJ (a + 1) + J(a? — 1) LAG? #1)- J/(2* — 1) 


| NT = MET) * Vere) i1) MD 


=å gal Gt | ata 


+ —— = 39. 42. 


€$—2 ml atc. a-—zc "de. 


. Jl - a2) — J(1-- 22) m. 


æt AJ (a? æt) a — AJ (a? — 1) 


æ— z- Je- æt (a — sr aii 


«JG? — Bae + a?) + J (x? + Baw + a?) = (2a? + 2°). 
e C- Ed 
MT) (at Ya)= 0. 


. Jat (e— J(1—2a)) 21 
. (ea) — (x— ay = 242a*. 


x a NE 
: þa 


i 12—2 
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51. 


J (x? + aac + b°) + AJ (a? + bæt a?) =a +b. 
359-16 367-4) 
10a+8 ^ 22—4 * 


„(22 9) - (8c — 15) =,/(Ta + 8). 


Je etiem 


"(at 22 — 1) + (a - ac 1) 5 /2 +,/3. 
"(æð + ae — 1) + „(a + bx — 1) = Mat Ab. 
æ (x-1) M 
3 J(üs-1) 16 


(a — a) (x — b) (x — c) + abc = 0. 

DP EM ae 

lw be" Ta 

+440) aða að æð 


0. 


(a — ac) (a 4- m) d (a + x)(x- m) 
ætt x—n 


92; + 1 x (a? + 2) + (x+ 1) (#1 224 3) = 0. 
a? + 322 (x? — 2x + 2) + 2a. 

x 52 4 2 5 (à? + 5x + 28). 

JG? -2249)- 5 - 8-a. 

Ba? + 15a — 2 (a? - 5x 1) = 2. 

(a + 5) (x — 2) + 3 (oc (x + 3)}= 0. 


x + 3—,/ (20° — 3x42) = S (+1) 


. w(at+1)4+3/(2a7+ 6x4 5) = 25 — 22. 
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#2 (ða? 3224) #4 = (4 © 41), 
x -— w+ 3 (22 — 3w + 2) = sti. 
9 2 
—z5-z— æð. 
l+au+a 
(x + a) (x + 2a) (x + 3a) (x + 4a) = é. 
16a (æ +1) (æt 2) (æ +3) = 9. 

2 2 4 
Sie! eee 18. a=a*t+(1l—2)* 
a —ac-c-a sw 
a — 2a? +a — a. 80. x*— 2+ 2 —132. 
2  J(o 7) - 2 (tt Tx) = 35 — 2x. 

. e —8(v1) x 18x 1-0. 
2 (a* + ax)? ræt (a 4-2) - b — 2. 
xt + 22? — lla? 4x 4 — 0. 
a* + 4a?z = a*. 
c 
at + aa? + ba + cx z= 0. 
ig oS fl +a) 
a 
w+ t2 (w+ i)e 
c 9 
eða 
"m x wx 

sel 1 
(x1! 2° 
a? 41-0. 99. ma -r-n-1-0. 


(a — 2) (x — 3) (x — 4) - 1.2.3. 
(a — 1) (a — 2) (x — 3) - (6 — 1) (6 - 2) (6 — 3) = 0. 
(x — 1) (z— 2) (a — 3) = 24. 
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96. 6x? — 527+2=0. 97. a +a*°-—4a—4=0. 
eo. 5 P$ b D 
98. i" ad ed s 
99. 82*4160z- 9. 100. Ma di 
3a 


101. aw (a*— 2)=m (a? + 2mx + 2). 


102. (a*— a^) (x a) b - (à? — 5^) (a +b) w+ (b° — a^) (b-- 2) a — 0. 


103. 2° + pata (p-1+ 7) e+1=0. 


104. (p + pats (p- 14 e 1-0. 


105. 32°+ 8a'~ 82°=3, 


XXII. THEORY OF QUADRATIC EQUATIONS AND 
QUADRATIC EXPRESSIONS. 


334. A quadratic equation cannot have more than two roots. 


If possible let three different quantities a, B, y be roots of 
the quadratic equation aa^ + bæ -- c — 0; then, by supposition, 


ao! +ba+c=0, aB?+bB+c=0, ay’+by+c=0. 


By subtraction, 
a (a° — B) + b (a - B) -0; 
divide by a — 9 which is, by supposition, not zero; thus 


a (a 4- B) - b — 0. 
Similarly we have | a (a 4 y) 4 b — 0. 
By subtraction, a(B — y)=0; 


this however is impossible, since by supposition æ is not zero, and 
B— y is not zero. Hence there cannot be three different roots 
to a quadratic equation. 
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335. In a quadratic equation where the coefficient of the first 
term is unity, the sum of the roots is equal to the coefficient of the 
second term with its sign changed, and the product of the roots is 
equal to the last term. 


For the roots of ax? + bæ + c= 0 are 
2 2 
—b+,/(b — 4ac) wih -b-J(V - ier. 
2a 2a 
hence the sum of the roots is — : , and the product of the roots is 


2 2 
b — he) , that is, 5, And by dividing by a the equation 


í b TUS 
may be written a" + = + = =0; and thus the proposition is esta- 
blished. 


336. Let a and B denote the roots of the equation 
axðtbætc=0; 


then a += Ji and af =“. These relations are useful in 


finding the values of expressions in which a and 8 occur in a 


symmetrical manner. For example, 


a! + Bo (ae By 288 = P 


p n" 


(a — B) = (a+ B) — 4a = 
Let 


337. We have 


: a bæ 2 
azx'-bz-c-aiz-—-c-b 
a a 
now put for 3 and = their values in terms of a and £; thus 


aa? + bz + c= a (a? — (a + fp)x + ap} = a (x — a) (x — B). 
Thus the expression as?’ +bæ+ce is identical with the expres- 


sion a(z — a) (z — B); that is, the two sa wal are equal for 
all values of 2. 
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Hence we can prove the statement of Art. 334 in another 
manner. For no other value of æ besides a and B can make 
(z— a) (x — B) vanish; since the product of two quantities cannot 
vanish if neither of the quantities vanishes. 


The student may naturally ask if the identity 
aa? + bæ + e - a (x — a) (x — B) 


holds in those cases alluded to in Art. 323, where the roots of 
ax’+ba+e=0 are impossible; we shall return to this point in 
another chapter. 


338. The student must be careful to distinguish between a 
quadratic equation and a quadratic expression. In the quadratic 
equation aa^ 4 bx--c—0 we must suppose æ to have one of two 
definite values, but when we speak of the quadratie expression 
ax? + bæ + e, without saying that it is to be equal to zero, we may 
suppose æ to have any value we please. 


339. We have 


að + bee aa +— +—} 
a aj 


aU Md e a 
b -—4ac , 


Aa? 18 


Now first suppose that 6’—4ac is negative; then 


" bN? b —4ac 
also negative; hence (s fe ia) TET 


for all real values of æ. In this case, ax’ bæ + c being equal to 
the product of a into some positive quantity must have the same 
sign as a. Thus if )'— 4ac be negative, az^--bx-c has the 
same sign as æ for all real values of æ. 


is necessarily positive 


Next suppose that 6°— 4ac is zero; then 


2 b j 
ax +bæ+e=a(æ+ 30). 
a 
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Here, as before, az* -- bz -- c has the same sign as a; in this 
case the expression aa? t bæt c is a perfect square with respect 
to v, and its square root is 


b 
+ ,/a (s + a á 
Lastly, suppose that 5^ — 4ac is positive; then 
2 2 
bo = e {= K KA A^ AJ (b^ — =) 
a 2a 


a+ bero=afe + 5 à Ia 
=a(a—a) (x — B), 
where a and £ are both real quantities, namely, 
—b+,/(b’ — 4ac) —b—,/(b’ — 4ac) 
hi ee ee Mi isis 
The expression «(x — a) (æ— 8) must have the same sign as 
a except when one of the factors x — a and z— $ is positive, and 
the other is negative; and we shall now shew that this can only 
be the case when v lies in value between a and B. Of the two quan- 
tities a— 8 and B—a one must be positive; suppose the former, so 
that a is algebraically greater than B. Now if æ is algebraically 
greater than a, then x—a is positive, and therefore also «—£ 
is positive, and if x is algebraically less than f, then «—BP is 
negative, and therefore also x—a is negative. But if x lies be- 
tween a and f, then x—a is negative, and «—f is positive. 
For such a value of æ the sign of the expression ax*+ba+e is 
the contrary to the sign of a. 


and B = 


The conclusion of the investigation of the three cases is this; 
arð bæ ec and « never differ in sign, except when the roots 
of ac^ +bæ+c=0 are possible and different, and x is taken so 
as to lie between them. 


340. The roots of 
— b = ,/(b’ — 4ac) 


ax? tbæc=0 are i 
2a 


and the roots of 
2 
ax? —bz-cc-0 are Ll 
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It is obvious that the latter roots are the same as the former with 
their signs changed. Hence if two quadratic equations differ 
only in the sign of the second term, the roots of one may be 
obtained by changing the signs of the roots of the other. 


341. Suppose we divide aw*+ba+e by x—A. The first 
term of the quotient is az, and the next term a+b, and there 
is a remainder ah" bh e. If this remainder vanish, so that 
ah? +bh+c=0, then h is a root of the equation aa? tbætc= 0. 
Thus the expression ax*+ba+e is divisible by z—A only when 
h is a root of the equation aa? + bæ + c — 0. 


342. Some particular cases of the equation aa" bæ + c= 0 
may now be investigated. The roots of the equation are 
-b*, (b Sa] | à Z-s- 4c), 
2a 2a í 
we will first examine the results of supposing a = 0. 


The numerator of the first root becomes —) +b, that is, 0; 


thus this root takes the form ER The numerator of the second 


E -2 j 
root becomes — 2b; thus this root takes the form T . Ifin the 
— equation we put a=0, it becomes bæ +c=0, so that 


z-— z and we may arrive at this result from the expression 


which takes the form p by a suitable transformation. For mul- 


0 

tiply both numerator and denominator of E AC dne by 
— 2c 

b + J/(b* — 4ac) 


put a — 0, we obtain mid that is, =. If the root -b- sb- 4ac) 


b + ,„/(ð— 4ac); thus we obtain , and if we now 


P b YN Um 
be transformed by multiplying its numerator and denominator by 
: , — 2c : 
b — „/(0!— 4ac) it becomes b — JP — ao)! and the smaller a is 
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the smaller is the denominator of this fraction, and the greater the 
fraction itself. Thus we may enunciate our results as follows; in 
the equation ag? t bæ +c= 0, if a be very small compared with 
b and c, one of the roots is very large and the other is nearly 


ual to ea and the smaller a is, the larger one root becomes, 
eq b S 


and the nearer the other approaches to — 2 


b 
343. Next suppose both a and 6 to be zero; then the ordi- 


nary expressions for both roots take the form A By trans- 


forming the roots as in the preceding article, we shall see that 
when a and b are both small compared with c, both roots are very 
large, and become greater the smaller a and 6 are. 


344. Lastly, suppose a, b and c to be zero; then the roots 


0 : 
take the form 0° In this case, if we transform the roots as in 


Art. 342, we shall still obtain the form ; ; we may say here that 


the value of æ is really indeterminate. 


345. We will give an example of the application of the 
results of Art. 339. 
a? — 2x + 21 
6x — 14 
assume any value we please by suitably choosing the value of æ. 


Let it be required to ascertain if the fraction 


x’ — 2x + 21 
P L E d EP led 
d ee y; 
therefore x — 2w + 21 = y (6x — 14); 
therefore x’ — 2 (1+ 3y) x + 21+ 14y — 0. 


By solving the quadratic we obtain 
æ= 1 + 3y = /(9y°— 8y — 20). 
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Hence if æ is to be real the quantity 9y°— 85 — 20 must be 


positive; that is, 9 (y — 2) (v + v) must be positive. "Therefore 


y cannot lie between 2 and — Ld , but may have any other value. 


9 
We conclude then that by suitably choosing the value of æ, the 
. ac-—2xr421 
fraction Ti o have any value we please, except 
values between 2 and — a : 


EXAMPLES ON THE THEORY OF QUADRATIC EQUATIONS AND 
QUADRATIC EXPRESSIONS. 


Resolve the following four quadratic expressions into the pro- 
duct of simple factors : 


1. 32 1072— 25. 

æð + 73a +780. 

22* + x — 6. 

að — 88x + 1612. 

Form the quadratic equation whose roots are 6 and 8. 
Form the quadratic equation whose roots are 4 and 5. 
Form the quadratic equation whose roots are 1 and — 2. 


Form the quadratic equation whose roots are 1 + „/5. 


B pac Pr Pp S 


Find the sum, difference, and product of the roots of 
at — 42x 4 117 — 0. 


10. For what value of m will the equation 22?-- 8x -m-0 
have equal roots ? 


11. If a and f) be the roots of x? — px +q — 0, find the value 


fg +B and of a + ff* 
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12. If a and B be the roots of ax? + bæ + c= 0, construct the 


j 1 1 
equation whose roots are S and —. 


B 


13. Shew that the roots of 2*°+pa+q=0 will be rational if 
p=k+ i where p, q, k are any rational quantities. 

14. Shew that if aað tbætec=0 and a’a*+b’x+c'=0 have 
à common root, then (a'c — ac’) = (a/b — ab’) (b'e — c'b). 


2x —'7 
15. If x be real, prove that da? 5 ® have no real 


value between t: and 1. 


16. If p be greater than unity, then for all real values of æ 


AR 2 HM 
the expression Su hr A lies between dmt. and 
a -2xr-p p+l 
rx 
red 


XXIIT. SIMULTANEOUS EQUATIONS INVOLVING 
QUADRATICS. 


346. We will now give some examples of simultaneous equa- 
lions where one or more of the equations may be of a degree 
higher than the first; various artifices are employed, the proper 
application of which must be learned by experience. 


, 


(1) Suppose 2#-2y?=71, æty=20. 


From the second equation y=20—æ; substitute in the 
first, thus 


&. d —2(20—2y-271; 
therefore — a? + 80x — 800 2 71, 
therefore a? — 80x 2—811. 
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From this quadratic we shall obtain z— 13 or 67 ; then from 
the equation y=20— we obtain the corresponding values of y, 
namely, y — 7 or — 47. 


(2) Suppose  2a*5-y'-25, æy=12. 
Here a +y = 25, 
2xy = 24; 
therefore, by addition, 
x° + 2æy - y* = 25 4- 24 — 49; 

that is, (v - y) = 49; 
therefore € -y-&T. 

Similarly, by subtraction, 

(x-y 225—-24-1; 

therefore $—9-2]1. 


We have now four cases to consider; namely, 


$-y- 7, æ=y= l; 
æty=-T, „tags 1; 
$-y- T, æ-y=-1; 
æ+y=-7, æ-y=-|1. 


Ey solving these simple equations we obtain finally 
(p 23-9, y=+ 4; or x==4, y=+3. 
(3) Suppose 2y'-4zy--3a4*—17, y'—a^-—16. 
Let y= vx, and substitute in both equations; thus 
z*(2v—4v-3)-17, a’ (v*-1)=16; 


17 
i . 
from the former, a: h ^ 
from the latter, a? = x i? 
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i W-- es 
2M lið wl! 
therefore 17v?— 17 = 32v* — 64v + 48; 
therefore 15v* — 64v + 65 = 0. 
= ; 
From this quadratic we shall obtain v =3 or = . Take the 


former value of v; then tn =9; therefore x=+3; and 

y=ve=+5, Again, taking the second value of v we have 
pP 20 5 13 

æ =— ; therefore, »-:.; and y=+—. 


5" 3" 3 


The artifice here used may be adopted conveniently when the 
equations are homogeneous and of the same degree. 


(4) Suppose a+y=a, x+y =b". 


ot zy 5D 
By division, e -—1 
bp 
that is, x! — xy + ay —vy + yt = yi 
5 
or a+ ray hey) E. 
Now since æry=4, 


x +y =a — 22y; 
therefore a + y* + 22*y* = (a? — 2æy) = a* — 4a*xy + Az y ; 
therefore æð + y* = a* — 4a xy + 2a*y’. 
By substituting the values of a* + y* and a? +y° we obtain 
b 
a‘ — 4a'xy + Daði! — æy (a? — 2zy) + 2y? = t 
5 
that is, Saxy? — Da'ay =} -— a*. 


From this quadratie we can find two values of zy; let c 
denote one of these values, then we have 


L+y=a, æy=C; 
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thus (2 y)! — 4ay = a? — 4c, 
that is, (x — y) =a — 4c; 
therefore x-y — 2 (a — 4c). 


Thus since æt y and c — y are known, we can find immedizely 
the values of x and y. 

Or we may proceed thus Assume z—7-2, then snce 
2-3 —a, we obtain 


n= 5(a+2), y= 5 (0-2). 


Substitute in the second of the given equations; thus 
(a +z) + (a — z) = 320), 
therefore 5az* + 10a*2* = 160? — a’. 
From this quadratic we may find z^, and hence z, that is, 
æ—y; and hence finally æ and y. 
More examples will be found in Chapter rtv. 


EXAMPLES OF SIMULTANEOUS EQUATIONS INVOLVING QUADRATIG. 


1. 4a°+ Ty? = 148, 327 — y^ 11. 
2. 2+y=100, xy = 2400. 
3. æty=4, Ár Ek J 
w 5 

4. æry=T, ry 3A, 
5. æ-y=12, a? y^ = TA. 

LY a Et _ 
6. coer a y "^ Ao 
7T. z-3'-65, ay=28. 8. zy-l, 23xz-5y- 

NM 
9. SUR , æty=2. 
10. æ +ay+2y?=74, 9a* + Qay+y*? = 73. 
ripe ew 

TE, 2w + 3y = 37, zy 4b 
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12. æ+ 3xy = 54, xy +4y?=115. 

13. 2° +ay=15, xy — 3^ = 2. 

14. a +ay+ 4y*=6, 3z* + 8y? = 14. 

15. 2*4 æy=12, xy —2y^ — 1. 

16. z'—zy-$y^-21, y'— 2zy - 15 — 0. 

17. z*—4y'-9, xy + 2y* = 3. 

18. Tæ’ -— 8xy = 159, 5x + 2y =T. 

19. æ- 2xy-y =l, æty=2. 

20. Serer a? 4 y! = 45. 

21. "EA. 4 x? + y* = 90. 

22. 3æ+:125y = 3% —y, 3% — ‘dy = 2:25xy + 3y. 

23. 'ly+'125x=y-z, y — öx = "T5ay — 3x. 

24.  y'— Awy+20a?+ 3y— 264æ=0,) 
Dy'—38zy* æ — 12y + 1056æ=0.f 

25. ætry=di, 3y-æ= y. 

26. a yf e say, 2-y- uy. 

2T. pi cC CUN BU TY 

y y 

28. 4(æty)=ðay, ætytat yi = 26. 

29. w—y=2, æ- -8. 

30.° æty=ð, að +y’ = 65. 

31. z4y-1l, æð + y? = 1001. 

32. æy(æty) =30, Hæ = 35, 

33. =U 18, € 4 y -—12. 

T. A. 


EXAMPLES. CHAPTER XXIII. 
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34. æty=18, a? + y? = 4914. 
2 
db Rd A, dan 


36. «(x +y)=80, x? (2a — 3y) = 80. 


97. xwy-y*- 20, AO | 


38. x+y =T 27, að + y^ = bxy — 1. 
39. a!43*-8, 


40. z4y-—4, g* + y* = 82. 
4l. 45-34-3093, $—39-—3. 


49. (s- Y « (s 22] = en, ay = 2. 
zy æ-y 


43. æ — æy +y 2-19, x—xy+y=4. 

44. o—ayt+y’=7, xt + xy? + y* = 133. 

45. wo +ay+y’=49, a+ ay + y*= 931. 

46. x-2 +y- y = 84, a + ary? + y= 49. 

47, æ(12-2y)=y(æy-3), æy (y+4a—ay)=12(e@+y-3). 
48. ætyt,(æy)=14, x? + y? + xy = 84. 

49. æ+y—n(zy)=T, æ +y + xy = 133. 

50. æty=12, Næ 4/y = 6. 

5l. w+,/(x*-y’) =8, æ-y=l. 


z ONE a Pa) 7 
52. V/5* = jt Gy) + ofc) = 78. 


áð d y 5 
53. æty=10, WANAE 
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V2- Ny =2 (ey),  æty=20. 


2 (a — 1) +y’ 34 
Ái a y» = Tl 
N(3 +2") + 2y = 8, 2x + „(5 + 4x*) = 9. 
22353 YEN, 
a b æ y 


w+ y'= a*, æty=b. 
g* + y*= liry’, æty=a. 
z — y^ =a", *x—y=b, 


J (a? 3) + (a — y’) = 2y, &* — yt = a^, 


2ab (a + b) «+ y* = aba?  2aby, 
abo + (a+b) y = ay. } 


2 (æð — y*) tæy =1, y ac 


x+y — a AJ (xy), a-y=e, f. 


Ne y) t Ae — y) =a, alins io: y)- b. 


a. — 2? $5) b dba. ^e 
JG Fie 2) t / (a Tp mot 


xy = ab. 


x y! — (x y) =a, zy +ary—2 (x+y) = b. 


2 A a -- m 
yz = be, are e+e l. 
Sæ B ONE meus 
€ y zz e$ y 

*e-1, pa 
y poi ad ue % ae oe 


13—2 
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12. zyz-a'(r-y)-U (y +2) = c (x42) 


79. x yz-y -2m-6, + cy =a. 
je 1 á OURS. WA...) 
74. ss(**D- (02-7 $4-9y4-22-15. 
15 +y+ "V Nae =] 
fr ai i A ae, xyz =. 
76. zy zz yz = 26, 

xy (x+ y) + yz (y +2) - zx (z+ x) =162, 

ay (að + ^) + o (a? + 2”) + yz (y? + z) = 538. 


T Æ+ tly ayal. 


78. x(æ+y+z)=a,  y(z4*y-2)-U,  z(æ+y+z)j=c. 


XXIV. PROBLEMS PRODUCING QUADRATIC 
EQUATIONS. 


347. We shall now solve and discuss some problems which 
lead to quadratic equations. 


A man buys a horse which he sells again for £24; he finds 
that he thus loses as much per cent. as the horse cost; required 
the price of the horse. 


Let æ denote the price in pounds; then he loses æ per cent. 
2 
and thus his total loss is .— xa, that is, ft but this loss is 
100 10U 
also z— 24; thus 


a 


00 = *- 24; 


pend 
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therefore æ’ — 100x = — 2400, 

and x? — 100x + (50)* = 2500 — 2400 = 100; 
hence æ—50 == 10, 

and æ= 60 or 40. 


Thus all we can infer is, that the price was either £60 or £40, 
for each of these values satisfies all the conditions of the problem. 


348. Divide the number 10 into two parts, such that their 
product shall be 24. 


Let x denote one part, and therefore 10-—æ the other part; 
then 


x (10—2) = 21; 
therefore að — 10x” = — 24, 
and x*— 10x + 6° = 25-24=1; 
hence x—522], 
and æ=4 or 6. 


Here although æ may have either of two values, yet there 
is only one mode of dividing 10, so that the product of the two 
parts shall be 24; one part must be 4 and the other 6. 


349. A person bought a certain number of oxen for £80; 
if he had bought 4 more for the same sum each ox would have 
cost £1 less; find the number of oxen and the price of each. 


Let « denote the number, then T is the price of each; if he 


had bought 4 more, the price of each would have been Bn ; thus, 


by supposition, 


80 — 80 deis . . 
verá - 7 
therefore 80a = 80 (a + 4) — a^ — 42, 
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therefore æ’ + 4x = 320, 

and æ? + 4x +?’ = 320 + 4 = 324; 
hence æ+2== 18, 

and æ=16 or — 20. 


Only the positive value of x is admissible, and thus the number 
of oxen is 16, and the price of each ox is £5. 


In solving problems, as in the proposed example, results will 
sometimes bë obtained which do not apply to the question actually 
proposed. The reason appears to be that the algebraical mode of 
expression is more general than ordinary language, and thus the 
equation, which is a proper representation of the conditions of the 
problem, will also apply to other conditions. Experience will 
convince the student that he will always be able to select the 
result which belongs to the problem he is solving, and that it will 
be sometimes possible, by suitable changes in the enunciation of 
the original problem, to form a new problem, corresponding to any 
result which was inapplicable to the original problem. Thus in 
the present case we may propose the following modification of the 
original problem; a person sold a certain number of oxen for 
£80; if he had sold 4 fewer for the same sum, the price of each 
ox would have been £1 more; find the number of oxen and the 
price of each. 


Let « represent the number; then by the question we shall 
have 
80 = 80 4-1 
BA ¢ 
The roots of this quadratic will be found to be 20 and — 16; 
thus the number 20 which appeared with a negative sign as a 
result in the former case, and was then inapplicable, is here the 
admissible result. 


350. Find a number such that twice its square increased by 
three times the number itself may amount to 65. 
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Let x denote the number; then, by the question, 
22? + 3a = 65. 


The roots of this quadratie will be found to be 5 and ET 


the former value satisfies the conditions of the question. In order 
to interpret the second, we observe, that if we write — æ for æ in 
the equation, it becomes 


2x? — 3a = 65; 
and the roots of the latter equation are = and — 5, as will be 
found on trial, or may be known from Art. 340. Hence brs is the 


2 
answer to a new question, namely: find a number such that twice 
its square diminished by three times the number itself may 
amount to 65. 


351. Divide a given line into two parts, such that twice 
the square on one part may be equal to the rectangle contained 
by the whole line and the other part. 

Let a denote the length of the line, and æ the length of one 
part, then a — æ is the length of the other part; thus, by the 
question, 


22? = a (a — 2); 
therefore 22? + ax = a*, 
mW. 
and ir =a 
d pe z a a m a = Da“ 
an sm «(2-5 18 316° 
hence Eod Se 
peat Mio: is 
and C= 5 or — a. 
Here 7 is the required length. The negative answer sug- 


2 
gests the following problem: produce a given line, so that twice 
the square on the part produced may be equal to the rectangle 
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contained by the given line, and the line made up of the given 
line and the part produced; the result is, that the part produced 
must be equal to the given line. 


352. In the examples hitherto given, both roots of the quad- 
ratic equation have applied to the actual problem, or to an allied 
problem which was easily formed. Frequently, however, it will 
be found that only one root applies to the problem proposed, and 
that no obvious interpretation occurs for the other. 


353. Problems may be proposed which involve more than 
one unknown quantity, and thus lead to simultaneous equations ; 
we will give an example. 


Two men Á and B sell a quantity of wheat for £28. 8s. 
D sells four quarters more than 4, and if he had sold the quan- 
tity Á sold, would have received £10 for it; while 4 would have 
received 16 guineas for what B sold. Find the quantity sold by 
each, and the rates at which they sold it. 


Let x denote the number of quarters which Á sold, and there- 
fore «+4 the number which B sold; and suppose that Á sold his 
wheat at y shillings per quarter, and that B sold his at z shillings. 
Then since the value of the wheat sold is 568 shillings, we have 


gy (x £)a = 568........................ (1). 


If B had sold the quantity A sold, he would have received 
200 shillings; thus 


Similarly, odeurs E TT RT TT ee (3). 


From (3) we have zy 2336 —4y; by substitution in (1) we 
have 


336 — 4y + 200 + 42— 568; 
therefore 4(s — y)- 32, 


and 


BIBLIOT EKA 


la. eu acia vez a | 


QUADRATIC EQUATIONS. 201 


From (2) we have 


200 
g = V. 
z 
and from (3) we have 
336 
x= —-4; 
y 
200 336 
thus — = —— 4, 
d y 
50 84 
and ed a Oe (5). 
S y 


We may now find y and z from (4) and (5). Substitute in 
(5) the value of z from (4); thus 


60. S4 A 
YAR o» 
therefore 50y = 81 (y + 8) - (y! + 8y), 
hence y'— 26y — 672 = 0. 


From this quadratic we shall find y 2 42 or — 16. The former 
is the only admissible result; thus 2=50; and x= 4. 


EXAMPLES OF PROBLEMS. 


l. Find two numbers such that their sum may be 39, and 
the sum of their cubes 17199. 


2. A certain number is formed by the product of three con- 
secutive numbers, and if it be divided by each of them in turn, 
the sum of the quotients is 47. Find the number. 


3. The length of a rectangular field exceeds the breadth by 
one yard, and the area is three acres; find the length of the sides, 


4. <A boats crew row 34 miles down a river and back again 
in 1 hour, 40 min.; supposing the river to have a current of 2 
miles per hour, find the rate at which the crew would row in still 
water, 
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5. A farmer wishes to enclose a rectangular piece of land to 
contain l acre 32 perches with 176 hurdles, each two yards long; 
how many hurdles must he place in each side of the rectangle? 


6. A person rents a certain number of acres of land for £84 ; 
he cultivates 4 acres himself, and letting the rest for 10s. an acre 
more than he pays for it, receives for this portion the whole rent, 
£84. Find the number of acres. 


7. A person purchased a certain number of sheep for £35: 
after losing two of them he sold the rest at 10 shillings a head 
more than he gave for them, and by so doing gained £l by the 
transaction. Find the number of sheep he purchased. 


8. A line of given length is bisected and produced; find the 
length of the produced part so that the rectangle contained by 
half the line and the line made up of the half and the produced 
pàrt may be equal to the square on the produced part. 


9. The product of two numbers is 750, and the quotient 
when one is divided by the other is 31; find the numbers. 


10. A gentleman sends a lad into the market to buy a shil- 
lings worth of oranges. The lad having eaten a couple, the 
gentleman pays at the rate of a penny for fifteen more than the 
market-price; how many did the gentleman get for his shilling? 


11. What are eggs a dozen when two more in a shilling's 
worth lowers the price one penny per dozen? 


12. A shilling's worth of Bavarian kreuzers is more nume- 
rous by 6 than a shilling's worth of Austrian kreuzers; and 15 
Austrian kreuzers are worth ld. more than 15 Bavarian kreuzers. 
How many Austrian and Bavarian kreuzers respectively make a 
shilling? 

13. Find two numbers whose sum is 9 times their difference, 
and whose product is equal to twelve times their quotient together 
with the greater number. 


14. Two workmen were employed at different wages, and 
paid at the end of a certain time. The first received £4. 16s., 
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and the second who had worked for 6 days less received £2. 14s. 
If the second had worked all the time and the first had omitted 
6 days they would have received the same sum. How many days 
did each work, and what were the wages of each? 


15. A party at a tavern spent a certain sum of money. If 
there had been five more in the party, and each person had spent 
a shilling more, the bill would have amounted to £6. If there 
had been three less in the party, and each person had spent eight- 
pence less, the bill would have been £2. 12s. Of how many did 
the party consist, and what did each spend? 


16. A person bought a number of £20 railway shares when 
they were at a certain rate per cent. discount for £1500; and 
afterwards when they were at the same rate per cent. premium 
sold them all but 60 for £1000. How many did he buy, and what 
did he give for each of them! 


17. Find that number whose square added to its cube is nine 
times the next higher number. 


18. A person has £1300, which he divides into two portions 
and lends at different rates of interest, so that the two portions 
produce equal returns. If the first portion had been lent at the 
second rate of interest it would have produced £36, and if the 
second portion had been lent at the first rate of interest it would 
have produced £49. Find the rates of interest. 


19. A person having travelled 56 miles on a railroad and the 
rest of his journey by a coach, observed that in the train he had 
performed } of his whole journey in the time the coach took to 
go 5 miles, and that at the instant he arrives at home the train 
must have reached a point 35 miles further than he was from the 
station at which it left him. Compare the rates of the coach and 
the train. 

20. Á sets off from London to York, and 7 at the same time 
from York to London, and they travel uniformly; Á reaches 
York 16 hours, and B reaches London 36 hours, after they have 
met on the road. Find in what time each has performed the 
journey. 


www.rcin.org.pl 


204 EXAMPLES OF PROBLEMS. CHAPTER XXIV. 


21. A courier proceeds from one place P to another Q in 14 
hours; a second courier starts at the same time as the first from a 
place 10 miles behind P, and arrives at Q at the same time as the 
first courier. The second courier finds that he takes half an hour 
less than the first to accomplish 20 miles. Find the distance of Q 
from P. 


22. Two travellers A and B set out at the same time from 
two places P and Q respectively, and travel so as to meet. When 
they meet it is found that A has travelled 30 miles more than B, 
that A will reach Q in 4 days, and B will reach P in 9 days, after 
they meet. Find the distance between P and Q. 


23. A vessel can be filled with water by two pipes; by one 
of these pipes alone the vessel would be filled 2 hours sooner 
than by the other; also the vessel can be filled by both together 
in 1$ hours Find the time which each pipe alone would take to 
fill the vessel. 


24. A vessel is to be filled with water by two pipes. The 
first pipe is kept open during 2 of the time which the second 
would take to fill the vessel; then the first pipe is closed and the 
second is opened. If the two pipes had both been kept open 
together the vessel would have been filled 6 hours sooner, and the 
first pipe would have brought in 3 of the quantity of water which 
the second pipe really brought in. How long would each pipe 
take to fill the vessel? 


25. A certain number of workmen can move a heap of 
stones in 8 hours from one place to another. If there had been 
8 more workmen, and each workman had carried ölbs. less at a 
time, the whole work would have been completed in 7 hours. If 
however there had been 8 fewer workmen, and each had carried 
lllbs. more at a time, the work would have occupied 9 hours. 
Find the number of workmen and the weight which each carried 
at a time, 
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XXV. IMAGINARY EXPRESSIONS. 


354. Although the square root of a negative quantity is the 
symbol of an impossible operation, yet these roots are frequently 
of use in Mathematical investigations in consequence of a few 
conventions which we shall now explain. 


355. Let a denote any real quantity; then the square roots 
of the negative quantity — a“ are expressed in ordinary notation 
by =,/(- að). Now — að may be considered as the product of 
a? and —1; so if we suppose that the square roots of this product 
can be formed, in the same manner as if both factors were posi- 
tive, by multiplying together the square roots of the factors, the 
square roots of —a^ will be expressed by +a,/(—1). We may 
therefore agree that the expressions + ,/(— a^) and a „(— 1) shall 
be considered equivalent. Thus we shall only introduce one 
imaginary expression into our investigations, namely, ,/(— 1). 


356. Suppose we have such an expression as at f ,/(—1), 
where a and / are real quantities. This expression may be said 
to consist of a real part a and an imaginary part 8 ,/(— 1); or on 
account of the presence of the latter term we may speak of the 
whole expression as imaginary. When þf is zero, the term 
B JJ(—1) is considered to vanish; this may be regarded then as 
another convention. If a and f are both zero, the whole expres- 
sion vanishes, and not otherwise. - 


357. By means of the conventions already made, and the 
additional convention that such terms as 8 ,/(—1) shall be subject 
to the ordinary rules which hold in Algebraical transformations, 
we may establish some propositions, as will now be seen. 


358. In order that two imaginary expressions may be equal, 
it is necessary and sufficient that the real parts should be equa', 
and that the coefficients of „(-1) should be equal. 
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For suppose atB (-1)=ytð (-1); 
then, by transposition, 
a-yt(B-ð) J(-1) - 6; 
thus, by Art. 356, 
a — y — 0, and 8—8-20; 
that is, a — y, and =ô. 
Thus the equation 
«*BA/(-1) - y 84(-1) 
may be considered as a symbolical mode of asserting the two 
equalities a =y and 8 — 8 in one statement. 


359. Consider now two imaginary expressions a + 8 ,/(—1) 
and y+8,/(—1), and form their sum, difference, product, and 


quotient. 


Their sum is 
a 4- y - (B +ô) J(— 1). 
If the second be taken from the first, the remainder is 
a—y *(B- 9) JC- 1). 
Their product is 
{a + B C7 1) (y +è MC 1)} = ay- B8 + (að + By) JC- 1); 
for J/(— 1) x ,/(— 1) is by supposition — 1. 
The quotient obtained by dividing the first by the second is 
a+ BC) 
y *8A(- 1) 
This may be put in another form by multiplying both numerator 
and denominator by y — 9 /(—1). The new numerator is thus 


ay + 83+ (By — að) (71); 


and the new denominator is y+ 0^; therefore 


a-BA(-l)- ay + Bd , By að lr, 


FENG A, 
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360. We will now give an example of the way in which 
imaginary expressions occur in Algebra. Suppose we have to 
solve the equation z'— l. We may write the equation thus, 

2-120; 
or in factors, (x — 1) (à? - 2 1)2 0. 

Thus we satisfy the proposed equation either by putting 
æ—1=0, or by putting ætætl=0. The first gives z—1; 
the second may be written 


ætæ=—-1, 
therefore c-r (5) = E c ae i 
therefore —€— J 7) — JC 1); 
and z=-7 + N61) 


Thus we conclude that if either of the imaginary expressions 
last written be cubed, the result will be unity. This we may 
verify; take the upper sign for me then 


(-3 2 CD} = C3) #3(-5) SCD) 
e CDt en] Pen] 
Now (-5) =- 3. 
3 (- 5) 5 MD 242 MD), 
sj 
(2 vef ={F ven} S vcn 
-- $32 Jeps- JC 1) 


Thus the result is unity. 
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If #1, we have æ= (1S; it appears then that shos are 
three cube roots of unity, namely, 1 and 


1 3 
-5 a8 N(- 1). 


361. We have seen in Art. 337, that the quadratic expression 
az? + bx +c is always identical with a(a—p)(x—q), where p and g 
are the roots of the equation ax’+ba+e=0. If the roots are 
imaginary, p and g will be of the forms a= £f ,/(—1); thus we 
have then 


az? 4 bx -c-2aíx—a-p J(-1)) (x—a- B J(— 1). 


This will present no difficulty when we remember the conven- 
tion that the usual algebraical operations are to be applicable to 
the term £,/(—1). For the second side of the asserted iden- 
tity is 

a {(æ— a)" + p°}, that is, a {x° — 2ax + a? + B°}, 


and from the values of a and 8 we have 
b R ENGE 
ja---, and exp; 
thus the second side coincides with the first. 


362. Two imaginary expressions are said to be conjugate when 
they only differ in the sign of the coefficient of ,/(-1). Thus 
at B J/(— 1) and a — B ,/(—1) are conjugate. 


Hence the sum of two conjugate imaginary expressions is real, 
and so also is their product. In the above example the sum is 
2a, and the product is a^ + B". 


363. The positive value of the square root of a? + f° is called 
the modulus of each of the expressions 


at B (1) and a— B /(-1) 
From this definition it follows that the modulus of a real 
quantity is the numerical value of that quartity taken positively. 
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In order that the modulus „/(a? + 8°) may be zero, it is neces- 
sary that a = 0 and (8 — 0; in this case the expressions 
a+B/(-1) and a- f J(-1) 


become zero. And conversely, if these expressions vanish, then 
a= 0 and [8 2 0, and thus the modulus becomes zero. 


364. If two imaginary expressions are equal, their moduli 
are equal. It is not however necessarily true, that the expressions 
are equal if the moduli are equal. 


365. The modulus of the product of a+ ,/(—1) and 
y*94(-1) is 
N{(ay — By + (By +48)"; (see Art. 359). 
But (ay — Bò) + (By + að)? = (a? + B°) (y^ + 9); 
thus the modulus is 
„att B^) x J? 8*). 
Hence the modulus of the product of two imaginary expres- 


sions is equal to product of their moduli. 


Therefore the product of two imaginary expressions cannot 
vanish if neither factor vanishes. 


It will follow from this that the modulus of the quotient of 
two imaginary expressions is the quotient of their moduli. This 
can also be shewn by forming the modulus of the expression for 
the quotient given in Art. 359. 


366. It is often necessary to consider the powers of ,/(— 1). 
We may form them by successive multiplication; thus, 


Wc-D'-J/cC1, icU0f--L 
WCcÓD'-WwWocyf*xJcD--J/C0)  (Cyf'-l 
If we proceed to obtain higher powers we shall have a recur- 


rence of the results ,/(—1), —1, —„/(-1), 1. We may then 
express all the powers by four formule, For every whole number 


T. d 14 
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must be of one of the four forms 4», 4n +1, 4n + 2, 4n + 3, accord- 
ing as it is exactly divisible by 4, or leaves when divided by 4 a 
remainder 1, 2, 3, respectively. And 


WC Dj" - 1, Wc Dj" = JC 1), 
tk o D DI (1): 


367. The square root of an imaginary expression of the form 
a+ B J/(— 1) may be expressed in a similar form. 


For let Ala. B J(-1) 2 « * y J(- 1); 
then — ««*BJ(-1)-(xy J(-1)! 22^ — ft 2zy JJ(- 1). 
Hence, by Art. 358, 


oR EÐ du (1), 
LP esenéis (2); 

therefore (a? + y*)? = að + B*, 
thus EY eS. eser (3). 


From (1) and (3) we obtain 
x=} {la + 9) +a}, y' -i(J(e + B) - a); 
2 2 g 2 
hence ga fA * B) a d y= J(a'+ B')—a P 
CU 3 
Since the values of æ and y are supposed real, z^ 4 3^ is posi- 
tive, and thus the positive sign must be ascribed to the quantity 
„a? +’). And since the values of æ and y must satisfy the 
equation 2j = B, they must have the same sign if B be positive, 
and different signs if B be negative. On account of the double 
signs in the values of z and y, we see that a+ ,/(—1) has two 
square roots which differ only in sign. 


368. We may obtain the square roots of +,/(—1) by sup- 
posing that a=0 and B=æl in the results of the preceding 
article. Thus we shall obtain 


Jese CD, qe yen 4. 
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If we suppose that 2*=—1, we deduce 2*=+,/(—1); thus 
z=+ /{æ,/(-1)}. And since #=-1, we have z=(—1)ł. Thus 
there are four fourth roots of — 1, namely, the four expressions 


contained in + E There are also four fourth roots of 1, 


since if we put 2-1, we find 2-31, and 2=+,/1 or 
z=+,/(—1). Similarly there are eight eighth roots of 1 or — 1, 
and so on. 


MISCELLANEOUS EXAMPLES. 


a? b? c 
l. Simplify lg Ging Gea) (=a) E a e 
á a —b c—d 4 
If I "Ao 0, shew that 
a-d _ bie a+c b*d 
irad Irk 1246 bebe 
3. Shew that 


a +b? + — 3abe= 
3 f(a — by + (b — c + (c— ay {a+b +c}, 
a? + b + 0+ 24abc = 
(a 4 b - cf — 3 (a (b — cy -- b (c — a)* + e(a — 0), 
(a 4 b - cy — 21abc = 
À ((a - b Te) (a - D + (b - e 7a) (b — e) (e a+ 1b) (c - a), 
9 (a+b +e) (a boy 
(4a + 4b + c) (a — b)* + (46 + 4c + a) (b — c) + (4c + 4a +b) (c — a. 


4. Shew that if að +c is zero the following expression is 


also zero, 
a ahi Ail a ^ ME aca 1 
2a*.-bc 20 ca Qc ab C 
14—2 
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5. If the square root of the product of two quantities is 
rational, shew that the square root of the quotient obtained by 
dividing one by the other is also rational, 

6. Extract the square root of 

{1 +a} (12 + 2(1— 2) Ja. 
7. Express in the form of the sum of two simple surds the 


roots of the equation 
að — 2aa? + b= 0. 


8. Express in the form of the sum of two simple surds the 
roots of the equation 


dat — A (1-- n^)a ^a? + nað = 0. 
9. By performing the operation for extracting the square 
root, find a value of z which will make 
a+ ba? + lla? 3w - 31 


a perfect square. 


10. Shew that if 
að + ax? + ba? + æt d 
be a perfect square, the coefficients satisfy the relations 
8c = a(4b — a^) and (45 — að)? = 64d. 


11. If the values of x, y, x’, y’ be all possible, and 
la + yy — (1 e y^) (ua? y), 
shew that a= and yz y. 
12. Shew that the equation 
a^b* (x — a’)? + ab (y — yy 
+ (Da + a^y* — ab?) (bi? + a^? — ab) = 0 
is equivalent to the two 


ab? — ayy — Vex’ - 0 and æy- sy = 0. 
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. 13. A man sells a horse for £24. 12s., and loses 18 per cent. 
on what the horse cost him; what was the original cost} 


14. Divide the number 16 into three such parts that the 
difference of the two less shall be the square root of the greatest, 
and the difference of the two greater shall be the square of the 
least. 


15. Shew that 
-1 ex-yesy 
2 2 
is equal to 2 if n be a multiple of 3, and equal to — 1 if n be any 
other integer. 
Solve the following equations: 


241 +2 „ætð 
gebe «—23.. Geo. 


16. 


9 
Th -——— y E 
aæ—2?2 l 


18. ( -=)( X. (s-2)-6-0€-36-2. 


19. z'— 82° + 120+ 16: —16 — 0. 
30. J(2x—1)-4,J(3x—2) 2 (4x — 3) + J (5x — 4). 
21. 2b{/(a+a)—b} + 2e (e — a) - e] -a. 


22. {a+ x) — Ja] {la x) +,/a} = na. 


23. ætry=atb, aioa 


ax by  (atb)e 


ato bey abc! 
25. 6(2-¥)-5-6(5 +5). 
£ m. 
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26. c(bc—«y)- y(xy — ae), xy(ay + bx — xy) = abc (x ^ 3 — c). 


1 1\ 1 i3 1 £ 
28. (+æ) (y 2) =b+e-a, 


(v +y) (s -2)2 cx a—b, 
(v 2) (c - y) 2 a - b — c, 


try =3(atbtc). 


XXVI. RATIO. 


369. Ratio is the relation which one quantity bears to 
another with respect to magnitude, the comparison being made 
by considering what multiple, part, or parts, the first is of the 
second. 

Thus in comparing 6 with 3, we observe that 6 has a certain 
magnitude with respect to 3, which it contains twice; again, in 
comparing 6 with 2, we see that 6 has now a different relative 
magnitude, for it contains 2 three times; or 6 is greater when 
compared with 2 than it is when compared with 3. 


370. The ratio of a to b is usually expressed by two points 
placed between them, thus, « : b; and the former is called the 
antecedent of the ratio, and the latter the consequent of the 
ratio. 


371. A ratio is measured by the fraction which has for its 
numerator the antecedent of the ratio, and for its denominator 
the consequent of the ratio. Thus the ratio of a to b is measured 


by 2i then for shortness we may say that the ratio of a to b ís 
a 


a " 
equal to p: or 9 
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372. Hence we may say that the ratio of a to b is equal to 
: a © 
the ratio of c to d, when 2723 
373. If the terms of a ratio be multiplied or divided by the 
same quantity the ratio is not altered. 


a ma 

For $"—» (Art. 135). 

374. We may compare two or more ratios by reducing the 
fractions which measure these ratios to a common denominator. 
Thus suppose one ratio to be that of a to b, and another ratio to 


be that of c to d; then the first ratio p= S and the second 


: Hence the first ratio is greater than, equal to, or 


_ be 
d bd' 
less than, the second ratio, according as ad is greater than, equal 
to, or less than bc. 


ratio 


375. A ratio is called a ratio of greater inequality, of less 
inequality, or of equality, according as the antecedent is greater 
than, less than, or equal to, the consequent. 


376. A ratio of greater inequality is diminished, and a ratio 
of less inequality is increased, by adding any quantity to both 
terms of the ratio. 

Let the ratio be i and let a new ratio be formed by adding 


art 


b+2 


than 1 according as b(a--a) is greater or less than a (b + 2); 


æ to both terms of the original ratio; then is greater or less 


that is, according as wb is greater or less than wa, that is, accord- 
ing as b is greater or less than a. 


377. A ratio of greater inequality is increased, and a ratio of 


less inequality is diminished, by taking from both terms of the ratio 
any quantity which is less than each of those terms. 
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Let the ratio be 5 and let a new ratio be formed by taking 


æ from both terms of the original ratio; then ; 


—o 3 
; 5 greater or 


x 
b 
that is, according as bæ is less or greater than ac, that is, accord- 


less than ; , according as b (a — æ) is greater or less than a (b — 2), 


ing as b is less or greater than a. 


378. If the antecedents of any ratios be multiplied together 
and also the consequents, a new ratio is obtained, which is said to 
be compownded of the former ratios. Thus the ratio ac : bd is 
said to be compounded of the two ratios a : b and c : d. 


379. "The ratio compounded of two ratios is sometimes called 
the sum of those two ratios. When the ratio a : b is compounded 
with itself the resulting ratio a^: 6’ is sometimes called the 
double of the ratio a : b. Also the ratio a° : b is called the triple 


of the ratio a: b. Similarly, the ratio a : b is sometimes said 
1 


l - 
to be half of the ratio a? : b°, and the ratio a": b" is sometimes 


said to be Lg, of the ratio a : b. 


This language, however, is now not much used, though the 
following terms in conformity with it are stil retained. The 
ratio a^ : b° is said to be the duplicate ratio of a : b, and the 
ratio a° : b the triplicate ratio of a : b. Similarly, the ratio 
„a : „/b is called the subduplicate ratio of a : b, and the ratio 
Ja : 2/b the subtriplicate ratio of a : b. And the ratio a? : bł 
is called the sesquiplicate ratio of a : b. 


380. If the consequent of the preceding ratio be the antecedent 
of the succeeding ratio, and any number of such ratios be taken, the 
ratio which arises from their composition is that of the first antece- 
dent to the last consequent. 


Let there be three ratios, namely a :5, b : c, c : d; then the 
compound ratio.is axbxe:bxexd (Art. 378), that is, a : d. 
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Similarly, the proposition may be established whatever be the 
number of ratios. 


381. A ratio of greater inequality compounded with another 


increases it, and a ratio of less inequality compounded with another 
diminishes it. 


Let the ratio x : y be compounded with the ratio a : b; the 
compound ratio is xa : yb, and this is greater or less than the 


ratio a : b, according as y5 ið greater or less than 


according as æ is greater or less than y. 


i , that is, 


382. If the difference between the antecedent and the consequent 
of a ratio be small compared with either of them, the ratio of their 
squares is nearly obtained by doubling this difference. 

Let the proposed ratio be a ræ : a, where x is small compared 
with a; then a+ 2az +æ? : a° is the ratio of the squares of the 
antecedent and consequent. But æ is small compared with a, and 
therefore a^ or z x is small compared with 2a xæ, and much 
smaller than axa. Hence a?-- 2ax : a’, that is, a+ 2x : a, will 
nearly express the ratio (a +æ)? : a’. 

Thus the ratio of the square of 1001 to the square of 1000 is 
nearly 1002 : 1000. The real ratio is 1002-001 : 1000, in which 
the antecedent differs from its approximate value 1002 only by 
one-thousandth part of unity. 


383. Hence we may infer that the ratio of the square root of 
a + 9: to the square root of a is the ratio a tæ: a nearly, when 
c is small compared with a. That is; if the difference of two 
quantities be small compared with either of them, the ratio of their 
square roots is nearly obtained by halving this difference. 

In the same manner as in Art. 382 it may be shewn when is 
small compared with a, that a+ 3a : á is nearly equal to the ratio 
(a +x): að, and a+ 4x : a is nearly equal to the ratio (a +%)* : a*. 


These results may be generalised by the student when he is 
acquainted with the Binomial Theorem. i 


~ 
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384. We will place here a theorem respecting ratios which 
is often of use. 


Suppose that -=s== 


then each of these ratios is equal to 
pa" + qe" + re" y 


b^ qd" + rf")? 
where p, q, r, n are any quantities whatever. 
e 5 s 
For let k=37 n is then 


kb=a, kd=c, kf=e; 
therefore p(kb)"+ q (kd)" +r (kf)" = pa" + qe" + re"; 


_ pa’ +qe+ re" 


therefore k = pb" + gd" +f" , 
(pa^ + ge" + re" Ni 
and Fi (5; + qd" + rf" R 
The same mode of demonstration may be applied, and a similar 


: c 
result obtained, when there are more than three ratios 5 7 7 
given equal. It may be observed that p, q, r, n are not neces- 
sarily positive quantities. 


As a particular example we may suppose n = 1l, then we see 


"m M ETE pa -qccre 
that if pe 7 each of these ratios is equal to pe e np a 
and then as a special case we may suppose p=q=r, so that each 

4 "Oe a+e+e 
of the given equal ratios is equal to tr te 


EXAMPLES OF RATIO. 


1. Write down the duplicate ratio of 2 : 3, and the sub- 
duplicate ratio of 100 : 144. 


2. Write down the ratio which is compounded of the ratios 
3:5 and7: 9. 
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3. Two numbers are in the ratio of 2 to 3, and if 9 be added 
to each they are in the ratio of 3 : 4. Find the numbers. 


4. Shew that the ratio a : b is the duplicate of the ratio 
æ+c :btcif ce be a mean proportional between a and b. 


5. There are two roads from Á to B, one of them 14 miles 
longer than the other, and two roads from B to C, one of them 
8 miles longer than the other. The distances from A to B and 
from B to C along the shorter roads are in the ratio of 1 to 2, 
and the distances along the longer roads are in the ratio of 2 to 3. 
Determine the distances. 


6. Solve the equations 


E E 
7. Prove that if A" d ate fe as a ie N each of these 
ety G+ay a+ay 


SAR 1 á 
ratios is equal to í m supposing a, + 4, + @, not to be zero. 


a+b b—-c e-a i a+b+e 


MS. atio “lat a apeda decipi ud PU 
. 1 á 
these ratios=———, supposing a + b + c not to be zero. 
ætyta 
9. Shew that if 22^ © Ce ee 
b d 
then d pes 
a b c 


a-d b-t 


10, "Hf a ean, J—J 5 be equal, prove that 


ab’ — a'b bc —lc — ced — a 
ab”"—a’b’ Vc TF EET, — b? Jaca are equal, 


and equal to each of the former; and that each fraction 


. _ US 
rt) 
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XXVII. PROPORTION. 


385. Four quantities are said to be proportionals when the 
first is the same multiple, part, or parts, of the second, as the 


third is of the fourth; that is, when z= j , the four quantities 
a, b, c, d, are called proportionals. This is usually expressed by 
saying, a is to b as c to d, and is represented thus, a: b ::c : d, 


or thus, a : b—c :d. 


The terms a and d are called the extremes, and b and c the 
means. 


386. When four quantities are proportionals, the product of 
the extremes is equal to the product of the means. 


Let a, b, c, d be the four quantities; then since they are pro- 


portionals J= S (Art. 385); and by multiplying both sides of 


the equation by bd, we have ad = bc. 


387. Hence if the first be to the second as the second to the 
third, the product of the extremes is equal to the square of 
the mean. 


388. If any three terms in a proportion are given, the fourth 
may be determined from the equation ad — bc. 


389. If the product of two quantities be equal to the product 
of two others, the four are proportionals; the terms of either 
product being taken for the means, and the terms of the other 
product for the extremes. 


Let æy= ab; divide by ay, thus, < = ri 


or x: a ::b:y (Art. 385). 
390. Ifa:b::c:d ande:d::e:/f, then 
ü Ba E 


www.rcin.org.pl 


PROPORTION. 221 
Because ; = 
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391. Zf four quantities be proportionals, they are proportionals 


when taken inversely. 


AT a:b wor then 5:a::d:c. 


For z= ` S ; divide unity by each of these equal quantities ; 
thus AE or b:azsd:e. 
ae 


392. If four quantities be proportionals, they are proportionals 
when taken alternately. 

If @26 ive Ud, then a:c::b:d. 

è b a b 
; multiply by x! thus 3*3 
or a :c:05:d. 

Unless the four quantities are of the same kind the alter- 
nation cannot take place; because this operation supposes the 
first to be some multiple, part, or parts, of the third. One line 
may have to another line the same ratio as one weight has to 
another weight, but there is no relation, with respect to magni- 
tude, between a line and a weight. In such cases, however, if the 
four quantities be represented by mumbers, or by other quantities 
which are all of the same kind, the alternation may take place. 


393. When four quantities are proportionals, the first together 
with the second is to the second as the third together with the fourth 
is to the fourth. 


If a:b::e:d, then atb:b:ctd:d. 


For ; = 5; add unity to both sides; thus 


a a+b cd 
5tl=5tl; that is, Ein 
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or 8-5 : b: ced :d. 


This operation is called componendo. 


394. Also the excess of the first above the second is to the 
second as the excess of the third above the fourth is to the fourth. 


For z= 5 ; subtract unity from both sides; thus 
a c . a—-b c-d 
eid nh that is, ^ "dr a 
or a—-6:6::c-d:d. 


This operation is called dividendo. 


395. Also the first is to the excess of the first above the second 
as the third is to the excess of the third above the fourth. 


By the last article, A A s 
b d 

b d 
also = = 

a c 
therefore Lond e ge m P a or os, Namaak 

b ae Ws a c 

or a-b:a::c-d:e, 
and inversely, a:a-b:e:ec-d. 


This operation is called convertendo. 


396. When four quantities are proportionals, the sum of the 
first and second ís to their difference as the sum of the third and 
Jourth is to their difference. 


HB. ið sér then atb:a-b::ctd:c-d. 


By Art. 393, t " AR 
and by Art. 394, et; 
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therefore Ew s = mer vic. ; 
: a+b cid 

that is, a= tae T. 

or a+b:a-—6b::c+d:c-d. 


397. When any number of quantities are proportionals, as one 
antecedent is to its consequent, so is the sum of all the antecedents to 
the swm of all the consequents. 

Let 6:62 2d e c 
then a:b::atet+e: b+d+f. 

For ad = be, and af=be, (Art. 386), 

also ab=ba; hence ab+ad+af=ba+be+ be; 
that is, a(b+d+f)=b(a+cer+e). 
Hence, by Art. 389, a@:b::a+e+e:b+dt+/f. 


Similarly the proposition may be established when more quan- 
tities are taken. 


398. When four quantities are proportionals, if the first and 
second be multiplied, or divided, by any quantity, as also the third 
and fourth, the resulting quantities will be proportionals. 


Let a:b5::c:d, then ma : mb :: nc : nd. 


a € ma mc 
For 3. therefore = neg 
or ma : mb :: ne : nd. 


399. If the first and third be multiplied, or divided, by any 
quantity, and also the second and fourth, the resulting quantities 
will be proportionals. 


Let @a:b::e:4d, then ma : nb :: me : nd. 


ma me ma mc 
; therefore ege mines and X ai 


or ma : nb :: me: nd. 
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400. Tn two ranks of proportionals, if the corresponding terms 
be multiplied together, the products will be proportionals. 


Let 825-05 i 
and oS s g28 
then ae : bf :: eg : dh. 
EN: E AA aeu. 
For e. and ui therefore if = dh? 
or ae ; bf :: eg : dh. 


This is called compounding the proportions. The proposition 
is true if applied to any number of proportions. 


401. If four quantities be proportionals, the like powers, or 
roots, of these quantities will be proportionals. 


Let G20 04:4 mn .geob::c:d. 
For z= 5, therefore H = = , where n may be whole or frac- 


tional; thus 


402. Ifa:b::b;e then a:c::a’: b. 


D b ; a a a a b 
For > =~; multiply by 5, thus px 5-5 x, 
. a - 

that is, Us! 

MA a:c::a@: 0% 


The three quantities a, b, c are in this case said to be in 
continued proportion. 


403. Similarly we may shew that if a : b :: b : c :: c : d, then 


a:d:d :U. Here the four quantities a, b, c, d are said to be 
iu continued proportion. 
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404. It is obvious from the preceding articles, that if four 
quantities are proportionals, we may derive from them many 
other proportions. We will give another example. 


If a : 5 :: c : d, then 
ma «nb : pa-- qb :: me+nd ; pc 4 gd. 


a c ma. me 
For e therefore zd a. 


add n to both sides; thus 


ma + nb ome 4 nd 


|ileo.. i 
Similarly a tae 
b d 
. ma+nb pa--qb metnd pergd. 
Hence a SAL wA Qai. 
tibiis nice 
pargb petgd 
or ma nb : pa t gb :: mc - nd : pe+ gd. 


405. In the definition of Proportion it is supposed that one 
quantity is some determinate multiple, part, or parts, of another; 
or that the fraction formed by taking one of the quantities as a 
numerator, and the other as a denominator, is a determinate 
fraction. "This will be the case whenever the two quantities have 
any common measure whatever. For let x be a common measure 
of a and b, and let a — mc and b=næ; then 


where m and n are whole numbers. 


406. But it sometimes happens that quantities are incom- 
mensurable, that is, admit of no common measure whatever. If, 
for example, one line is the side of a square, and another line is 

T. Ae 15 
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the diagonal of the same square, these lines are incommensurable, 
a 
b 


= where m and n are whole numbers; yet a fraction of this kind 


In such cases the value of + cannot be expressed by any fraction 


may be found which will express the value of : to any required 


degree of accuracy. 


For let b — »», where n is an integer; also let a be 


greater than ma but less than (m+1)a#; then ; is greater 


- Thus the difference between i 


than =, but less than 
and = is less than : .: And since næ=b, when x is diminished 
^ is increased and 3 is diminished. Hence by taking æ small 


1 
enough, n can be made less than any assigned magnitude, and 


a 


i can be made less than 


therefore the difference between T and 
n 
any assigned magnitude. 


407. If c and d as well as @ and b are incommensurable, 


and if when ^ lies between ^ and "'* : , then £ also lies 
b n n d 
ml 


however the numbers m and n are increased, 


m 
between — and 
n 


a. 
> is equal to 


: 
b d' 


For if 7 and ^ are not equal, they must have some assignable 


b d 
m-l 


difference, and because each of them lies between = and E Ss 


this difference must be less than A But since n may, by sup- 


position, be increased without limit, i may be diminished without 
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limit; that is, it may be made less than any assigned magnitude; 
a : 
therefore i and S have no assignable difference, so that we may 


say that - = Hence all the propositions respecting propor- 


tionals are true of the four magnitudes a, b, c, d. 


408. It will be useful to compare the definition of proportion 
which has been given in this chapter with that which is given in 
the fifth book of Euclid. The latter definition may be stated 
thus; four quantities are proportionals when if any equimultiples 
be taken of the first and third, and also any equimultiples of the 
second and fourth, the multiple of the third is greater than, 
equal to, or less than, the multiple of the fourth, according as the 
multiple of the first is greater than, equal to, or less than, the 
multiple of the second. We will first shew that the property 
involved in this definition follows from the algebraical defini- 
tion. 


tabs, ou. cS HE 
For suppose a :b:: c : d; then "Wd L therefore A ci 
Hence pe is greater than, equal to, or less than gd, according as 
pa is greater than, equal to, or less than gb. 


409. Next we may deduce the algebraical definition of pro- 
portion from Euclid's. Let a, b, c, d be four quantities, such that 
pe is greater than, equal to, or less than gd, according as pa is 
greater than, equal to, or less than gb, then shall É = 5. First 
suppose ¢ and d are commensurable; then we can take p and q 
such that pe= qd; hence, by hypothesis, pa — 4b. Thus 


| LEN ud 
qb ^ gd' 
a [4 

and 3 1 


Next suppose c and d are incommensurable; then we can 
not find whole numbers p and g such that pc— qd. In this case 
15—2 
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take any multiple of c as pe; then since this quantity must lie 
between some two consecutive multiples of d, suppose it to lie 
between gd and (g--1)d. Thus ^d is greater than unity, and 


—?? — is less than unity; therefore í is greater than : and less 


c 
(gtl)a d 
than EL, And, by hypothesis, > is also greater than unity, 
a 


b 


an is less than unity, so that > is greater than 5 


pa 
s (q+1)6 
and less than 1i . Since these results are true however great 
a c 
bod 

410. It is usually stated that the common algebraical defini- 
tion of proportion cannot be used in Geometry, because there is no 
method of representing geometrically the result of the operation 
of division. Lines can be represented geometrically, but not the 
abstract number which expresses how often one line is contained 
in another. But it should also be noticed that Euclid’s definition 
is rigorous and can be applied to incommensurable as well as 
to commensurable quantities, while the algebraical definition is, 
strictly speaking, confined to the latter quantities. Hence this 


consideration alone would furnish a sufficient reason for the de- 
finition adopted by Euclid. 


p and q may be, it follows, by Art. 407, that 


EXAMPLES OF PROPORTION. 
l. The last three terms of a proportion being 4, 6, 8, what is 
the first term? 
2. Find a third proportional to 25 and 400. 
3. 1f3,2, 1083 are in continued proportion, find a. 


4. If2 men working 8 hours a day can copy a manuscript in 
32 days, in how many days can œ men working y hours a day 
copy it? 


www.rcin.org.pl 


EXAMPLES OF PROPORTION. CHAPTER XXVII. 229 


5. If wand y be unequal and æ have to y the duplicate ratio 
of x+z to yz, prove that z is a mean proportional between x 
and y. 


3 


P . 
pg 
7. If four quantities are proportionals, and the second is a 
mean proportional between the third and fourth, the third will be 
a mean proportional between the first and second. 


a 
6^ B'S bp g then a* + b* :— gt Ny upg: 


e “i 
(atbretd)(a-b-ctd)=(a-brc-d)(arb-c-d), 


prove that a, b, c, d are proportionals. 


9. Shew that when four quantities of the same kind are pro- 
portional, the greatest and least of them together are greater than 
the other two together. 


10. Each of two vessels contains a mixture of wine and 
water; a mixture consisting of equal measures from the two 
vessels contains as much wine as water, and another mixture 
consisting of four measures from the first vessel and one from 
the second is composed of wine and water in the ratio of 2 : 3. 
Find the proportion of wine and water in each of the vessels. 


ll. Á and B have made a bet, each staking a sum of money 
proportional to all the money he has If Á wins he will have 
double what B will have, but if he loses, B will have three times 
what A will have. All the money between them being £168, 
determine the circumstances. 


12. If the increase in the number of male and female crimi- 
nals be 1:8 per cent., while the decrease in the number of males 
alone is 4:6 per cent., and the increase in the number of females 
is 9:8; compare the number of male and female criminals re- 
spectively, 
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XXVIII VARIATION. 


411. The present chapter consists of a series of propositions 
connected with the definitions of ratio and proportion stated in a 
new phraseology, which is convenient for some purposes. 


412. One quantity is said to vary directly as another when 
the two quantities depend upon each other, and in such a man- 
ner that if one be changed the other is changed in the same 
proportion. 

Sometimes for shortness we omit the word directly, and say 
simply that one quantity varies as another. 


413. Thus, for example, if the altitude of a triangle be in- 
variable, the area varies as the base; for if the base be increased 
or diminished, we know from Euclid that the area is increased or 
diminished in the same proportion. We may express this result 
by Algebraical symbols thus; let A and a be numbers which 
represent the areas of two triangles having a common altitude, and 
let B and b be numbers which represent the bases of these tri- 
angles respectively ; then á = : . And from this we deduce 
: - T (Art.392). If there be a third triangle having the same 
altitude as the two already considered, then the ratio of the num- 
ber which represents its area to the number which represents its 
T Put jm, then =m and Á = mJ. 
Here Á may represent the area of any one of a series of triangles 
which have a common altitude, and B the corresponding base, 
and m remains constant. Hence the statement that the area 
varies as the base may also be expressed thus; the area has a 
constant ratio to the base ; by which we mean, in accordance with 
Article 392, that the number which represents the aréa bears a 
constant ratio to the number which represents the base. 


base will also be equal to 
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We have made these remarks for the purpose of explaining 
the notation and language which will be used in the present 
chapter. When we say that A varies as B, we mean that Á 
represents the numerical value of any one of a certain series of 
quantities, and B the numerical value of the corresponding quan- 
tity in a certain other series, and that 4 =mB, where m is some 
number which remains constant for every corresponding pair of 
quantities. 


We will give a formal proof of of the equation A = mB deduced 
from the definition of Art. 412. 

414. IfA vary as B, then A is equal to B multiplied by some 
constant quantity. 


Let a and b denote one pair of corresponding values of two 


quantities, and let Á and B denote any other pair; then p =F 
by definition. Hence 4-7 B-mB, where m is equal to the 
constant i. 


415. The symbol e is used to express variation; thus Á œ B 
stands for Á varies as B. 


416. Ifa denata any Deuil: then = is called the reciprocal 
of æ. 


One quantity is said to vary inversely as another when the 
first varies as the reciprocal of the second. 


Or if A= > where m is constant, A is said to vary inversely 
as B. 
417. One quantity is said to vary as two others jointly when, 


if the former is changed in any manner, the product of the other 
two is changed in the same proportion. 


Or if A — mBO, where m is constant, A is said to vary jointly 
as B and C. 
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418, One quantity is said to vary directly as a second and 
inversely as a third, when it varies jointly as the second and the 
reciprocal of the third. 

Or if A= = 
as B and inversely as C. 

419. Jf A œB and B e: C, then A œC. 

For let 4— mB and B=n0, where m and n are constants ; 
then A = nC, and, as mn is constant, Á cc C. 

420. Jf A œC and Be C, then A+ B e C, and ,/(AB) e C. 


For let 4 2C and B=nC, where m and n are constants; 
then 4 2 B=(m+n)C; therefore A 2 B c C. Also 


(ALB) = „/(mn0") = C (mn) ; 
therefore „(4 D) = C. 


where m is constant, Á is said to vary directly 


421. If Acc BO, then Bo and Cad. 
1A A pat 
For let A=mB(, then B= a therefore B = a: Simi- 


larly Cenk. 


422, If Ac B and Ce D, then AC «œ BD. 


For let A=mB and C=nD, then AC=mnBD; therefore 
AC x BD. 


423. If A e B, then A"cc B". 

For let 4 — m2, then A*=m"B"; therefore A" œ D". 

424. If Acc B, then AP œ BP, where P is any quantity 
variable or invariable. 

For let 4 — mB, then AP — mBP ; therefore AP = BP. 

425. If Acc B when O is invariable, and A «CO when B is 
invariable, then will A < BO when both B and C are variable. 


The variation of 4 depends upon the variations of the two 
quantities B and C; let the variations of the latter quantities 
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take place separately, and when B is changed to b, let A be 
changed to «'; then, by supposition, T 7 . Now let C be 
changed to c, and in consequence let a’ be changed to a; then, by 


Sur. EE 
supposition, —=—. Thus 


4 a BC. 
gg TU? 
that is, LU 


therefore Á œ BC. 

A very good example of this proposition is furnished in 
Geometry. It can be proved that the area of a triangle varies 
as the base when the height is invariable, and that the area varies 
as the height when the base is invariable. Hence when both the 
base and the height vary, the area varies as the product of the 
numbers which express the base and height. 


426. In the same manner if there be any number of quan- 
tities B, C, D, &c. each of which varies as another A when the 
rest are constant; when they are all changed, Á varies as their 
product. 


EXAMPLES ON VARIATION. 


1. Given that y varies as x, and that y — 2 when æ=1, what 
will be the value of y when a= 2? 


2. If a varies as b and a=15 when 5—3, find the equation 
between a and b. 


3. Given that z varies jointly as æ and y, and that z=1 
when æ=1 and y=1, find the value of z when æ=2 and 
y s 2. » : 

4. If z varies as mæ +y, and if 2-3 when æ=1 and y= 2, 
and 2=5 when z — 2 and y = 3, find m. 
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5. If x varies directly as y when z is constant, and inversely 
-as 2 when y is constant, then if y and z both vary, æ will vary 


as Í. 
z 
6. If 3, 2, 1, be simultaneous values of æ, y, z in the pre- 


ceding example, determine the value of z when y=2 and z=4. 


7. The wages of 5 men for 6 weeks being £14. 5s., how 
many weeks will 4 men work for £19? (Apply Example 5.) 


8. If the square of x vary as the cube of y, and z — 2 when 
y — 3, find the equation between æ and y. 


9. Given that y varies as the sum of two quantities, one of 
which varies as æ directly, the other as æ inversely, and that 
y=4 when æ=1 and y=5 when z-2, find the equation be- 
tween x and y. 


10. If one quantity vary directly as another, and the former 
be 2 when the latter is $, what will the latter be when the former 
is 9? 


1l. If one quantity vary as the sum of two others when 
their difference is constant, and also vary as their difference when 
their sum is constant, shew that when these two quantities vary 
independently, the first quantity will vary as the difference of 
their squares. 


12. Given that the volume of a sphere varies as the cube of 
its radius, prove that the volume of a sphere whose radius is 
6 inches is equal to the sum of the volumes of three spheres 
whose radii are 3, 4, 5 inches. 


13. Two circular gold plates, each an inch thick, the diame- 
ters of which are 6 inches and 8 inches respectively, are melted 
and formed into a single cireular plate one inch thick. Find its 
diameter, having given that the area of a circle varies as the 
square of its diameter. 


14. "There are two globes of gold whose radii are r and 7’; 
they are melted and formed into a single globe. Find its radius. 
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15. If x, y, z be variable quantities such that y--2z—2 is 
constant, and that (Œ +y — z) (æ --2— y) varies as yz, prove that: 
x+Yy+ varies as yz. 

16. .A point moves with a speed which is different in different 
miles, but invariable in the same mile, and its speed in any mile 
varies inversely as the number of miles travelled before it com- 
mences this mile. If the second mile be described in 2 hours, 
find the time occupied in describing the n‘ mile. 

17. Suppose that y varies as a quantity which is the sum of 
three quantities, the first of which is constant, the second varies 
as z, and the third as xê. And suppose that when 2=a, y=0, 
when w= 2a, y=a, and when x=3a, y=4a. Shew that when 
æ=na, y=(n— 1}}a. 

18. Assuming that the quantity of work done varies as the 
cube root of the number of agents when the time is the same, and 
varies as the square root of the time when the number of agents is 
the same; find how long 3 men would take to do one-fifth of the 
work which 24 men can do in 25 hours. (See Art. 426.) 


XXIX. SCALES OF NOTATION. 


427. The student will of course have learned from Arith- 
metie that in the ordinary method of expressing integer numbers 
by figures, the number represented by each particular figure is 
always some multiple of some power of ten. Thus in 347 the 3 
represents 3 hundreds, that is, 3 times 10*; the 4 represents 4 
tens, that is, 4 times 10'; and the 7 which represents 7 units, 
may be said to represent 7 times 10°. 

This mode of representing numbers is called the common scale 
of notation, and 10 is said to be the base or radix of the common 
scale. 

428. We shall now prove that any positive integer greater 
than unity may be used instead of 10 for the radix, and shall shew 


how to express a number in any proposed scale. We shall then 
add some miscellaneous propositions connected with this subject. 
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The figures by means of which a number is expressed are 
called digits. 

When we speak in future of any radiæ we shall always mean 
that this radix is some positive integer greater than unity. 


429. To shew that any positive integer may be expressed in 
terms of any radix. 

Let WV denote the number, r the radix. Suppose that 7" is 
the highest power of r which is not greater than JV ; divide N 
by 7", and let p, be the quotient and J, the remainder; thus 

Nzpr-eN. 

Here, by supposition, p, is less than r; also X, is less than 7". 
Next divide W by 7"^, and let p, , be the quotient and MH, the 
remainder; thus 

Xp, rh X, 

Proceed in this way until the remainder is less than 7; thus 

we find V expressed in the manner indicated by the equation 
N2pr-ep, 20... pU prep. 


Each of the digits p,, p, ,, «+++ P P, is less than r, and any 
one or more of them after the first may be zero. 


430. To express a given integer number in any proposed scale. 

By a given integer number we mean a number expressed in 
words or else expressed by digits in some assigned scale. If no 
scale is mentioned, we understand the common scale to be in- 
tended. 


Let V be the given number, r the radix of the scale in which 
it is to be expressed. Suppose p,, Ps ------ p, to be the required 
digits by which WV is expressed in the new scale, beginning with 
that on the right hand; then 

=pPtp m. +p + pr +p; 


we have now to find the value of each digit. 


Divide V by r, and let Q, denote the quotient; then it is 


obvious that 
QO. =p + pee uuu +P +P, 
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and that the remainder is p, Hence p, is. found by this rule; 
divide the given number by the proposed radix, and the remainder 
is the first of the required digits. 


Again, divide Q, by r, and let Q, denote the quotient; then 
it is obvious that 
Q,-p,"*-p, m veces + Py 


and that the remainder is p, Hence the second of the required 
digits is ascertained, 


By proceeding in this way we shall determine in succession all 
the required digits. 


431. For example, transform 43751 into the scale of which 
6 is the radix, The division may be performed and the remainders 
noted thus; 


6)43751 
6)7291......5 
6)1215......1 
6 )2 0 2......8 
"Wry quw 
p e 
Thus 43751 = 5.6°+ 3.6*-- 4.6*.- 3.6°+ 1.6 +5, 


so that the number is expressed in the new scale thus, 534315. 


432. Again, transform 43751 into the scale of which 12 is 
the radix. 
12)43751 
12 )3 6 4 5...... 11 
12 ) 3 0 3...... 9 


Thus 43751 = 2.12*+ 1.12? - 9.12? - 9.12 + 11. 
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In expressing the number in the new scale we shall require 
a single symbol for eleven; let it be e; then the number is ex- 
pressed in the new scale thus, 2139e, 

We cannot of course use ll to express eleven in the new 
scale, because 11 now represents 1.12 +1, that is, thirteen. 


433. We will now consider an example in which a number is 
given, not in the common scale. 

A number is denoted by ¢347e in the scale of which twelve is 
the radix, it is required to express it in the scale of which eleven 
is the radix. 

Here ¢ stands for ten, and e for eleven. 

e)t34Te 


The process of division by eleven is performed thus. First 
e is not contained in ¢, for eleven is not contained in ten, so we 
ask how often is e contained in #3? here ¢ stands for ten times 
twelve, that is one hundred and twenty, so that the question is, 
how often is eleven contained in one hundred and twenty-three ? 
the answer is eleven times, with two over. Next we ask how 
often is e contained in 24; that is, how often is eleven contained 
in twenty-eight? the answer is twice, with six over. Then how 
often is e contained in 67; that is, how often is eleven contained 
in seventy-nine? the answer is seven times, with two over. 
Lastly, how often is e contained in 2e; that is, how often is 
eleven contained in thirty-five? the answer is three times, with 
two over. 

Hence 2 is the first of the required digits. 

The remainder of the process we will indicate; the student . 
should carefully work it for himself, and then compare his result 
with that here given. 


e)e273 
£212 0S8 bos 1 
Hkg a 
€)12......6 
að 
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Hence the given number is equal to 
l+ 3.e*t 6.8 2. 1.0 2; 
that is, it is expressed in the scale with radix eleven thus, 136212. 


434. It will be easy to form an unlimited number of self- 
verifying examples. Thus, take two numbers expressed in the 
common scale and obtain their product, then transform this pro- 
duct into any proposed scale; next transform the two numbers 
into the proposed scale, and obtain their product in this scale; 
the result should of course agree with that already obtained. Or, 
take any number, square it, transform this square into any pro- 
posed scale, and extract the square root in this scale; then trans- 
form the last result back to the original scale. 


435. Next let it be required to transform a given fraction 
from one scale to another. This may be effected by transforming 
separately the numerator and denominator of the given fraction 
by the method of Art. 430. "Thus we obtain a fraction identical 
with the proposed fraction, having its numerator and denominator 
expressed in the new scale. 


436. We stated in Art. 427, that in the common scale of 
notation, each digit which occurs in the expression of any integer 
by figures represents some multiple of some power of ten. This 
statement may be extended, and we may assert that if a number 
be expressed in the common scale, and the number be an integer, 
or a decimal fraction, or partly an integer and partly a decimal 
Jraction, then each digit represents some multiple of some power 
of ten. Thus in 347:958 the 3, the 4, and the 7, have the values 


assigned to them in Art. 427; the 9 represents I that is, 


9 times 107’; the 5 represents m that is, 5 times 107°; and 
8 1 : : -3 
the 8 represents 1000! that is, 8 times 10~*. 


It may therefore naturally occur to us to consider the follow- 
ing problem: required to express a given fraction by a series of 
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fractions in any proposed scale analogous to decimal fractions in 
the -common scale. We will speak of such fractions as radis- 
fractions. 


437. Required to express a given fraction by a series of radix- 
Fractions in any proposed scale. 


By a given fraction we mean a fraction expressed in words or 
expressed by figures in any given scale. Let F denote the pro- 
posed fraction, r the radix of the proposed scale. Suppose f£, 
t,,-.. the numerators of the required radiæ.fractions beginning 
from the left; thus 


t P wig 
F=ðt át át STAÐ ‘ 
where 4, bis 4,,...... are to be found. 


Multiply both members of the equation by 7; thus 


The right-hand member consists of an integer é and an 
additional fractional part. Let J, denote the integral part of Fr, 
and F, the fractional remainder; then we must have 


t 


L-t F=2 HAt trees 


1? 


Thus, to obtain the first numerator, ¢,, of the series of radix- 
fractions, we have this rule; multiply the given fraction by the 
proposed radix; then the greatest integer in the product is the first 
of the required numerators. 

Again, multiply F, by r; let 7, be the integral part of the 
product, and F, the fractional remainder; then 


L= ti; P=" +4+ "R 


Hence ż,, the second of the required numerators, is ascertained. 
By proceeding in this way we shall determine the required nu- 
merators in succession. If one of the products which occur on 
the left-hand side of the equations be an exact integer, the process 
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then terminates, and the proposed fraction is expressed by a finite 
series of radix-fractions. If no integral product occur, the process 
never terminates, and the proposed fraction can only be expressed 
by an infinite series of the required radix-fractions; the numera- 
tors of the radix-fractions will recur like a recurring decimal, 


438, We may remark that the radix ten is not only the base 
of the common mode of expressing numbers by figures, but is in 
fact assumed as the base of our language for numbers. This will 
be seen by observing at what stage in counting upwards from 
unity new words are introduced. For example, all numbers 
between twenty-one and twenty-nine, both inclusive, are expressed 
by means of words that have already occurred in counting up 
to twenty; then a new word occurs, namely thirty, and we can 
count on without an additional new word as far as thirty-nine; 
and so on. 


439. The number ten has only two divisors different from 
itself and unity, namely 2 and 5; the number twelve has four 
divisors, namely 2, 3, 4, and 6. On this account twelve would 
have been more convenient than ten as a radix. This may be 
illustrated by reference to the case of a shilling; since a shilling 
is equivalent to twelve pence, the half, the third, the fourth, and 
the sixth of a shilling, each contains an exact number of pence; 
if the shilling were equivalent to ten pence, the half and fifth of a 
shilling would be the only submultiples of a shilling containing an 
exact number of pence. Similarly, the mode of measuring lengths 
by feet and inches may be noticed, 


440. We may observe that if two be adopted as the radix of 
a scale, the operations of Arithmetic are in some respects much 
simplified. In this scale the only figures which occur are 0 and 1, 
so that each separate step of a series of arithmetical operations 
would be an addition of 1, or a subtraction of 1, or a multiplica- 
tion by 1, or a division by 1. The simplicity of each operation is 
however counterbalanced by the disadvantage arising from the 
increased number of such operations, 


T. A. 16 
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We give in the following two articles two problems connected 
with the present subject. 


_ 441. Determine which of the series of weights llb., 2]1bs., 
2*1bs., 2?lbs., 2*lbs.,...... must be used to balance a given weight 
of N lbs., not more than one weight of each kind being used. 


It is obvious that this question is the same as the following; 
express the number W in the scale of which the radix is 2. 
Hence it follows from Art. 429 that the problem can always 
be solved. 


442, Suppose it required to determine which of the weights 
11b., 31bs., 3*lbs, 3?lbs.... must be selected to weigh JV lbs., not 
more than one of each kind being used, but i» either scale that 
may be necessary. 

Divide W by 3, then the remainder must be zero, or one, or 
two. Let V, denote the quotient; then in the first case we have 
AN —3A,, in the second case N = 3.V,+1, and in the third case 
N=3N,+2. In the first or second case divide N, by 3; in the 
third case we may write NV — 3(N,--1)—1, then we should 
divide JV, 1 by 3. Proceed thus, and we shall finally have a 
result of the following form, 


N= 9,3" + 9,_ 9" + sevens +9,3 +Q, 


where each of the quantities q,, q,, ...... q, is either zero, or +1, 
or —1. Thus the problem is solved. 


443. In a scale of notation of. which the radix is v, the sum of 
the digits of any whole number divided by v — 1 will leave the same 
remainder as the whole number divided by v — 1. 


Let N denote the whole number, p,, p,,...... p, the digits be- 
ginning from the right hand; then 


N =p hp TF +p,” 


+p (r-1) +p, (1) +. +p, (r"—1); 
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therefore 


r—1 P] 
5-1 
+ Pt (rt) tp 
But nn 3 is an integer whatever positive integer » may be; 
thus if ia some integer + BP PN, 
ir r-l 


This establishes the proposition. 


444. In a scale of notation of which the radix is r, any whole 
number when divided by v +1 will leave the same remainder as the 
diference between the sum of the digits in the odd places and the 
sum of the digits in the even places leaves when divided by r +1. 


With the same notation as in the preceding proposition we 
have 

N =p, + PP +p +... pm 

=P- P+ Pa Pat e +(—1)"p, 

+p, (r1) p, (1) - p, (? +1) +... +p, (^ C 1)'- 


Po-Pi EP kn. tp 


Thus = some integer + ——-—- 


N 

rl 

445. To find what numbers are divisible by 3 without re- 
mainder. 


Let V denote any number; let p,, 5,......p, be the digits of 
it beginning with that in the unit's place; then 


N — p, * p,10 #p,10°+...... + p, 10"; 
thereforo d =f + 3p, + o + 33p, + 5 4- 333p, ^ + &c. 


PFP, +P, de. 9) + 33p, + 333p, + &c. 


16—2 
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is a whole 


This is a whole number when RD i aes 


number. Thus any number is divisible by 3 when the sum of its 
digits is divisible by 3. For example, 111, 252, and 7851 are 
divisible by 3. 


446. It appears from Art. 443 that a number is divisible 
by 9 when the sum of its digits is divisible by 9; and that when 
any number is divided by 9, the remainder is the same as if the 
sum of the digits of that number were divided by 9. 

It appears from Art. 444 that a number is divisible by 
11 when the difference between the sum of the digits in the odd 
places and the sum of the digits in the even places is divisible 
by 11, 


447. From the property of the number 9, mentioned in the 
preceding article, a rule may be deduced which will sometimes 
detect an error in the multiplication of two numbers. 


Let 9a + æ denote the multiplicand, and 9b + y the multiplier ; 
then the product is 8lab+9bx+9ay+ay. If then the sum of 
the digits in the multiplicand be divided by 9, the remainder is æ; 
if the sum of the digits in the multiplier be divided by 9, the 
remainder is y; and if the sum of the digits in the product be 
divided by 9, the remainder ought to be the same as when zy is 
divided by 9, and will be if there be no mistake in the opera- 
tion, 


EXAMPLES ON SCALES OF NOTATION. 


l. Express in the scale of seven the numbers which are 
expressed in the scale of ten by 231 and 452; multiply the num- 
bers together in the scale of seven, and reduce to the scale of ten. 


2. "Transform 1357531 from the denary scale to the quinary. 


3. Transform 40234 from the quinary to the duodenary 
&cale. 
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4. Transform 545 from the senary scale to the denary. 


5. Transform 64520, which is in the septenary scale, to the 
undenary scale. 


6. "Transform 4444 from the scale with radix five to the 
common scale. 


7. Transfer 3413 from a scale whose radix is six to that 
whose radix is seven. 


8. Transform 123456 from the denary scale to the septenary. 
9. "Transform 15:75 from scale ten to scale eight. 

10. "Transform 221:248 from scale ten to scale five. 

ll. Convert 357234 into the scale whose radix is seven. 


12. Transform 1845:3125 from the common scale to one 
whose radix is twelve. 


13. Transform 444-44 from the scale with radix five to the 
common scale. 


14. Express 31462-125 in the scale whose radix is eight. 
15. Transform 3065-263 from the scale eight to scale ten. 


16. Express in the common scale and in the scale of eight 
the number denoted in the scale of nine by 723. 


17. "Transform 15951 from scale eleven to scale ten, and 
333310 from scale ten to scale eleven. 


18. Extract the square root of 33224 in the scale of six. 


19. The number 123454321 is referred to the radix six; 
extract its square root in that scale. 


20. Extraét the square root of 3445-44 in the scale six, and 
reduce the result to scale three. 


21. Subtract 20404020 from 103050301 in the seale "o 
and extract the square root of the result. 
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22. Extract the square root of 11000000100001 in the binary 
scale of notation. 


23. Find a fraction in the ternary scale equivalent to 
:120120...... , which is in the same scale. 


24. Find the simplest fraction which is represented by 
"MS... in the scale whose radix is seven. 


25. Reduce 7s to a duodecimal. 


26. In what scale will the number 95 be denoted by 137 ? 

27. In what scale is 2704 written 20304 ? 

28. In what scale is 1331 written 1000? 

29. In what scale does 16000 of the denary become 1003000? 

30. Anumber is represented in the denary scale by 35:8333..., 
and in another scale by 55:5, find the radix of the latter scale. 

31. In what scale of notation is sixteen hundred and sixty- 
four ten-thousandths of unity represented by +0404 ? 

32. Shew that 12345654321 is divisible by 12321 in any 
scale greater than six. 


33. Shew that 144 is a square number whatever be the radix 
of the scale; the radix being supposed greater than four. 

94. Shew that 1331 is a perfect cube in any scale of notation; 
the radix being supposed greater than three. 

35. Of the weights 1, 2, 4, 8,...... 2^ pounds, find which 
must be selected to weigh 1719 pounds. 

36. Which of the weights 1 lb., 3 lbs., 3*lbs.,...... must be 


selected to weigh 1027 lbs., not more than one of each kind being 
used, but in either scale that is necessary ? 


37. Which of the same weights must be used to weigh 
716 lbs. ? 


38. Which of the same weights must be used to weigh 
475 lbs, ? 
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39. Find by operation in the scale with radix twelve what is 
the height of a parallelopiped which contains 94 cubic feet 235 
cubic inches, and whose base is 24 square feet 5 square inches. 


40. Express 2 feet 10} inches linear measure, and 5 feet 
794 inches square measure, in the duodenary scale as feet and 
duodecimals of a foot; and the latter quantity being the area 
of a rectangle, one of whose sides is the former, find its other 
side by dividing in the duodenary scale. 


ál, M, 5,4552. be the digits of a number beginning 
with the units, prove that the number itself is divisible by eight 
if p, + 2p, + 4p, is divisible by eight. 


42. Prove that the difference of two numbers consisting of 
the same figures is divisible by nine. 


43. Find the greatest and least numbers with a given number 
of digits in any proposed scale. 


44, Prove that if in any scale of notation the sum of two 
numbers is a multiple of the radix, then (1) the digits in which 
the squares of the numbers terminate are the same, and (2) the 
sum of this digit and of the digit in which the product of the 
numbers terminates is equal to the radix. 


45. A certain number when represented in the scale two has 
each of its last three digits (counting from left to right) zero, and 
the next digit different from zero; when represented in either of 
the scales three, five, the last digit is zero, and the last but one 
different from zero; and in every other scale (twelve scales ex- 
cepted) the last digit is different from zero, What are these 
twelve scales, and what is the number? 
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XXX. ARITHMETICAL PROGRESSION. 


448. Quantities are said to be in Arithmetical Progression 
when they increase or decrease by a common difference. 
Thus the following series are in Arithmetical Progression : 
I 85 9... 
40, 36, 32, 28, 24, ...... 
a, a+b, a+ 9b, & +36, ...... 
a, a—b, a— 2b, a—38, ...... 


In the first example the common difference is 2, in the 
second — 4, in the third 5, in the fourth — 0. 


449. Let a denote the first term of an Arithmetical Progres- 
sion, b the common difference; then the second term is a 4 b, 
the third term is a: 2b, the fourth term is a+30, and so on. 
Thus the n™ term is a + (n — 1) 5. 


450. To find the sum of a, given number of quantities in Arith- 
metical Progression, the first term and the common difference being 
supposed known. 


Let a denote the first term, b the common difference, n the 
number of terms, 7 the last term, s the sum of the terms. 


Then 
8—G (a D) * (a 4 2D) 4 ...... +l. 


And, by writing the series in the reverse order, we have also 
s=] +(l—b)+(l— 2b) + ...... + d. 
Therefore, by addition, 
2s — (I a) *- (L- a) * ...... to » terms 


=n(l+a) ; 
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therefore g= 5 A y A 700 „veg ahestopettinne st (1). 
Also l = QR LD ótal (2), 
thus $s 5 Qa VIS CE. ui E LEURS (3). 


The equation (3) gives the value of s in terms of the quan- 
tities which were supposed known. Equation (1) also gives a con- 
venient expression for s, and furnishes the following rule: the sum 
of any number of terms in Arithmetical Progression is equal to 
the product of the number of the terms into half the sum of the 
first and last terms. 


451. In an Arithmetical Progression the sum of any two 
terms equidistant from the beginning and end is equal to the sum 
of the first and last terms. 


The truth of this has already been seen in the course of 
the preceding demonstration; it may be shewn formally thus: 
Let a be the first term, b the common difference, / the last term ; 
then the z^ term from the beginning is a+(r—1)6 and the 7“ 
term from the end is /—(r—1)6, and the sum of these terms 
is therefore Í + a. 


452. To insert a given number of arithmetical means be- 
tween two given terms. 


Let a and c be the two given terms, the number of terms to 
be inserted. Then the meaning of the problem is, that we are to 
find n+2 terms in Arithmetical Progression, a being the first 
term, and c the last. Let 6 denote the common difference; then 

c—a 


c=a+(n+1)b; therefore imei This finds b, and the n 
required terms are 
a+b, a+ 2b, a+3b,... ... & 4- nb. 


453. In Art. 450 we have five quantities occurring, namely, 
a, b, l, n, s, and these are connected by the equations (1) and 
(2), or (2) and (3) there established. The student will find that 


4 


www.rcin.org.pl 


250 ARITHMETICAL PROGRESSION. 


if any three of these five quantities are given, the other two can 
be found; this will furnish some useful exercises. We give one 
as an example. 


454. Given the sum of an Arithmetical Progression, the first 
term, and the common difference; required the number of terms. 


Here s= 5 (2a (n-1)8); 


therefore 2s = n*b + (2a — 5) n. 
By solving this quadratic in n we obtain 


b — 2a = (2a — by + 8sb} 
ouo VL SNR 


455. It will be seen that two values are found for n in the 
preceding article; in some cases both values are applicable, as will 
appear from the following example. Suppose a=11, b=-2, 
$—27; we obtain n=3 or 9. The arithmetical progression is 


TR ON A ON v ESTA M do, 


and it is obvious that the sum of the first three terms is the same 
as the sum of the first nine terms. 


456. Again, suppose a=4, b —2, s=18; we obtain n=3 or 
—6. The sum of three terms beginning with 4 is 4+6+8 or 
18. If we put on terms before 4 we obtain the series 


—24+04+24+4+6+8, 


and the sum of these six terms is also 18. From this example we 
may conjecture that when there is a negative integral value for 
the number of terms as well as a positive integral value, the 
following statement will be true; begin from the last term of 
the series which is furnished by the positive value, and count 
backwards for as many terms as the negative value indicates, 
then the result will be the given sum. The truth of this conjec- 
ture may be shewn in the following manner. 
The quadratic equation in n obtained in Art. 454 is 


28 — v! b + (2a —D)n.................. 41... (1). 
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Suppose a series in which the first term is b —«, the common 
difference b, the number of terms m, and the sum s; then 


23 = m*b + (2b — 2a — b) m ..... eese (3. 


The roots of (1) and (2) are of equal values but of opposite 
signs (Art. 340); so that if the roots of (1) are denoted by n, and 
—n,, those of (2) will be n, and —n. Hence n, terms of a series 
which begins with b— a and has the common difference b, will 
amount to the given sum s. The last term of the series which 
begins with @ and extends to n, terms is a+(n,—1)6; we have 
therefore to shew that if we begin with this term and count 
backwards for n, terms, we arrive at b—a. This amounts to 
proving that 

a (n, —1)5 —(n,—1)b-b—a; 


that is, that a 4 (n, — n) b - b — a. 
2a —b 
Now n n —— 3.3 (Art. 335); 
therefore a t (n, nb -a— (2a — 5) - b — a. 


457. Another point may be noticed in connexion with a 
negative integral value of n. 


Let —n, be a negative integral value of n which satisfies the 
equation 


$= 5 (2a (n-1)8; 


then 8=— 3 2a- mb- bj. 


Therefore -8= 3 (2 (a — b) + (n, — 1) (- 0)). 
This shews that if we count backwards n, terms beginning 


with a — b, the sum so obtained will be — s. 


For example, taking the case in Art. 456, by beginning at 2 
and counting backwards for six terms we obtain 
24-0—2—4—6-8, 
that is, — 18. 
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458. In some cases, however, only one of the values of n 
found in Art. 454 is an integer. Suppose a=11, b=—3, s=24; 
we obtain n=3 or 54. The value 5À suggests to us that of the 
two numbers 5 and 6, one will correspond to a sum greater than 
24, and the other to a sum Jess than 24. In fact the sum of 5 
terms is 25, and the sum of 6 terms is 22. 


459. To find the sum of n terms of the series 1, 2, 3, 4,... 
Here the n™ term is n; thus, by Art. 450, 


s=3 (n+ 1). 


We add two similar questions which lead to important results, 
although not very closely connected with the present subject. 


460. To find the sum of the squares of the first n natural 
numbers. 
Let s denote the required sum; then 
g= 1*4 274+ 9* 4 ...... +n’, 


and we shall prove that 
q (n +1)(2n +1) 
Fearnan sn 


We have 
n? — (n — 1) = 3n? — 9n +1, 


(n - 1) — (n —2yY 23(n — 17 — 3 (n - 1) 4 1, 

(n — 2) — (n—3)* 2 3 (n — 2? — 3 (n — 2) 1, 
3°—2°=3.3°-3.3+1, 
2—1?=3.2?-3.2+1, 
1?-0°=3.1°-3.14+1. 

Hence, by addition, 
v =3{1°+2?+...... +n}—3{14+24...... +n}+n, 


that is, n! = 33 — aii +n. 
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Therefore 3s=n 


T aene tU. 


9 


- 


(n * 1) (2n +1) 
and TA a eee 


461. To find the sum of the cubes of the first n natural 


numbers. 


Let s denote the required sum; then 


s= P+ 22-9 ..... a, 
and we shall prove that 
(nn - 1y* 
id 


We have 
n*— (n — 1)!— 4n?— 6n?+ 4n — 1, 


(n —1)*— (n - 2 4 (n — 19 6 (n — 1-4 (n— 1) - 1, 
(n — 2)*— (n — 8)*= 4 (n — 2 6 (n — 2*- 4 (n -2) - 1, 


3*— 9'= 4. 3°-6.37+4.3-1, 
9*— 14= 4, 99-6 .97+4.2-1, 
1*—0*- 4. 1°~6.19+4.1-1. 


Hence, by addition, 
n'- 4 (1*- 2 ...... 4:0] — 6 {17+ 2*4 ...... ta] 


that is, n'= 4s — n (n + 1) (2n 1) + 2n (n+ 1) - n. 
Therefore 4s — n*- 209? - n', 

n (n 4- 1))* 

—3—( 


^ 


and s= { 
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EXAMPLES OF ARITHMETICAL PROGRESSION. 


Sum the following series: 
1, 3 @ 10 34.......::.. bo 20 terme. 


Ib 3 13 
2. 4, P p gv to 32 terms. 
3. k 22 T tue cis to 24 terms. 
fa: UNSINN to 20 terms 
5. 13, 1} t ... to 10 terms. 
blbgeeee 
6. 1, 1$ Bk gu to 12 terms. 
5 2 13 
[f 7? 3? 91? -—— to 21 terms. 
8. A A 1, ssessissss dasi to 50 terms. 
5. 180, 10 100, ...... to 30 terms. 
IU. ML 4A dA eere: to » terms. 
ILE ORA » d ORAN AA: to n terms 


12. Find an A.P. such that the sum of the first five terms 
is one-fourth the sum of the following five terms, the first term 
being unity. 

13. The first term of a series being 2, and the fifth term 
being 7, find how many terms must be taken that the sum may 
be 63. 


14. Given a=16, b=4, s=88, find n. 


15. If the sum of m terms of an A.P. be always to the sum 
of n terms in the ratio of m^ to n’, and the first term be unity, 
find the n™ term. 
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16. The sum of a certain number of terms of the series 
21 4 19 4 17 4 ...... is 120; find the last term and the number of 
terms. 

17. What is the common difference when the first term is 1, 
the last 50, and the sum 204? 

18. If the m" term of an A.P. be n and the n™ term m, of 
how many terms will the sum be J(m 4 n) (m +n — 1), and what 
will be the last of them? 

19. If 2n+ 1 terms of the series 1, 3, 5, 7, 9, ...... be taken, 
then the sum of the alternate terms 1, 5, 9,...... will be to the 
sum of the remaiuing terms 3, 7, 11, ...... as n+ l ton. 


20. Find the sum of the first n odd numbers, and of the first 
n numbers of the form 47+ 1. 


21. How many terms of 14+3+5+7+...... amount to 


1234321? 
22. How many terms of 16+24+32+40+...... amount 
to 18407 


23. On the ground are placed n stones; the distance be- 
tween the first and second is one yard, between the second and 
third three yards, between the third and fourth five yards, and 
so on. How far will a person have to travel who shall bring 
them, one by one, to a basket placed at the first stone? 


24. The 14th, 134th, and last terms of an A.P. are 66, 
666, and 6666 respectively; find the first term and the number 
of terms. 


25. Find a series of arithmetical means between 1 and 21, 
such that their sum has to the sum of the two greatest of them 
the ratio of 11 to 4. 


26. The sum of the terms of an A.P. is 284, the first term 
is — 12, the common difference is 3. Find the last term and the 
number of terms. 


27. - Find how many terms of the series 3, 4, 5, ...... must be 
taken to make 25. 
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28. Find how many terms of the series 5, 4, 3, ...... must be 
taken to make 14. ; 

29. Shew that a certain number of terms of an A.P. may 
be found of which the algebraical sum is equal to zero, provided 
twice the first term be divisible by the common difference, and 
the series ascending or descending according as the first term is 
negative or positive. 

30. The sum of m terms of an A.P. is », and the sum of 
^ terms is m. Shew that the sum of m+n terms is — (m +n) 


and the sum of m — » terms is (m — n) (1 m) s 


öl. If s=72, w=24, b=-4, find n. 


32. If s=pn+qn* whatever be the value of n, find the 
m^" term. 

33. If S, represent the sum of n of the natural numbers 
beginning with a, prove that S,,,,_,= 3S, 

34. Prove that the squares of z'— 2x —]1, a*+1, and 
€"--2x —1 are in A.P. 

35. The common difference of an A.P. is equal to the differ- 
ence of the squares of the first and last terms divided by twice the 
sum of all the terms diminished by the first and last term. 

36. Insert 6 arithmetical means between 1 and 29. 


37. Find the number of arithmetical means between 1 and 19 
when the second mean is to the last as 1 to 6. 


38. How many terms of the natural numbers commencing 
with 4 give a sum of 5350? 


39. Ina series consisting of an odd number of terms, the sum 
of the odd terms (the first, third, &c.) is 44, and the sum of the 
even terms (the second, fourth, &c.) is 33. Find the middle term 
and the number of terms. 

1 


f 1 
40. If a’, b, c, be in A.P., then ——, or d tg 


are 
b+e 


in A.P. 
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41. Sum to 2 terms the series whose 7'" term is 2r — 1. 

49. Sum 1-34 5-7 ...... to n terms, 

43. Sum 1-243-—4- ...... to n terms. 

44. Given the p" term P, and the g™ term Q of a series 
in A. P., express the sum of terms in terms of P, Q, p, q, n. 

49. The 9'* q™, and 7" terms of an A.P. are 2, 9, 2, re- 
spectively ; prove that if v, y, z be positive integers, there is an 
A. P, whose œ, y™, 2 terms are p, q, 7, respectively; and that the 


product of the common differences of the progressions is unity. 


46. The interior angles of a rectilinear figure are in A. P.; 
the least angle is 120° and the common difference 5°, Required 
the number of sides. 


47. Find the sum to n terms of 1.2+2.34+3.4+4.5+4... 


48. If the second term of an A.P. be a mean proportional 
between the first and the fourth, shew that the sixth will be 
a mean proportional between the fourth and the ninth. 


49. If p(n) be the sum of n terms of an A, r., find ¢ (n) in 
terms of n and the first two terms. . 
Also shew that (n + 3) — 3$ (n + 2) + 3$ (n +1) — $ (n) — 0. 


50. Sum to n terms the series whose m“ term = 5 — * A 


5l. Divide unity into four parts in A.P, of which the sum of 
1 
the cubes shall be 0° 


52. A servant agrees for certain wages the first month, on 
the understanding that they are to be raised a shilling every 
subsequent month until they reach £3 a month. At the end of 
the first of the months for which he receives £3, he finds that his 
wages during his time of service have averaged 12 shillings a 
week. How long has he served ? 


53. A quantity of corn is to be divided among n persons, 
and is calculated to last a certain time if each of them receive 


T. A. 17 
www.rcin.org.pl 


258 EXAMPLES. CHAPTER XXX. 


a peck every week; during the distribution it is found that one 
person dies every week, and then the corn lasts twice as long as 
was expected ; find the quantity of corn and the time it lasts. 


54. A number of persons were engaged to do a piece of work, 
which would have occupied them m hours if they had commenced 
at the same time; but instead of doing so they commenced at 
equal intervals, and then continued to work till the whole was 
finished: the payment being proportional to the work done by 
each, the first comer received 7 times as much as the last. Find 
the time occupied. 


55. Two persons Á and B play at hazard ; A wins from B a 
certain number of guineas, consisting of 3 places whose digits are 
in arithmetical progression, in such a manner, that if the number 
of guineas be divided by the sum of the digits the quotient will 
be 48, and if from the said number of guineas 198 be taken, the 
digits will be inverted. Find the number of guineas. 


56. Prove that the sum of any 2n +1 consecutive integers is 
divisible by 2n + 1. 


XXXI. GEOMETRICAL PROGRESSION. 


462. Quantities are said to be in Geometrical Progression 
when each is equal to the product of the preceding and some 
constant factor. The constant factor is called the common ratio 
of the series, or more shortly, the ratio. "Thus the following series 
are in Geometrical Progression : ; 


d 35 7» d u.s 
Pago tye 

High Bray 
a, ar, ar, dr ar^, ...... 


Tn the first example the common ratio is 2, in the second 3, in 
the third 7. ; 


t 
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463. Let a denote the first term of a Geometrical Progression, 
r the common ratio, then the second term is ar, the third term 
is ar“, the fourth term is ar“, and so on. Thus the n™ term 


n=l 
LJ 


is ar 


464. To find the sum of a given number of quantities in 
Geometrical Progression, the first term and the common ratio being 
supposed. known. 


Let a denote the first term, r the common ratio, n the number 
of terms, s the sum of the terms. Then 


8—a--ar + ar - ar 4 ...... Tar"; 
therefore sr= artar*+ar+...... + ar"^* + ar. 


Hence, by subtraction, 
sr—s=ar"—a; 


a (r" — 1) 
therefore BL] ce (1). 
If / denote the last term, we have 
iar". (2), 
rl —a 
hence ni eem (3). 


Equation (1) gives the value of s in terms of the quantities 
which are supposed known. Equation (3) is sometimes a con- 
venient form. 


465. We may write the value of s thus, 
a (1-7") 
= 1 TE r . 

Now suppose 7 less than unity; then the larger n is the 
smaller will 7" be, and by taking large enough 7" can be made 
as small as we please. If then n be taken so large that 7" may 
be neglected in comparison with unity, the value of s reduces to 


i i We may enunciate the result thus; by taking n large 


TS 
17—2 
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enough, the sum of n terms of the Geometrical Progression can be 
made to differ as little as we please from iss . This statement is 
sometimes abbreviated into the following; the sum of an infinite. 
number of terms of the Geometrical Progression is 7 2 but it 


must be remembered that it is to be considered as nothing more 
than an abbreviation of the preceding statement. 


The preceding remarks supposs that 7 is less than unity. In 
future, both in the text and in the examples, when we speak of 
an infinite Geometrical Progression we shall always suppose that r 
is less than unity. 


466. We may apply | the preceding remarks to an example. 


Consider the series 1, 3 » 1, b TM ; herea=1, r=}; thus the 


sum of « terms is oe 3 z) that is, 2— s. . Now by 
taking n large JE x 2"~" can be made as large as we please, and 


therefore 


EY as small as we please. Hence we may say that 


by taking n large enough, ihe sum of n terms of the series can be 
made to differ from 2 by as small a quantity as we please. This is 
abbreviated into the following; the sum of an infinite number of 
terms of this series is 2. 


467. Recurring decimals are cases of what are called infinite 
Geometrical Progressions. Thus, for example, :2343434 ...... 


34 34 34 9 
10 + 10 * i9 * tor 1 Tor * Hates Here the terms after To 


constitute a Geometrical Progression, of which the first term is 


denotes 


1 
n , and the common ratio is E. Hence we may say that the 


10 
sum of an infinite number of terms of this series is To E d S } , 
that is ini . Therefore the value of the decimal is IM 
990 PE 990" 


We will now investigate a general rule for such examples. 
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468. To find the value of a recurring decimal. 


Let P denote the figures which do not recür, and suppose 
them p in number; let Q denote the figures which do recur, 
and suppose them q in number. Let s denote the valué of the 
recurring decimal; then * 


8 = POOO:50 0. 
103 = P-QQQ...... à 
107**s— PQ-QQQ...... 3 


by subtraction, (107*1— 10°) s= PQ— P. 


Now 107*:— 107 =(107—1) 107; and 107-1 when expressed 
by figures in the usual way will consist of q nines. Hence we 
deduce the usual rule for finding the value of a recurring decimal ; 
subtract the integral number consisting of the non-recurring figures 
from the integral number consisting of the non-recurring and 
recurring figures, and divide by a number consisting of as many 
nines as there are recurring figures followed by as many cyphers 
as there are non-recurring figures. | 


469. To insert a, given number of Geometrical means between 
two given terms. 


Let a and c be the two given terms, n the number of terms to 
be inserted. Then the meaning of the problem is that we are to 
find n+2 terms in Geometrical Progression, a being the first term 
and c the last. Let r denote the common ratio; then c —ar"*' 


Ir A 
thus r— (Sy. This finds 7, and the required terms are ar, ar’, 


470. In Art. 464 we have five quantities occurring, namely, 
a, r, l, n, 8; and these are connected by the equations (1) and (2), 
or (2) and (3), there given. We might therefore propose to find 
any two of these five quantities when the other three are given.. 
it will however be found that some of the cases of this problem 
are too difficult to be solved. The following four cases present no 
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difficulty; (1) given a, 7, n; (2) given a, n, l; (3) given r, m l; 
(4) given 7, n, s. 


471. Suppose, however, that a, s, n are given, and therefore 
r and J are to be found. Then 7 would have to be found from 
the equation 

s(r—1)=a(r"- 1); 

we may divide both sides by r—1, and then we shall have an 
equation of the (n— 1) degree in the unknown quantity 7, which 
therefore cannot be solved by any method yet given, if n be 
greater than 3. Similar remarks will hold in the case where /, s, n 
are given, and therefore a and r are to be found. 


472. Four cases of the problem remain, namely, those four in 
which v is one of the quantities to be found. Suppose a, r, Í 
given, and therefore s and 7 are to be found. Here n would have 
to be found from the equation /—a7"^', where the unknown quan- 
tity n occurs as an exponent; nothing has been said hitherto as to 
the solution of such an equation, 


473. To find the sum ofn terms of the following series; 
a, {a+b}r, (a 2b}7*, {a 7 30)7, ...... 
Let s denote the sum; then 
$—a- 1a b)r + {a+ 2b) 7 ...... [a 4 (n — 1)5)777, 


T8 = ar+{at br... + fa + (n — 2)0)27"^* 
+ fa + (n — 1)5) s". 


By subtraction 
s(1-7r)2a4br - b! ...... + br" — {a+ (n—1)}2" 


sat P). fas (n- 1), 
a—{a+(n—1)b}" ör(l-r"') 
therefore eT wes hase Tat A 
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EXAMPLES OF GEOMETRICAL PROGRESSION. 


Sum 1% + 24 + 4$ + ...... to six terms, 


Sum 9-9 er to ten terms. 


Sum to n terms CE Pee 


3- 1-3 
Sum to n terms = +3 *g* de AL 


Sum to infinity $4 1414 NUES 


aig 1 


Sum to infinity 5-5 + að í 900 


es Ll bM 
Sum to infinity 1-5 ue v Md: 


NEM 
9 27 ....». 


INC. "S 
Sum to infinity ; -2 + 57 — — 


Sum to infinity 342454 NS 


EP: 12 36 
Sum to infinity fræ *tggtees 


Sum to infinity 3 +F #3 +7¢+ e 


Sum to infinity 3 + 


2". 
a eee 


Sum to infinity 1+ i+ i$ 
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P XU E! 
. Sum to 5—;, 4 
15. Sum to infinity 3-a4+tg-igte 
Adr NER | 1 
16. Sum to infinity = —5- + Tog meee 
zl AL beaks M 
17. Sum to infinity 5 + pt 5 + = at "T 


18. Sum to n terms r+ 277+ 9r? + 4744 ...... 


2 3 
19. Sum ton terms 123 + gitees 


85 "»""T 

20. Sum to n terms 1+5 +7 * 54 "TU 
5 Jf 
4 "B * 


21. Sum to n terms 1 Le E 


22. Find the sum of any number of terms in c. P. whose first 
and third terms are given. 


23. Ifthe common ratio of a G.P. is — 3, what is the common 
ratio of the series obigen by taking every fourth term of the 
original series ? 


24. The sum of £700 was divided among 4 persons, whose 
shares were in G.P.; and the difference between the greatest and 
least was to the difference between the means as 37 to 12. What 
were their respective shares? 


25. Sum to n terms the series whose m™ term is (— 1)" a“. 
26. If P be the sum of the series 
lv? ru... ad inf., 
and Q be the sum of the series 
l7 xc... ad inf., 
prove that P'(Q — 1} = Qr(P- 1). 


27. Shew that J/(444......) — '666...... 
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28. A person who saved every year half as much again as he 
saved the previous year had in seven years saved £102. 19s. How 
much did he save the first year? 


29. In a c.p. shew that the product of any two terms equi- 
distant from a given term is always the same. 


30. In a a.p. shew that if each term be subtracted from the 
succeeding, the successive differences are also in G.P. 


31. The square of the arithmetical mean of two quantities is 
equal to the arithmetical mean of the arithmetical and geometrical 
means of the squares of the same two quantities. 


32. In a c.r. continued to infinity, shew that each term 
bears a constant ratio to the sum of all that follow it. And find 
a series in which each term is p times the sum of all the terms 
that follow it. 


33. If S, represent the sum of n terms of a given G.P., find 
the sum of S,4 S, S, ...... t$. 


34. If n geometrical means be found between two quantities 
a and c, their product will be (ac. 


35. Let s denote the sum of n terms of the series a, ar, 


ar’, ...; let s$' denote the sum of n terms of the series a, ar“', 


ar~*, ...; and let Z denote the last term of the first series; then 
will as — is. 


36. Ifa, b, c, d be in G.P., 
(a? + 0? + c?) (09 + è + d?) — (ab + be + cd. 
37. If a, b, c, d be in ap, 
(a — dy 5 (b— c) + (e - ay + (d — bY. 
38. The sum of the first three terms of a &.». = 21, and the 
sum of the first four terms — 45; find the series. 
39. Sum to n terms 1*4 9* - 5* +T? « ...... 


40. Sum to n terms 5+ 55 +555 + seps 
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41. Prove that the two quantities between which Á is the 
arithmetical and G the geometrical mean, are given by the formula 


A «(4 4 €) (4 - 6). 
42. "There are four numbers, the first three of which are in 


a. P., and the last three in A.P.; the sum of the first and last is 14, 
and that of the second and third 12; find the numbers. 


43. Three numbers whose sum is 15 are in A.P.; if 1, 4, 
and 19 be added to them respectively they are in c.r. Determine 
the numbers. 


44. Ifa, b, c be in A.P. shew that 
Sabe -a bo) +0 (esa) e (a+b); 


if they be in G.P, shew that 
stew Ae du. 1 
ab’? (2 +h +) ae 
45. Find the sum of the infinite series 
a+ar+(a+ab)r+(a+ab+ ab?) ? ^ ... 


r and br being each less than unity. 


XXXII. HARMONICAL PROGRESSION. 


474. Three quantities A, B, C, are said to be in Harmonical 
Progression when A : € :: A-B : B-C. 

Any number of quantities are said to be in Harmonical 
Progression when every three consecutive quantities are in Har- 
monical Progression. 


475. The reciprocals of quantities in Harmonical Progression 
are in Arithmetical Progression. 
Let A, B, C be in Harmonical Progression ; then 
A:C::4-B:B-C, 
therefore A (B — 0)- € (A — P). 
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Divide by ABC, thus 


1 
B 
This proves the proposition. 

476. There is no formula for the sum of any number of 
quantities in Harmonical Progression; the property established in 
the preceding article will however enable us to solve some ques- 
tions relating to Harmonical Progression. 


477. To insert a given number of harmonical means between 
two given terms. ` 

Let a and c be the two given terms, n the number of terms to 
be inserted. Then the meaning of the problem is that we are to 
find n + 2 terms in Harmonical Progression, a being the first term 
and c the last. Hence the problem is reducible to the following; 


to insert n arithmetical means between 2 and d Let b denote 


the common difference; then 


v 
sagt 0*5 


therefore 5 = idis . 
The Arithmetical Progression is 
Jd AS Í sk wife —~+nb, =, 
that is, 
1 e(ntl)ta-e e(ntl)#2(a-c) 
a’ -ac(n+1) * ac (n + 1) HAR S 
e(ntl)tn(a-c) 1 
ac(n-l)  ' ce 
Therefore the Harmonical Progression is 
: ac (n. +1) ac (n 4- 1) 
> ¢e(n+1)+a-c’ e(n+1)+2(a@—-c)’? "777 
ac (n +1) 


c (n. - 1) - n (a —c)* 
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478. Let a and c be any two quantities; let A be their 
arithmetical mean, G ned geometrical mean, H their harmonical 
mean. Then 

4—a-c—4; therefore A =4} (a +e). 

a:G@::G@:c; therefore G=,/(ac). 
2ac 
a+c’ 

It follows that G^ = AH; therefore 4: G :: G : H. Thus G 
lies in magnitude between Á and H; and Á is greater than Z7, for 


a:c::a4—H:H-—c; therefore H = 


4-H-V0*9- 25 fy 


that is, 4 — H is a positive quantity. 


479. We may observe that the three quantities a, b, c, are in 
Arithmetical, — or Harmonical Progression, according 


as s$ s, Or = 2 or =", respectively. For in the first case 
—b ‘DBs 
i =1, therefore b= 4 (a +c); in the second case 


b (a —5) = a (b — e); 


therefore D? — ac; the third case is obvious by definition. 


EXAMPLES OF HARMONICAL PROGRESSION. 


l. Continue the series 947 #5 for two terms. 


2. Insert 18 harmonical means between 1 and HS Á 


3. Find the n™ term of an H.P., of which a, b, are respectively 
the first and second terms. 


4. Find the (p+q)™ term of an H.P., of which P is the pt 
term, and Q the q™ term. 


5. From each of three given quantities, what quantity must 
be subtracted that the three results may be in n. r.? 
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6. The first of a series of n quantities in H.P. is unity, and 
the sum of the products of every (» — 1) terms is to the product of 
all the terms as 27 is to 1; find the progression. 


7. Shew that b? is greater than, equal to, or less than ac, 
according as a, b, c, are in A.P., G.P., or H.P. 


8. The arithmetical mean of two numbers is 3, and the har- 
monical mean $; find the numbers. 


9. The geometrical mean of two numbers is also the geome- 
irical mean between the arithmetical mean of the two numbers 
aud their harmonical mean. The arithmetical mean minus the 
harmonical mean is equal to the square of the difference of two 
numbers divided by twice their sum. 


10. Ifzis the harmonical mean between a and b, 


1 1 Yd 
E = 


A x — + y. 
z-a@ 2-6 a b 


ll. There are three numbers in H.P., such that the greatest 
is the product of the other two, and if one be added to each the 
greatest becomes the sum of the other two. Find the numbers. 


12. 'The sum of two contiguous terms in H.P. is , and 


104 


their product is H . Find the series. 


13. If between two numbers there be inserted two arith- 
metical means A, and Á,, and two harmonical means /7,, H,; 
and between A, and Á, there be inserted an harmonical mean, and 
between M, and M, an arithmetical mean; then the geometrical 
mean between these is equal to the geometrical mean between the 
original quantities, 


14. The arithmetical mean of two quantities z and y is Á; 
the geometrical mean is @; the harmonical mean is H, If 
A —G -a and A-H=b, find x and y. 
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15. If a,b,c bein A.P.; o, B, y in H.P.; aa, OB, cy in GP; 
then will 


17. Ifa, b, c are in u.P., shew that 


a b c 
c+a’ a+b 


are also in H.P. 


18. If n arithmetical and the same number of harmonical 
means be inserted between two quantities æ and b, and a series of 
n terms be found by dividing each arithmetical by the correspond- 
ing harmonical mean, the sum of the series 


2 n+2 (a—by 
snjit 6ab \. 


19. Any whole number of the form 3a*— 6°, where a is 
greater than b, may be divided into three others in H.P., of which 
the sum of the squares shall be 3a* + b*. 


XXXIIL MATHEMATICAL INDUCTION. 


480. We shall in the subsequent parts of this book have 
occasion to use a method of proof which is called mathematical 
induction or demonstrative induction, and we shall now exemplify 
the method. 


481. Suppose the following assertion made: the sum of = 
terms of the series 1, 3, 5, 7, ...... is «7. . This assertion we can 
see to be true in some cases; for example, the sum of two terms is 
1-43 or 4, that is, 2'; the sum of three terms is 14-3 4- 5 or 9, 
that is, 3°; we wish however to prove the theorem universally. 
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Suppose the theorem were known to be true for a certain 
value of n; that is, suppose for this value of n that 


149954124 +(2n-1)=n'; 


add 2n +1 to both sides; then 
14-3454...... + (2n — 1) + (2n - 1) =n? + 2n 1 (n 1). 


Thus, if the sum of n terms of the series =n", the sum of 
n+l terms will —(»--1). In other words, if the theorem is 
true when we take a certain number of terms, whatever that 
number may be, it is true when we increase that number by one. 
But we see by trial that the theorem is true when 3 terms are 
taken, it is therefore true when 4 terms are taken, it is therefore 
true when 5 terms are taken, and so on. Hence the theorem 
must be universally true. 


489. We will now take another example; we propose to 
establish the truth of the following formula: 


¢ (n 1) (2n +1) 
pq vere 
We can easily ascertain by trial that this formula holds in 
simple cases, for example, when „= 1, or 2, or 3; we wish, how- 
ever, to establish it universally. 


1*4 2*4. 9539 sooo +n 


Suppose the theorem were known to be true for a certain 
value of n; add (»--1l) to both sides; then 


_n(n+1)(2n +1) 
Í 6 


1*4 2*  9* e ...... tn (n #1} t (n #1). 


But Mee * (n 1y-(n-1) {aes +n+ 1} 


at fonts Tn + 6] 


n+l m (m + 1) (2m + 1) 
6 


= -g (n+ 2)(2n+3)= , where m=n +1. 
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Thus we obtain the same formula for the sum of n+ 1 terms 
of the series 1*, 2*, 3°...... as was supposed to hold for n- terms. 
In other words, if the formula holds when we take a certain 
number of terms, whatever that number may be, it holds when we 
increase that number by one. But the formula does hold when 
3 terms are taken, therefore it holds when 4 terms are taken, 
therefore it holds when 5 terms are taken, and so on. Hence the 
formula must hold universally. 


483. The two theorems which we have proved by the method 
of induction may be established otherwise. The first theorem is 
an example of an Arithmetical Progression, and the second has 
been investigated in Art. 460. There are many other theorems 
which are capable of easy proof by the method of induction; for 
example, that in Art. 461, 


The theorems asserted in Art. 69, respecting the divisibility of 

a” + a" by «+a may be proved by induction. For 

ne aetna) 

v-a v—a 
hence æ"— a" is divisible by æ—a when z"'- a"! is so; now by 
trial we see that x—a is divisible by æ—a, therefore æ— a? is 
divisible by æ— a, therefore again a?— a? is divisible by æ— a, and 
so on; hence z"— a" is always divisible by z—« when 7 is a 
positive integer. Similarly the other cases may be established. 
As another example the student may consider the theorems in 


Art. 225. 


484, The method of mathematical induction may be thus 
described. We prove that if a theorem is true in one case, what- 
ever that case may be, it is true in another case which we may 
call the next case; we prove by trial that the theorem ís true in a 
certain case; hence it is true in the next case, and hence in the 
next to that, and so on; hence it must be true in every case after 
that with which we began. 


485. It is possible that this method of proof may be less 
satisfactory to the student than a more direct proceeding; it. may 


www.rcin.org.pl 


MISCELLANEOUS EXAMPLES. CHAPTER XXXIII. 273 


appear to him that he is rather compelled to believe propositions 
so proved than shewn why they hold. But as in some cases this 
is the only method of proof which can be used, the student must 
accustom himself to it, and should not pass over it when it occurs 
until he is satisfied of its validity. 


486. We may remark that the student of natural philosophy 
will find the word induction used in a different sense in that sub- 
ject; the word is there applied to the assumption or conjecture 
that some law holds generally which is found to be true in certain 
cases that have been examined. There, however, we cannot be 
sure that the law holds for any cases except those which we have 
examined, and can never arrive at the conclusion that it is a 
necessary truth, In fact, induction, as used in natural philosophy, 
is never absolutely demonstrative, often far from it; whereas the 
method of mathematical induction is as rigid as any other process 
in mathematics. 


MISCELLANEOUS EXAMPLES. 


1. Transform 221:342 from the scale with radix ten to the 
scale with radix five. 


2. If the radix of a scale be 4m +2 the square of any num- 
ber whose last digit is 2m+1 or 2m 2 will terminate with that 
digit. 

3. A digit is written down once, twice, thrice, ...... up to n 
times respectively, so as to form n numbers consisting of one, two, 
three, ...... n, places of figures respectively. If a be the first and 
b the last of the numbers, and r the radix of the scale, the sum of 

rb — na 


the numbers is à 
r—1 


4. If m, n be any two numbers, g their geometric mean, 
a,, h, the arithmetic and harmonie means between m and g, and 
a,, h, the arithmetic and harmonic means between g and m, 
prove that a,4,— g*—- af. 

5. If between b and a there be inserted n arithmetical means, 
and between a and b there be inserted n harmonic means, the sum 


T i, 18 
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of the series composed of the products of the corresponding terms 
of the two series is (n+ 2) ab. 


6. If » harmonie means are inserted between the two posi- 
tive quantities a and b, shew that the difference between the first 
and the last bears to the difference between a and 6 a less ratio 
than that of & —1 to n+1. 


7. A sets out from a certain place and travels one mile the 
first day, two miles the second day, three the third, four the fourth, 
and so on. B sets out five days after Á and travels the same road 
at the rate of 12 miles a day. How far will Á travel before he is 
overtaken by B? 


8. From 256 gallons of wine a certain number are drawn and 
replaced with water; this is done a second, a third, and a fourth 
time, and 81 gallons of wine are then left. How much was drawn 
out each time! 


9. Á and B have made a bet, the amount of the stakes being 
£90, and the sum staked by each being inversely proportional to 
all the money he has. If Á wins he will then have five times 
what B has left; if B wins he will then have double what Á has 
left. What sum of money had each? 


10. If (a4 b--c)(a - b - d) — (c - d - a) (c - d +b) or if ab — ed, 
prove that each of these quantities is equal to 


(a-c) (a — d) (b — c) (b — 4) 
(a - b —e—dy J 


ll. If the roots of az! 2bx + c = 0 be possible and different, 
those of (a + c) (ax? + 2bæ + c) = 2 (ac — b°) (a^ +1) will be impossi- 
ble; and vice versá. 


12. If a+b+ce=0, zy -z ww — 0, then the two equations 


J (ax) + AJ (by) + JJ (ez) = 0, „(bæ) — (ag) + J (ew) = 0, are deducible 


the one from the other. 
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XXXIV. PERMUTATIONS AND COMBINATIONS. 


487. The different orders in which any things can be ar- 
ranged are called their permutations. 


Thus the permutations of the letters a, b, c, taken two at a 
time are ab, ba, ac, ca, be, cb. 


488. The combinations of things are the different collections 
that can be formed out of them, without regarding the order in 
which the things are placed. 


Thus the combinations of the letters a, b, c, taken two at a 
time are ab, ac, be; ab and ba though different permutations 
forming the same combination. 


489. We may observe that a difference of language occurs in 
books on this subject; what we have called permutations are called 
variations or arrangements by some writers, and they restrict the 
word permutations to the case in which all the things are used 
at once; thus they speak of the variations or arrangements of four 
letters taken two at a time, or three at a time, but of the permuta- 
tions of them taken all together. 


490. To find the number of permutations of n things taken r 
at a time. 

Suppose there to be n letters a, b, c, d, ...... ; we shall first 
find the number of permutations of them taken two at a time. 
Put a before each of the other letters; we thus obtain n—1 
permutations in which a stands first. Next put b before each of 
the other letters; we thus obtain #— 1 permutations in which 
b stands first. Similarly there are n —1 permutations in which 
c stands first; and so on. Thus, on the whole, there are n (n — 1) 
permutations of n things taken two at a time. 


18—2 
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We shall now find the number of permutations of the n letters 
taken three at a time. 


It has just been shewn that out of » letters we can form 
n (n — 1) permutations each of two letters; hence out of the n — 1 
letters b, e, d, ...... we can form (»—1)(»-— 2) permutations 
each of two letters; put « before each of these and we have 
(n —1) (n — 2) permutations each of three letters in which 
a stands first. Similarly there are (n — 1) (n — 2) permutations 
each of three letters in which b stands first. Similarly there are 
as many in which c stands first; and so on. On the whole there 
are m(n—1) (n— 2) permutations of n letters each of three 
letters. 


From these cases it might be conjectwred that the number of 
permutations of n letters taken 7 at a time is 
n (n — 1) (n — 2) ...... (n —r 4 1), 


and we shall prove that this is the case. For suppose it true that 
the number of permutations of n letters taken r — 1 at a time is 


n (n — 1) ...... {n — (r — 1) + 1j, 
we shall shew that a similar formula will give the number of per- 
mutations of the letters taken r at a time. For out of the & —1 
letters 5, c, d, ...... we can form 
(n — 1) (n — 2) ...... {n-—1-—(r—1)+]} 


permutations each of r—1 letters; put a before each of these, 
and we obtain as many permutations each of r letters in which a 
stands first. Similarly we have as many in which b stands first, as 
many in which c stands first, and so on. On the whole there are 


n (n — 1) (n — 2) ...... (n —r + 1) 
permutations of n letters each of r letters. 


If then the formula holds when the letters are taken r—1 at 
a time, it will hold when they are taken r at a time; but it has 
been proved to hold when they are taken three at a time, therefore 
it holds when they are taken four at a time, therefore it holds 
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when they are taken five at a time, and so on; thus it holds 
universally. 


491. Hence the number of permutations of » things taken 
all together is n (n — 1) (n — 2) ...... 1. 


492. For the sake of brevity n (n — 1) (n — 2) ...... l is often 
denoted by |»; thus |n denotes the product of the natural num- 
bers from 1 to n inclusive. The symbol |» may be read, fac- 
torial n. 


493. Any combination of r things will produce |r permuta- 
tions. For, by Article 491, the r things which form the given 
combination can be arranged in |r different ways. 


494. To find the number of combinations of n things taken 
r at « time. 


The number of combinations of n things taken r at a time is 
n (n — 1) (n — 2) ...... (n —r 4-1) 

For the number of permutations of n things taken r at a 
time is n (n — 1) (n — 2) ...... (n —T--1) by Art. 490; and each 
combination produces |r permutations, by Art. 493; hence the 
number of combinations must be 

9 (n — 1) (n — 2) ...... (n — v 1) 


If we multiply both numerator and denominator of this ex- 
i f In 
pression by |» — 7 it becomes rin? . 
495. The mumber of combinations of n things taken r at a 


time is the same as the number of them taken n —r at a time. 


The number of combinations of n things taken n—r at a 
time is 
n (n — 1) (n — 2) ...... {n= (n — 7) #1} 
EN i idi Dres odi i admo de M 


n= 
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n (n — 1) (n — 2) ...... (r-1) 


that is, tuis 


Multiply both numerator and denominator by |r and we ob- 


tain Fat Ta , Which, by Art. 494, is the number of combinations 


of n things taken r at a time. 


496. The proposition which we have proved in the preceding 
article will be evident too if we observe that for every combina- 
tion of r things which we take out of n things, we leave one com- 
bination of m—r things Hence every combination of r things 
corresponds to a combination of n—r things which contains the 
remaining things. Such combinations are called complementary. 


497. To find for what value of r the number of the combina- 
tions of n things taken r at a time is greatest. 


Let (n), denote the number of combinations of things taken 
r at a time, 


(n),_, the number of combinations of n things taken r — 1 
at a time, 


n»—r4l 


then (n), = ———— (n), ,- 


€ : #1 : 
The factor ee may be written ==" —1, which shews 
that it decreases as r increases. By giving to 7 in succession the 
values 1, 2, 3, ...... the number of combinations is continually 


increased so long as at: —1 is greater than unity. First sup- 


2m #1 


pose n even and = 2m, then —1 is greater than 1 until 


r— m inclusive, and when r=m +1 it is less than 1. Hence the 
greatest number of combinations is obtained when the things are 


taken m at a time, that is, 3 at a time. 
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Next suppose n odd and — 2m +1, then LEA is 


equal to unity when r=m +1. Hence the greatest number of 
combinations is obtained when they are taken m at a time or 
m --l at a time, the result being the same in these two cases, 
n+l 


zl 1 
at a time, or —— at a 


that is, when they are taken 2 D D 


time. 


498. To find the number of permutations of n things taken all 
together which are not all different. 


Let there be n letters; and suppose p of them to be a, q of 
them to be b, r of them to be c, and the rest to be unlike; the 
number of permutations of them taken all together will be 


. le 


lælalr | 

For suppose V to represent the required number of permu- 
tations. If in any one of the permutations the p letters a were 
changed into p new letters different from any of the rest, then 
without altering the situation of any of the remaining letters, 
we could from the single permutation produce |p different per- 
mutations ; and so if the p letters a were changed into p different 
letters, the whole number of permutations would be Vx|p. Simi- 
larly, if the g letters 6 were also changed into g new letters 
different from any of the rest, the whole number of permutations 
we could now obtain would be N x [p x lg ; and if the r letters c 
were also changed, the whole number would be Nx |p x |g |r. 
But this number must be equal to the number of permutations of 
n dissimilar things taken all together, that is, to | n. 


Thus Nxlpx|gx|r=|n; 
therefore N= PON 
lælg|r 


And similarly any other case may be treated. 
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499. If there be n things not all different, and we require 
the number of permutations or of combinations of them taken r at 
a time, the operation will be more complex: we will exemplify 
the method in the following case. 


There are n things of which p are alike and the rest unlike; 
required the number of combinations of them taken r at a time. 


We shall suppose 7 less than n—p, and put n—p=q. Con- 
sider first the number of combinations that can be formed without 
using any of the p like things; this is the number of combinations 


of q things taken r at a time, that is, NN . Next take one of 
Irig-r 

the p things and r—1 of the q things; the number of ways in 

which combinations can thus be formed is the same as the num- 

ber of combinations of g things taken r —1 at a time, that is, 

E 


jr-I]g-r*1 Next take two of the p things and combine 
»— qf 


them with r — 2 of the q things; this can be done in LEM 
|r-2(g-7*2 


ways. Proceed thus, and add the number of combinations so 
obtained together, which will give the whole number of combi- 
nations. 

If however is not less than q we should consider first the 
case in which r—g things are taken from the p like things, and 
q things are taken from the q unlike things; this can be done in 
only one way. Next take r—g + 1 things from the p things, and 
q—1 from the q things; this can be done in g ways. And so on. 


If the number of permutations be required, we have only to 
observe that each combination of r things in which s are alike and 


the rest unlike, will produce k permutations (Art. 498), and 


thus the whole number of permutations may be found. 


500. By the following method the formula for the number of 
combinations of » things taken 7 at a time may be found without 
assuming the formula for the number of permutations. 
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Let (n), denote the number of combinations of n things taken 
rata time. Suppose n letters a, b, c, d, ...... ; among the com- 
binations of these at a time, the number of those which contain 
the letter a is obviously equal to the number of combinations of 
the remaining n — l letters r — l at a time, that is, to (n — 1), ,. 
The number of combinations which contain the letter b is also 
(n — 1), ,, and so for each of the letters. But if we form, first all 
the combinations which contain a, then all the combinations 
which contain b, and so on, each particular combination will ap- 
pear r times; for if r = 3, for example, the combination abc would 
occur among those containing a, among those containing b, and 
among those containing c. Hence 


(n), 7 (n- 1), 


In this formula change n and r first into n—1 and r-1 
respectively, then into n— 2 and r— 2 respectively, and so on; 
thus 


(n- 1], 5525 wa, 
(n— 2). x 1 (n em 9), - as 


Ben. 


Multiply, and cancel like terms, and we obtain 
nin 1 ...... (n —r-- 2) (n—r 1) 
B ? 


for (n=r +1) =n-r+1. 


501. To find the whole number of permutations of n things 
when each may occur once, twice, thrice, ...... up to r times. 


Let there be n letters a, b, c, ...... First take them one at a 
time; this gives the number ». Next take them two at a time; 
here a may stand before a, or before any one of the remaining 
letters; similarly b may stand before b, or before any one of 
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the remaining letters; and so on; thus there are » different per- 
mutations of the letters taken two at a time. Similarly by put- 
ting successively a, b, c, ...... before each of the permutations of 
the letters taken two at a time, we obtain n° permutations of the 
letters taken three at a time. Thus the whole number of permu- 
tations when the letters are taken 7 at a time will be w. 


502. Since the number of combinations of n things taken r at 
a time must be some integer, the expression 


n (n — 1) ...... (n —r 41) 


must be an integer. Hence we see that the product of any 
r successive integers must be divisible by |r. We shall give a 


more direct proof of this proposition in the chapter on the theory 
of numbers. 


EXAMPLES OF PERMUTATIONS AND COMBINATIONS. 


1. How many different permutations may be made of the 
letters in the word Caraccas taken all together ? 


2. How many of the letters in the word Heliopolis ? 

3. How many of the letters in the word Ecclesiastical ? 
4. How many of the letters in the word Mississippi ? 
5 


. If the number of permutations of n things taken 4 toge- 
ther is equal to twelve times the number of permutations of 
n things taken 2 together; find n. 


6. In how many ways can 2 sixes, 3 fives, and 5 twos be 
thrown with 10 dice ? 


7. If there are twenty pears at three a penny, how many 
different selections can be made in buying six-pennyworth? In 
how many of these will a particular pear occur ? 
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8. From a company of soldiers mustering 96, a picket of 10 is 
to be selected ; determine in how many ways it can be done, 
(1) so as always to include a particular man, (2) so as always 
to exclude the same man. 


9. How many parties of 12 men each can be formed from 
a company of 60 men ? 


10. If the number of combinations of n things r—7' toge- 
ther be equal to the number of combinations of n things r7 
together, find n. 


11. In how many ways can a party of six take their places 
at a round table? 


12. In how many different ways may persons form a ring ? 


13. How many different numbers can be formed with the 
digits 1, 2, 3, 4, 5, 6, 7, 8, 9; each of these digits occurring once 
and only once in each number? How many with the digits 1, 2, 3, 
4, 5, 6, 7, 8, 9, 0, on the same supposition ? 


14. Out of 12 conservatives and 16 reformers how many 
different committees could be formed each consisting of 4 re- 
formers and 3 conservatives ? 


15. If there be x things to be given to n persons, shew that 
n* will represent the whole number of different ways in which 
they may be given. 


16. Suppose the number of combinations of n things taken r 
together to be equal to the number taken r+1 together, and 
that each of these equal numbers is to the number of com- 
binations of n things taken r —1 together as 5 to 4, find the 
value of m. 


17. Given m things of one kind, and n things of a second 
kind, find the number of permutations that can be formed con- 
taining 7 of the first and s of the second. 


18. How many different rectangular parallelopipeds are 
there satisfying the condition that each edge of each parallelo- 
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piped shall be equal to some one of n given lines all of different 
lengths ? 

19. The ratio of the number of combinations of 4» things 
taken 2» together, to that of 2» things taken n together is 

[OT ——À (4n — 1) 
IL. e, (2n - 1) ' 

20. Out of 17 consonants and 5 vowels, how many words 

can be formed, each containing two consonants and one vowel ? 


21. Out of 10 consonants and 4 vowels, how many words can 
be formed each containing 3 consonants and 2 vowels ? 


22. Find the number of words which can be formed out of 
7 letters taken all together, each word being such that 3 given 
letters are never separated. 


23. With 10 flags representing the 10 numerals how many 
signals can be made, each representing a number and consisting of 
not more than 4 flags? 


24. How many words of two consonants and one vowel can 
be formed from 6 consonants and 3 vowels, the vowel being the 
middle letter of each word ? 


25. How many words of 6 letters may be formed with 3 vowels 
and 3 consonants, the vowels always having the even places ? 


26. A boat's crew consists of 8 men, 3 of whom can only row 
on one side and 2 only on the other. Find the number of ways 
in which the crew can be arranged. 


27. A telegraph has m arms, and each arm is capable of n 
distinct positions; find the total number of signals which can be 
made with the telegraph, supposing that all the arms are to be 
used to form a signal. 

28. A pack of cards consists of 52 cards marked differently 
in how many different ways can the cards be arranged in four sets, 
each set containing 13 cards ? 


29. How many triangles can be formed by joining the angular 
points of a decagon, that is, each triangle having three of the 
angular points of the decagon for its angular points ? 
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30. There are » points in a plane, no three of which are in 
the same straight line with the exception of p, which are all in 
the same straight line; find the number of lines which result 
from joining them. 


31. Find the number of triangles which can be formed by 
joining the points in the preceding question. 


32. There are n points in spaces of which p are in one plane, 
and there is no other plane which contains more than three of 
them; how many planes are there, each of which contains three 
of the points ? 


33. If n points in a plane be joined in all possible ways by 
indefinite straight lines, and if no two of the straight lines be 
coincident or parallel, and no three pass through the same point 
(with the exception of the n original points), then the number of 
points of intersection exclusive of the n points will be 


n(n — 1) (n — 2) (n — 3) 
at aes Y 


34. There are fifteen boat-clubs; two of the clubs have each 
three boats on the river, five others have two, and the remaining 
eight have one; find an expression for the number of ways in 
which a list can be formed of the order of the 24 boats, observing 
that the second boat of a club cannot be above the first. 


35. A shelf contains 20 books, of which 4 are single volumes, 
and the others form sets of 8, 5, and 3 volumes respectively; find 
in how many ways the books may be arranged on the shelf, the 
volumes of each set being in their due order, 


36. Find the number of the permutations which can be 
formed with the letters composing the word examination taken 
4 at a time. 


37. There are n—1 sets containing 2a, ða, ...... na things 
respectively; shew that the number of combinations which can 
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be formed by taking a out of the first, 2a out of the second, and 
so on for each combination, is 
n^ 
(lei 
38. Find the sum of all the numbers which can be formed 
with all the digits 1, 2, 3, 4, 5, in the scale of 10. 


39. The sum of all numbers that are expressed by the same 
digits is divisible by the sum of the digits. 


XXXV. BINOMIAL THEOREM. POSITIVE INTEGRAL 
EXPONENT. 


503. We have already seen that (Œ +a) = «*-- 2xa + a°, and 
that (w+a)=2' + 3a°a+ 3xa +a; the object of the present 
chapter is to find an expression equal to (æt a)" where n is any 
positive integer. 


504. By ordinary multiplication we obtain 
(a +a) (& + a) =% + (a, ta)æta,a,, 
(x +a) (a+ a,) (a +a) 22? + (a, +a, +a)? 
+ (a a, +a l, + a.u.) &+4,4,0,, 
(ac +a) («+ a.) (a +a,) (e - a) =a*+ (a, - a, a, - a.) a? 
+ (aa, + 4,4, + a.a, 4- 4,4, + 4,0, a,a,) að 
+ (4,4,0, + à, á, m, + 40,0, + W,0,0,) © + d, 6, 4, 4. 


Now in these results we see that the following laws hold. 


I. The number of terms on the right-hand side is one more 
than the number of the binomial factors which are multiplied 
together. 


II. The exponent of æ in the first term is the same as the 
number of binomial factors, and in the succeeding terms each 
exponent is less than that of the preceding term by unity. 


www.rcin.org.pl 


BINOMIAL THEOREM. POSITIVE INTEGRAL EXPONENT. 287 


III. The coefficient of the first term is unity; the coefficient 
of the second term is the sum of the second terms of the binomial 
factors; the coefficient of the third term is the sum of the pro- 
ducts of the second terms of the binomial factors taken two at 
a time; the coefficient of the fourth term is the sum of the pro- 
ducts of the second terms of the binomial factors taken three at a 
time; and so on; the last term is the product of all the second 
terms of the binomial factors. 


We shall now prove that these laws always hold whatever 
be the number of binomial factors. Suppose the laws to hold 
when z — 1 factors are multiplied together; that is, suppose 
(x a)(x-a)...(z-a, )-22 tp - px pm puo 
where p, =the sum of the terms @,, @,, ...... a 

p,=the sum of the products of these terms taken two at 
a time, 

p,=the sum of the products of these terms taken three 
at a time, 


SR. 


P,-,= the product of all these terms. 


Multiply both sides of this identity by another factor «+ a, ; 
thus 


(x +a) (2+ a) ...... (x +a) =x" + (p, +a) 2+ (p,+p,a,) 27? 


+ (p, p,2,) c"? +... t p, tp 
Now p,--a, =a, t à, ...... +@,_,+4@, 
= the sum of all the terms a,, a,, ...... a, 
P+ pa, — p, * a, (a, a, + ...... #4, 
=the sum of the products taken two at a time of 
all the terms a,, @,, ...... d 


D, + Poh, — p, * &, (a,a, + a a, + a.a, + "x 
=the sum of the products taken three at a time 
of all the terms a,, @,, ...... d. 


eee ee eee eee ee eee osstritinttt mn 


D, ., 4, = the product of all the terms. 
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Hence if the laws hold when 4—1 factors are multiplied 
together, they hold when n factors are multiplied together; but 
they have been proved to hold when 4 factors are multiplied 
. together, therefore they hold when 5 factors are multiplied toge- 
ther, and so on; thus they hold universally. 

We shall write the result for the multiplication of factors 
thus for abbreviation, 


(a + a,) (@+a,) ...... (a+a,)=a" tg - gm... +4. 


The number of terms in g, is obviously x; the number of 


terms in q, is the same as the number of combinations of the 
n (n—1). 


n things a,, q,, ...... &,, taken two at a time, that is, Am s pL 
and so on. Now suppose @,, @,, ...... a, each —«; thus g, be- 
comes na, and q, becomes — jab -D a’, and so on; and we obtain 
(a +a)" =o" r+ nact e 1) aue *.. n (n — 1) (n — 2) a? a^ * a, 
1.2.3 
48 (a1) arnar a". 


"t n Me x 


This formula is called the Binomial Theorem; the series on 
the right-hand side is called the expansion of (x+ a)", and when 
we put this series in the place of (x -- a)" we are said to expand 
(r--ay. The theorem was discovered by Newton. 


505. For example, take (Œ +a)“; here n=5, 


n(n-l) 5.4 10 n (n — 1) (n — 2) 5.4. 
6 Ne OS wa, a PS ee ae 


n(n— ab )(n-2)(n-3) 5.4.3.2 
1.2.3.4 st. 


thus (æ+a) =x + 5ata+ 102?a* + 10ra’ + Saat + a’. 


3 
1.3.3719 


zb; 


Again, suppose we require the expansion of (c +yz); we 
have only to write c* for x and yz for a in the preceding identity, 
thus 
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(c* + yz) = (0) 5 (P) yx + 10 (e^ (yz)? 10 (°)? (y2) 
+ 5e* (yz)! + (yz) 
= 0 De yz + 10c*y*2? + 10c*y?a* + 5oy'z + y^. 
Similarly, 
(c^ 25^ = (PY + 5 (c*)*2y? + 10 (eð)? (29)? + 10 (FF (2 
#5 yy + (y 
= ce" 1069? + 40c°y* + 80c*y* + 80c*y* + 32y". 


506. In the expansion of (x +a)" suppose 2 —1; thus 


2(n-1) „ n(n-1)(n-9) , 
ga wes PAIE 1s 25 Tee d san 
since this is true whatever a may be, we may write æ for a; thus 
n (n — 1) n (n — 1) (n — 2) 
" We WEST o. ZUM 


1 +9)" = 14+ ne + La ELE aL | +a. 
I I 


(1-a)'—1-4 na 


507. The coefficient of the second term in the expansion of 
n(n—1l). 

1,9 ^ 
generally the coefficient of the (r 1)“ term, being the number of 
combinations of n things taken r at a time is, by Art. 494, 
equal to "aco ac. by multiplying both 


[x 


(lt æ)" is n, the coefficient of the third term and 


numerator and denominator by |n — r this becomes 
ln 
MINE 

508. The coefficient of the r® term from the beginning is equal 
to the coefficient of the v^ term from the end. 

The coeflicient of the 7*^ term from the beginning is 

n (n —1) (n —2) ......(n—r-- 2) 
|r -1 1 
which becomes by multiplying both numerator and denomi- 
nator by [n r4] 
| | 


~ [palmar tT" 
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The 7** term from the end is the (n — r + 2)" from the begin- 
ning, and its coefficient is 
n (n — 1) ...... In — (n — ak) ha.) o n (n — 1) ...... r 
[»- 7r X1 FFI 


T ln 
|r-ljn-rtl 


509. It appears from the preceding article that the coeffici- 


" i In 
ent of the 7^ term may be written thus, jr—l[n—rel . If we 


apply this to the last term for which r= +1, this expression 
takes the form -=— D The symbol |0 has had no meaning hitherto 


laL’ 


assigned to it; if we agree to consider it equivalent to 1, then 
the general Vestam ved will hold true for the /ast term. 


510. To find the greatest coefficient in the expansion of 
(1^ ay. 


This has been investigated in the chapter on Permutations and 
Combinations (Art. 497); it is there shewn that when x is even, 


the greatest coefficient is found by putting 5 for r in the expression 


ECET | Le " when z is odd the greatest coefficient is found by put- 


ting ic z : or zie. for r in the expression, the result being the 


same in the two cases. 


511. To find the greatest term in the expansion of (x +a)". 
The + term of the expansion is 
n (n — 1) ...... (n — 7 + 2) 


r—1 


the (r+1)" term may be obtained by multiplying the 7“ by 


-r$l _r—1, 
add wer 
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VER dst ae iy D 1) 7. This multiplier dimi- 
r x 7 T 


nishes as 7 increases, and 


n+l a. 
( a - 1) £ is greater than 1 


only so long as 


n+l À æ 
A is greater than 2 


that is, only so long as 
n+l 


: æ 
TET greater than "ML 


that is, only so long as 


r is less than Zu 
x 
—+1 
a 
n+l ^ , ES 
If - be an integer, then, denoting this integer by p, the 
-+1 
a 
p" term of the expansion is equal to the (p+1)® term, and 
1 
these terms are greater than any other term; but if — 
p +1 
be not an integer, then the greatest term is the (g +1)", where g is 
the integral part of = bl: 
= +1 


512. In the theorem for expanding (x +a)", as a may have 
any value, we may suppose it negative if we please; thus put — c 
for a and we have 


n n-1 n (n — 1) $452 
(2 -= e) = 2" — nex sii o Ue 
+n (—6)" æ+ (- c)". 
19—2 
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We may observe that the expansion of a binomial can always 
be reduced to the case in which one of the two quantities is 
unity. For 


(+a) =a (1 PELETE if y=". 


We may then expand (1 + y)" and multiply each term by z", and 
thus obtain the expansion of (x + a)". 


513. To find the sum of the coefficients of the terms in the 
expansion of (l-4a)". 


The theorem 
(Leal nes OTD ta NES. Tux" + 3" 
is true for all values of æ; put æ=1; thus 
T n(n — 1) 
2=lin+ L2 te +n+1 


That is, the sum of the coefficients = 2”. 


"514. The sum of the coefficients of the odd terms in the expan- 
sion of (1 æ)" is equal to the sum of the coefficients of the even 
terms. 

Put z——1 in the expansion of (1-- æ)"; thus 
n(n-l) n(n-l1)(»- 2) 
A pS 1.2.3 


` = gum of the odd coefficients — sum of the even coefficients. 


0=1 =n + —— 


Since then the sums are equal, by the rie article each 
must = li that is, 2""'. 


515. The result in Art. 513 gives a theorem relating to 
Combinations. For suppose there are n things; then we can 
take them singly in n ways, we can take them two at a time 


ie 1) 


ways, we can take them three at a time in 
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n (n — 1) (n — 2) 
1.2.3 
number of ways of taking n things is 2'— 1. This theorem was 
obtained by the early writers on Algebra before the Binomial 
Theorem was known; the proof is a simple example of mathe- 
matical induction which is deserving of notice. We have to 
shew that if unity be added to the total number of ways of 
taking n things, the result is 2". Suppose we have four letters 
a, b, c, d ; form all the possible selections and prefix unity to 

them. Thus we have 


l, 

a, b, c, d, 

ab, ac, ad, be, bd, ed, 
abc, abd, acd, bed, 
abcd. 


Here the total number of symbols is 16, that is, 29* Now 
take an additional letter e; the corresponding set of symbols will 
consist of those already given, and those which can be formed 
from them by affixing e to each of them. The number will there- 
fore be doubled; that is, it will be 2*. The mode of reasoning is 
general, and shews that if the theorem is true for n things, it is 
true for n + 1 things. 


ways, and so on. Hence by Art. 513 the total 


EXAMPLES OF THE BINOMIAL THEOREM. 


Write down the 3™ term of (a + b)'5, 
Write down the 49" term of (a — œ)", 
Write down the 5“ term of (a^ — b°)", 
Write down the 2001* term of (ai + aot, 
Write down all the terms of (5 — 42)*, 
Write down the 5 term of (3a — Ay5y. 
"Write down the 6* term of (2a? — pty», 


4 44MM Dy 
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6 
9. Write down the middle term of (a + æ)". 
10. Write down the two middle terms of (a + 2)’. 
11. Expand {a+ (a? — 1)j^ + (a — J/(a? — 1))* in powers of a. 
12. Write down the coefficient of y in the expansion of 
e 5 
GRP 
13. IfA be the sum of the odd terms and B the sum of the 
even terms in the expansion of (x + a)", prove that 
A- B* z (à? — ^y. 
14. Prove that the difference between the coefficients of 


z''' and « in the expansion of (1+ æ)"*' is equal to the differ- 


ence between the coefficients of æ'*' and a’ in the expansion of 


(14 a)". 
15. Shew that the middle term of (1 + æ)” 
1.3.5 TE —1) PM 
16. Find the binomial expansion of which four consecutive 
terms are 2916, 4860, 4320, 2160. 


17. Prove that the coefficient of æ in the expansion of 


i n 
G + ;) may be represented by ER Ber . 
18. Write down the coefficient of 2" *' in the expansion of 
1 2nt1 
e^ 
19. Find the r^ term from the beginning, the r term from 
the end, and the middle term of ( - 2. 


8. Write down all the terms of (s bow 3 É 


20. If &, 4, 6, 0, ...... represent the terms of the expansion 
of (a zy, shew that 
(t, — t, - t,— ...... y-(Q-tt— ...... P= (a? cy. 
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516. We have seen that when n is a positive integer 
(Lay lens PO D wey bred 


We now proceed to shew that this equation holds when n has 
any value positive or negative, integral or fractional, that is, we 
shall prove the Binomial Theorem for any exponent. We shall 
make some observations on the proof after giving it in the usual 
form. 


517. Suppose m and n are positive integers; then we have 


(Lea eleme, SOR E e ER (1), 
En a ‘en ais (2). 
But (1+ 2)" x (1+a)*=(1+a)"*"; 


hence the product of the series which form the right-hand mem- 
bers of (1) and (2) must =(1+)"*"; that is, 
(m +n) (m 4- » — 1) 
1.2 si 
2 (mn (m 4- n — 1) (m  » — 2) “ad 


1+(m+n) a+ 


it me OD gt MO a Britt } 


tt ne tl ws beast } E (3). 
Equation (3) has been proved on the supposition that m and n 


are positive integers; but the product of the two series which occur 
on the right-hand side of (3) must be of the same form whatever 
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m and n may be; we therefore infer that (3) must be true what- 
ever m and n may be. We shall now use a notation that will 
enable us to express (3) briefly. Let f(m) denote the series 


l+ ma 4 


m(m-1) ,.m(m-1)(m—2) , 

zr Wi pm MS 3 aa 
whatever m may be; then f(n) will denote what the series 
becomes when n is put for m; and f(m +n) will denote what the 
series becomes when m +n is put for m. And when m is any 


positive integer f (m)= (1-- x)"; also f£ (0) 21. Thus (3) may be 


written 
ST (m t n) =f (m) x f (n)...................... (4). 
Similarly, f(m+n+p)=f(m+n)xf(p) 
=f (m) x f(n) xf (p). 


Proceeding in this way we may shew that 


f (m+ n prt.) =f (m) x f(n) x fp) xJ()x ...... (5). 


8 - 
Now let m=n=p=q=...... me where s and r are positive 


integers, and suppose the number of terms to be r; then (5) 


becomes R 
so-{f()} 


therefore | {f (a) = f () « 


But since s is a positive integer (s) = (1 + a)’, and therefore 
E = 
9202; 


4 E " 1) 
T. i, e 8 Yo 2 : 
therefore — (142) =f (=) =14 20+ at kósa 
This proves the Binomial Theorem when the exponent is any 


positive quantity. 


www.rcin.org.pl 


BINOMIAL THEOREM. ANY EXPONENT. 297 


Again, in (4) put—x for m; thus 
J (—2) xf(n)- (9) =1; 
therefore Eo =f(- n) 
But if n be any positive quantity, f (n)=(1 +æ)"; hence 


1 
(ap 70"); 


that s (l+a)"=1+(- wha C9 á nn icm A A TT 


This proves the Binomial Theorem when the exponent is any 
negative quantity. 


518. The proof of the Binomial Theorem for any exponent 
contained in the preceding article was first given by Euler; 
although difficult and not altogether satisfactory, it is a valuable 
exercise for the student. We shall now offer some remarks 
upon it. 

The first point we have to notice is the mode of proving that 
f (m  ») = f (m) x f(n). The student should for an exercise write 
down three or four terms of the series for f(m), and also of the 
series for f(n), and multiply them together; if the product be 
arranged according to powers of a, it will be found that so far as it 
has been completely formed, it will agree with the series for 
f(m-^) But from knowing what f(m) and f(n) represent when 
m and n are positive integers, we infer without the trouble of 
actual multiplication, that the law expressed by 


f(m + n) = f (m) xf (n) 
must hold. The mode of establishing this law in the simple case 
in which m and n are positive integers is a valuable algebraical 
artifice. 
But the way in which we infer that f(m +n) = f(m) x f (n), 
whatever m and n may be, is still more important. The principle 
is merely this; the form of any algebraical product is the same 
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whether the factors represent whole numbers or fractions, positive 
or negative numbers; thus, for example, 
(a+b) (a 4- c) — a? (b - c) a+be 

is true whatever a, b, and c may be. Hence we infer that 
J (m) xf(n) wil have the same „form in all cases, whether m 
and n be positive integers or not. 

The student may also notice the proof of this result which is 
given in the Theory of Equations, Chapter xxiv. 


519. The most difficult point however to be considered is the 
meaning of the sign = in the assertion 


(1-ay-1 nz 4 20D) SRA (1). 
Suppose, for example, that n — — 1, then the above becomes 
P P 
(rt) '=l-ætd-ðs............... (2). 
Now we know that the sum of r terms of the series 
l—w+a°—a'+...... is Sou ; hence when æ is numerically 


less than unity, by taking enough terms of the series, we can 


obtain a result differing as little as we please from 


1 
r2 and thus 
we can in this case understand the assertion in (2. But when 
æ is numerically greater than unity, there is no such numerical 


approximation to the value of ar 


number of terms of the series 1 — #+a?—a*+...... 


obtained by taking a large 


We shall see in the chapter on the Convergency of Series, that 
when æ is numerically less than unity, we can form a definite 
conception of the series on the right of (1) whatever n may be. 
In this case there is no difficulty in the statement 

J (m+n)=f(m) x f (n); 
each of the three series which it involves is arithmetically intelli- 
gible But when æ is numerically greater than unity, we cannot 
give an arithmetical meaning to the series or to the statement; all 
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we ought to say is, that if we form the product of the first r 
terms of f(m) and the first r terms of f (n), the first r terms of the 
result will agree with the first r terms of f(m+n); but this will 
not justify us in writing f (m + n) =f (m) x f (n). 

On the whole then we may conclude that the Binomial Theo- 
rem for the expansion of (1+ a)" gives a result which is arithme- 
tically intelligible and true when z is numerically less than unity ; 
in what sense the result is true when æ is numerically greater 
than unity has not yet been explained in an elementary manner. 
The subject of the expansion of expressions is however properly 
a portion of the Differential Caleulus, to which the student must 
be referred for a fuller consideration of the difficulties. 


520. To find the numerically greatest term in the expansion 
of (1+2)". ` 
We consider æ as positive. 


I. Suppose » a positive integer. The (r+ 1)" term may be 
n—-7r+1 


formed by multiplying the 7'' term by ———— a, that is, by 
(== ae 1) æ; and this multiplier diminishes as 7 increases. Put 
(= na -1) æ=1, therefore p= " se : 


If p be an integer, two terms of the expansion are equal, 
namely, the p^ and the (p--1)", and these are greater than any 
other term. If p be not an integer, suppose q the integral part of 
p, then the (q + 1)" term is the greatest. 


IL Suppose v positive but not integral As before, the 
(r-- 1)" term may be formed by multiplying the r“ by 


(H -1)e 
r 


If then æ be greater than unity, there is no greatest term; for 
the above multiplier can, by increasing 7, be made as near to — æ 
as we please; that is, each term from and after some fixed term 
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can be made as nearly as we please numerically x times the pre- 
ceding term, and thus the terms increase without limit. But if æ 
be less than unity there will be a greatest term; for if p= iow 
then as long as is less than p the multiplier is greater than 
unity, and the terms go on increasing; but when 7 is greater than 
p the multiplier is less than unity, and so long as it continues 
positive it diminishes as r increases; and when the multiplier 
becomes negative it is still numerically less than unity ; so that 
each term after 7 has passed the value p is numerically less than 
the preceding term. Hence, as in the first case, if p be an integer, 
the p™ term is equal to the (p+ 1)'" term, and these are greater 
than any other term; if p be not an integer, suppose q the in- 
tegral part of p, then the (q+ 1)'^ term is the greatest. 


III. Suppose n negative. 


Let m=—n, so that m is positive. The numerical value of the 
(r +1)" term may be obtained by multiplying that of the z'" term 


by ===) x, that is, by ==- 1) @, 


T 


If x be greater than unity we may shew, as in the second case, 
that there is no greatest term. If a be less than unity, put — — 


(“+ 1) æ=1, therefore p= i ba . 
p l-g 

If p be a positive integer, the p™ term is equal to the (p +1)" 
term, and these are greater than any other term. If p be positive 
but not an integer, suppose g the integral part of p, then the 
(q+ 1)" term is the greatest. If p be negative, then m is less than 
unity; in this case each term is less than the preceding, and the 
first term, that is, unity, is the greatest. 


We have supposed throughout that æ is positive; if z be nega- 
tive, put y ——2, so that y is positive; then find the numerically 
greatest term of (l+ y)", and this will also be the numerically 
greatest term of (1+ a)". 


BIBLIOTEKA 
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521. The first term of the expansion of (1-- æ)" is unity ; any 
other term is known since the (r + 1)" term is 


This expression is called the general term, because by putting 
1, 8, v. successively for 7, it gives us in succession the 2", 
9*4 P* oss terms; that is, we can obtain from it any term after 
the first. The expression for the general term may be modified in 
partieular cases, and sometimes simplified, as will be seen in the 
following examples: 


(1-2)". Here »—— m; the general term becomes 
(— m) (— m —- 1) ...... (-m-r+ 1) 
eL, 
iz 
which may be written 
m (m 4 1) ...... (mr — 
lr 


(1+ a)’, Here n = 1; the numerator of the coefficient of a” is 


3 (5-1) (5-2) nail (5-71); 


if r is not less than 2, this may be written 


HR Ae. A Puit 
MET m: bl) '; 


hence in the expansion of (1--2)5, the first term is 1, the second 
is 3a, and any subsequent term may be found by putting for the 
(r+1)™ term 
1.3.5.7......(2r — 3) pid 
(1+). This is a particular case of (1--2)". The co- 
efficient of æ is 
2.3.4......(24 


ES (- ly, that is, (r - 1) (- 1). 
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(1—2)-*. By the preceding example the (r+ 1)" term is 
(r +1) (- 1)'(- zy, that is, (r+ 1)". 
522. A Multinomial expression may be raised to any power 
by repeated use of the Binomial Theorem ; thus, for example, 
{a+ b+cP={a+ (b +0} =a" + 3a (b * 6) 4- 3a (b - cy - (b - e); 
if we now expand (b+c) and (b+c? and put the resulting ex- 


pansions in the place of these quantities respectively, we shall 
obtain the expansion of {a +b +c}. Similarly, 


[ab -c- d 2(a- (b- c d) =a + 3a? (b - c d) 
+3a(b+e+d)’+(b+ce+d)’; 
the expansion may then be completed by finding the expansion 


of (b-- c -- d) and of (b -- c - d) in the manner just exemplified. 
Or we may proceed thus, 


{a +b c dy — (a b) + (c - d) = (a - b 
*- 9 (a 4 by (e - d) - 3 (a b) (c - d) - (c - d; 
the expansion may then be completed by expanding (a +b)’, 
(a 4- b)*, &c. 


523. To find the number of homogeneous products of r dimen- 
sions that can be formed out of n letters a, b, c, ...... and their 
powers. 


By common division, or by the Binomial Theorem, 


Messe 1 + ar a*z* + a?a? 4- ...... 

1-aæ 

p. AC 1 + ba + bx? + BaF +...... 

1-bæ 

ban l- ccc + ca? +...... 
—Cx 
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Thus 
1 1 1 f á "w^ 
ina l—52 13295 isse eid Ed Li að TT } 
[1 + beet Bat + Bat + t ndi þræta réð + at } sido. 
=1tSætSæ eS... suppose. 
Here S,=a@+b+e+...... , 
S,— a^ - ab - c ac ^ ...... í 
S,- a? + ab + abc +b? + ...... " 
that is, S, is equal to the sum of the quantities a, b, c, ...... ; S, is 
equal to the sum of all the products, each of two dimensions, that 
can be formed of a, b, c, ...... and their powers; S, is equal to 


the sum of all the products, each of three dimensions, that can be 
formed ; and so on. To find the number of products in any one 
of these sets of products, we put a, 5, c, ...... each = 1; thus 


1 1 1 


l-ac l-óx'l-cece 7 (1-2) 


or (1—2)^*. 


Hence in this case S, is the coefficient of a" in the expansion 
of (1—2)^" ; that is, 


This is therefore the number of homogeneous products of r dimen- 
sions that can be formed out of a, b, c, ...... and their powers. 


524. To find the number of terms in the expansion of any 
multinomial, the exponent being a positive integer. 

The number of terms in the expansion of (a, + a, tá, +...+ a." 
is the same as the number of homogeneous products of n dimen- 
sions that can be formed out of a,, @,, @,, ...... &,, and their 
powers Hence, by the preceding article, it is 

v (r4 1) (r 4 2)...... (r +n—1) 
LU LJ 
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525. The Binomial Theorem may be applied to extract the 
roots of numbers approximately. Let V be à number whose 
n™ root is required, and suppose JN = a^ - b ; then 


i BN a 
N* = (a+ b)" = a(1+5)*=a(1 +2)", 


where a=”, If now æ be a small fraction, the terms. in the 


1 
expansion of (1 +æ)” diminish rapidly, and we may obtain an ap- 


proximate value of (1 ær , and therefore of JN : , by retaining 
only a few of these terms. It will therefore be convenient to 
take a so that a" may differ as little as possible from JN, and thus 
b may be as small as possible. Sometimes it will be better to sup- 
pose V= a^ — b. 


526. The ratio (a +æ)" : a” is nearly equal to the ratio 
a+næ : a when næ is small compared with a. This holds 
whether æ be positive or negative, and for values of n whole 
or fractional, positive or negative. See Art. 383. 


527. We will close this chapter with five examples which 
will illustrate the use of the Binomial Theorem. 


in a series of ascending powers of x. 


Q100x 
(1) i3 oni "Tr E 


; -1 
nu ub pot 1n (1+) : 
pq »(1 vm) p p 


-1 
expand ( + =) by the Binomial Theorem ; thus we have 


2 
at ba i (a +ba) (1-849707 ren ) 
FN p 


n2 5 sh UE Lum 
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Or we may proceed thus, 


aga aq 
atte "B p m i _%,% -4 =) 
Prge pre p+ qe 


2 
Ef vere Í 
PE Pp ^N ^ p 


and thus we obtain the same result as before. 

This example frequently occurs in mathematies, especially in 
cases where æ is so small that its square and higher powers may 
be neglected ; we have then approximately 

atbæ a “+2 (5-2) ; 
prqe p p p 

(2) Required approximate values of the roots of the quad- 
ratie equation az" 0x --c- 0, when ac is very small compared 
with b. 


The roots are 
—b+,/(b’ — 4ac) 
2a 


And by the Binomial Theorem, 


JU — tao) = (1-5 oe 
a) {1 h ; ta -3(4)- r69- m 
SP 3907-10 NJ UU E 
Thus for the root with the upper sign we get 
LU mca lll aix 
boBUgYy UG 


and for the root with the lower sign we get 


b 42 ae 2a'c | 
a b i? b? "n t 


If a be very small, while 5 and c are not small, the former root 


does not differ much from — © z, and the latter root is numerically 


b 
very large. See Art. 342. 
TÁ 20 
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It is deserving of notice that the approximate value of the 
root in the former case coincides with what we shall obtain in the 
following way. Write the equation thus, 


bæt c=- ax. 
For an approximate result neglect the term ax? as small; thus 


we obtain 2--7 . Then substitute this approximate value of 


x in the term az^; thus we obtain 


be +e=- 7, 
| e ac 
that is, bc 


Again, substitute this new approximate value of « in the term 
az’, and preserve the terms involving a and a’; thus we obtain 


ac 2 
ee imer 
2 9 2.3 
that is, PEAS th al 


and so on. 
(3) To prove that if n be any positive integer the integral 
part of (2 + „/3)" is an odd number. 


The meaning of this proposition will be easily seen by taking 
some simple cases; thus 2+,/3 lies between 3 and 4 in value, so 
that the integral part of it is the odd number 3; (2 +,/3)’ will be 
found to lie.between 13 and 14 in value, so that the integral part 
of it is the odd number 13. 

Suppose then 7 to denote the integral part of (2+ ,/3)", and 
I + F its complete value, so that F is a proper fraction, We have 
by the Binomial Theorem 


4 any n(n—1) 2, 952 
I+ P=%+n2 uia BPSD) PEPPER (1). 
Now 2— „/3 is a proper fraction, therefore also so is (2 — „/3)"; 
denote it by 7"; then 
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B. 2 n 
FP = 2" ng! 3h + Mo elia day Aa > AE (2). 


Now add (1) and (2); the irrational terms on the right dis- 
appear, and we have 


I+ F +f’ = afar „209 arð 
at a Í BÍÐ 


— an even integer. 


But F and 7" are proper fractions : we must therefore have 
F+ F' « 1, and 7 =an odd integer. 


(4) Required the sum of the coefficients of the first r+ 1 
terms of the expansion of (1—2)". We have 
(1-2)*-1 ono EU 21 Bee Dern. Ud... 
1.2 |r 
(1-2z)'-le-zrz-x.... 


Therefore (1 —a)~"*”) is equal to the product of the two series. 
Now if we multiply the series together, we see that the coefficient 
of x" in the product is 


1:24:79 *D, 4A 1) Sikh. la died 
1.2 
this must therefore be equal to the coefficient of a^ in the ex- 
pansion of (1 —2) ^*^; that is, to 
(n + 1) (m+2)......(n+7) | 
|z 2 
thus the required summation is effected. 


(5) The Binomial Theorem may be applied in the manner 
just shewn to establish numerous algebraical identities ; we will 
give one more example, 

20—32 
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m (m —1) (m — 2)...(m—r + 1). 


r 


Let 9 (m, r) = 
it is required to shew that 
$ (n, 0) $ (n, 1) - $ (n, 1) $(n —1, — 1) - $ (n, 2) 6 (n —2, r— 2) 
-$(n, 3)$ (n—3, r—3) + ...... - 0. 

The expression here given is the expansion of 


n (n — 1) acere a-1y, 


which must obviously be zero. 


EXAMPLES OF THE BINOMIAL THEOREM. 


Expand each of the following twelve expressions to four terms: 


L (142) 23. (ræt. 3. (122)5 
4. (limit. 5. (142). 6. (122)5. 
7. (a—ay*. 8. (1— 22). 9. J(a*—a?). 


10. (3a—22)% 11. (aà-6») t. 12. (1452), 


Find the (r +1)" term in the expansion of the following seven 
expressions : 
1 


1 


13. (1-2)* 14. (1-zy. 15. (1-pay. 16. Fl +a)" 
2-2 -7 1 
17. (1-#)3. 18. (1- 22) 7. 19. Sa) 


Calculate the following four roots approximately : 
20. (24). 21. (999). 22. jJ(31. 23. J(99000) 
24. If æ besmall compared with unity, shew that 


A12) + AU — 2) =] > nearly. 


l+a+,/(1+2) 
25. Shew that the number of combinations of » things taken 
in ones, threes, fives, ...... exceeds the number when taken in 


twos, fours, ...... by unity. 


www.rcin.org.pl 


EXAMPLES. CHAPTER XXXVI. 309 


26. Shew that the number of homogeneous products of a 
things of n dimensions is 


€—. 
[n[» =I 
Find the greatest term in the following four expansions : 


27. (lea) whenz =; and n= 4. 


28. (l«z)"whenz- à and n= 12. 


5 

^ 5 
29. (142) "when z— z and n= 3. 
30. (1-2) when æ= 5 and n=5. 


: 1 2n 1 
31. Find the greatest term in the expansion of (n-z) ; 


where 7 is a positive integer. 
32. Find the number of terms in the expansion of 
(a+b+e+d)”. 
33. Find the first term with a negative coefficient in the 
ll 
expansion of (1 + 4z)*. 
34. Ifp be greater than n, the coefficient of æ” in the expan- 
a pt - 1) (ph)... fp" 0-17] 
(1-a)* |2n -1 : 
(1 -2x7 . 
ü-sey 


sion of 


. 35. The coefficient of z^ in the expansion of 
gi (n + 1)(n + 2) (5n +3) - 
2 . 


(1+2), 
ü-2ay 


36. What is the coefficient of x" in the expansion of 


37. Expand (y in ascending powers of x. Write down 


the coefficient of xz" and of 2?"*'. 
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38. Prove that the n™ coefficient in the expansion of (1— 2)" 
is always the double of the (n — 1)". 

39. Shew that if ¢ denote the middle term in the expansion 
of (1-- 2)", then t +i 41,4 ...... —(1—42)73. 


40. Write down the sum of 
171278 1.3.6 
4 

4l. Find the sum of the squares of the coefficients in the 
expansion of (1 +æ)", where n is a positive integer. 


42. If p= ae, prove that 


1+ 


i Ponti + PPS + Pa Pani t T +P Pigs PPS? 
43. Prove that the coefficient of æ” in the expansion of 
ae is equal to the coefficient of x" in the expansion of 
1 
(1 2 EJ" d 
44. Find the coefficient of æ” in 
. (1+ 20+ 3x + 40° + ad inf. ......)". 


XXXVIL THE MULTINOMIAL THEOREM. 


528. We have in the preceding chapter given some examples 
of the expansion of a multinomial; we now proceed to consider 
this point more fully. We propose to find an expression for the 
general term in the expansion of (a4,+ a," + av aa + ...... y. 
The number of terms in the series a, @,, &,, ...... may be any 
whatever, and n may be positive or negative, integral or frac- 
tional. 

Put b, for aæta + a a usus ; then we have to expand 
(a, +b)"; the general term of the expansion is 


nin Te cote oer de. 
0 y? 


[^ 
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p being a positive integer. Put b, for a,a*+a,0°+...... „then 
bk=(a,wtb)*; since p is a positive integer the general term of 
the expansion of (a,x  b,)* may be denoted either by 


zl» EM E) 955, or by TE (a wot; 


we will adopt the latter form as more convenient for our. purpose. 


Combining this with the former result, we see that the general 
term of the proposed expansion may be written 


m (n — 1) (n — 2) ...... (n — p 4-1) a," (a xb. 
lale- 
Again, put b, for aa? - a a* 4 ...... , then b" (aa? + b), 


and the general term of the expansion of this will be 
le- 7 ( a, g? yb n, 
|ris- 2-7 
Hence the general term of the proposed expansion may be 
written 
n (n — 1) (n — 2) ...... (n — p. 4- 1) 
let 


Proceeding in this way we shall obtain for the required 
general term 


n (n — 1) (n — 2) ...... (n — p - 1) 


rele aj ata atat... 


where Gtr+stit...... =p 


a (jc) (a b. 


git 9r 3e AC ue 


If we suppose n—p=p, we may write the general term in 
the form 


n (n — 1) (n — 2) € (p +1) Pata’ d*a* ættar. 


la eel aða say af ...... 


where ptqtr4Stc...... zm" 
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Thus the expansion of the proposed multinomial consists of a 
series of terms of which that just given may be taken as the 
general type. 


It should be observed that q, 7, s, £, ...... are always positive 
integers, but p is not a positive integer unless n be a positive 
integer. When p is a positive integer, we may, by multiplying 
both numerator and denominator by |p, write the coefficient 


n (n — 1) (n— 2) ...... (p 1) 


in the more symmetrical form 


ln 
lp lal lslt 


529. Suppose we require the coefficient of an assigned power 


of x in the expansion of (a, taæta á + ...... ), for example 
that of z". We have then 
q - 2r 4 38+ 4t+...... =m; 
ptqtTt8ctÜk......—m. 


We must find by trial all the positive integral values of 
BR Spee which satisfy the first of these equations; then 
from the second equation p can be found. The required coeffi- 
cient is then the sum of the corresponding values of the ex- 
pression 


n (n — 1) (n — 2) ...... (p +1) 
|a |n slt ----- 

When n is a positive integer, then p must be so too, and 
we may use the more symmetrical form 


LZ 
P q r s t 
U Oy Oy Gy iy +++ +26 


530. For example, find the coefficient of a" in the expansion 
of (1+ 2x + 3x + Az". 


Pa lg 'a'a! 
ala'a'a'a, ...... 
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Here - q+2r+3s=T, 
ptqtrt+s=4. 


Begin with the greatest admissible value of 


» wq € 
8; this is s=2, with which we have r=0, q—1, | IALA | 3 
p-l. Next try s=1; with this we may have |—|—|— |— 
r=2, q-0, p=1; also we may have r=], 31[0|2]|1 
q=2, p=0. Next try $20; with this wemay |0|2/|11|1 
have r=3, g=1, p=0. These are all the so- leri gie 


lutions ; they are collected in the annexed table. 
Also a,=1, a,=2, a,=3, a,=4. Thus the required coeffi- 
cient is 
M 8 il 34,4 2*, 9'. 4. M 21.3; 
E E i 


Ek 


that is, 384 + 432 +576 +216; that is, 1608. 
Again; find the coefficient of z^ in the expansion of 

(1+ 22 + 3a? # 4a? + ...... A p E 
i 0|0/|1 

Here q+ 2r * 98  ...... = 3, hi! DES SS ty 
Ptgtrtst...... =. 2 FITIO 

All the solutions are given in the annexed PE p 
pt 3/00 


table, and the required coefficient is 


(5) "y (5) (- Ð 2.34 G) - z) ^ 2) 93. 


2 [3 
, 2-1 y 
that is, 2-3*3 that is, 1. 


In this case, since 
l- 2x32 - 4a°+...... — (1— a), 
the proposed expression is {(1—2)~*\4, that is, (1—2)^. And 


(1-2zy'zlez-ca xe... ; 
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thus we see that the coefficient of æ ought to be 1; and the 
student may exercise himself by applying the multinomial theo- 
rem to find the coefficients of other powers of a, as, for ex- 
ample, x‘. 


EXAMPLES OF THE MULTINOMIAL THEOREM. 
Find the coefficients of the specified powers of œ in the fol- 
lowing expansions: 
æt in (Il tæta). 
win (lt aæta ta). 
x in (1— 2z 4 3a? — 42). 
win (Iz aa? ratað) 
° in (2— 3a — 4a*y.. 
æð in (1—a-4 227)". 
wt in (2—5x —T2*y. 
æ in (1— 22* + 4a; *. 
æt in (L+ ætta)“. 
in (1+ 2z—2?)-& 


2 4. —2 
á v g 
in (1-5 #7) K 


in (1+ 2a — 42? — 2) E. 


Pe ee ee 
8 


= ou 
au 
SONA E 


Ó 
bo 
&, 


13. a" in (a'— 2a'a +a), 

14. at in (load irat ay. 

15. a in (1l z ay. 

16. in (1+ 30+ 52 Ta? + 9a*+...... yi 
17. x in (lec...) 

18. a’ in (1+ 2213)". , 
19. in (1+ 22 4 2x? + 42? - ...... yt 

20. z' in (a,- az - a x^)". 
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21. a? in (1-2 - dà —ay.. 
22. a* in (lt az 4- ba’). 
23. x in (ltaætaðtaðs......)". 
24. Find the coefficient of abc’ in (a +b + cY. 
25. Find the coefficient of a?ð'c* in (a — b — cY. 
26. Find the coefficient of a*b‘c’ in (a +b 4- c d". 
27. Find the coefficient of ab'c'd* in (a — b + c- d)". 


28. Write down those terms in the expansion of (a+ b+ c)" 
which involve powers of b and c as high as the third power in- 
clusive. 


29. Write down all the terms-in the expansion of 


(a 4 b c d) 
which contain d"“. 


30. Find the greatest coefficient in the expansion of 
(a 4- b c d)". 


31. * The greatest coefficient in the expansion of 


á n 
EES 
where q is the quotient, and r the remainder when ~ is: divided. 
by m. 
32. Shew that the coefficient of z"*' in the expansion of 
(a, 4 a.m 4- a o ...... y 
is 2 (a aap}, Alap 4-0, t eese + a0, ). 
33. Expand (1-9pæsæ)7 as far as æt, 
34.. Expand (a + ba + cx)" as far as a. 


35. Expand (1— x — «* — a?) as far as a’. 


36. In the expansion of (1-- x x*^ ...... # a7)", where n is 
a positive integer, shew that (1) the: coefficients of the terms equi- 
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distant from the beginning and the end are equal; (2) the coefti- 
cient of the middle term, or of the two middle terms, according as 
n is even or odd, is greater than any other coefficient ; (3) the co- 
efficients continually increase from the first up to the greatest. 


37. If a, a, Q, @, ... be the coefficients in order of the 


expansion of (1 + z 4 x? 4 ...... + a7)", prove that 
(1) a, 0, 4 a, * ...... ta, — (r 4 ly. 
(2) 2,4 2a, * 3a, ...... - nra,  =$nr(r +1)”. 
DA IP, Min Bay Wig ere be the coefficients in order of the 


expansion of (1 +% ^)", prove that 


a/—aca!—a*4...... +(—1)""a*__, =4a, {1 —(-1)"a,}. 


sel 


XXXVIII. LOGARITHMS. 


531. Suppose 4" — n, then z is called the logarithm of n to the 
base a; thus the logarithm of a number to a given base is the 
index of the power to which the base must be raised to be equal 
to the number. 

The logarithm of n to the base a is written log,»; thus 
log, n = æ expresses the same relation as a* =n. 


532. For example, 3* — 81; thus 4 is the logarithm of 81 to 
the base 3. 

If we wish to find the logarithms of the numbers 1, 2, 3, ...... 
to a given base 10, for example, we have to solve a series of equa- 
ons IP = 1, 10*«2, IO* e$, ...... We shall see in the next 
chapter that this can be done approximately, that is, for example, 
although we cannot find such a value of æ as will make 10*—2 
exactly, yet we can find such a value of æ as will make 10* differ 
from 2 by as small a quantity as we please. 

We shall now prove some of the properties of logarithms. 


538. The logarithm of 1 is 0 whatever the base may be. 


For a*=1 when z- 0. 
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534. The logarithm of the base itself is unity. 


For a*=a when æ=1. 


535. The logarithm of a product is equal to the sum of the 
logarithms of its factors. 


For let æ=log,m, y=log,n; 
therefore m-a, n=a’; 
therefore mn = a*a? = a*** ; 
therefore log, mn = æ + y = log, m + log, n. 


536. The logarithm of a quotient is equal to the logarithm of 
the dividend diminished by the logarithm of the divisor. 


For let x=log,m, y=log,n; 
therefore m=a", n-a'; 
an 
therefore v. pie Z =a; 
n a 
m 
therefore log, % =a-y= log,m — log, n. 


537. The logarithm of any power, integral or fractional, of a 
number is equal to the product of the logarithm of the number by the 
index of the power. i 

For let m = a"; therefore m” = (a“)' = a", 


therefore log, (m^) = ær =r log,m. 


538. To find the relation between the logarithms of the same 
number to different bases. 


Let æ=log,m, y=log,m; / 
therefore m= a? and —0*; 
therefore a" zb; 

= = 
therefore a” =b, and b" =a; 
therefore s = log,5, and í log,a. 
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æ 
Hence y=ælog,a, and = logis 
Hence the logarithm of a number to the base 5 may be found 


by multiplying the logarithm of the number to the base a by 


1 
log,a, or by icy 
We may notice that log,a x log,5 = 1. 


539. In practical calculations the only base that is used is 
10; logarithms to the base 10 are called common logarithms. We 
will point out in the next two articles some peculiarities which 
constitute the advantage of the base 10. We shall require the fol- 
lowing definition ; the integral part of any logarithm is called the 
characteristic, and the decimal part the mantissa. 


540. In the common system of logarithms, if the logarithm 
of any number be known we can immediately determine the loga- 
rithm of the product or quotient of that number by any power 
of 10. 

For | log,10" x M= log, V+ log,,10" — log,, N +n, 


N 
log, i10" log,, V —1og,, 10" = log, V — n. 


That is if we know the logarithm of any number we can 
determine the logarithm of any number which has the same 
figures, but differs merely by the position of the decimal point. 


541. In the common system of logarithms the characteristic 
of the logarithm of any number can be determined by inspection. 


For suppose the number to be greater than unity and to lie 
between 10" and 10"*'; then its logarithm must be greater than 
n and less than „1; hence the characteristic of the logarithm 
is n. 

Next suppose the number to be less than unity, and to lie 


that is between 10^" and 107**?; then 


between nos and 


1 
npe en 
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its logarithm will be some negative quantity between —Ín and 
— (n + 1); hence if we agree that the mantissa shall always be 
positive, the characteristic will be — (n #1). 


Further information on the practical use of logarithms will be 
found in works on Trigonometry and in the introductions to 
Tables of Logarithms. 


EXAMPLES OF LOGARITHMS. 


1. What is the logarithm of 144 to the base 2,/3 ? 


2. What is the characteristie of the logarithm of 7 to the 
base 2? 


3. Find the characteristic of log, 5, and of log, (3) á 
4. Find log, 3125. 
5. Give the characteristic of log,, 1230, and of log, 0123. 


6. Given log2— 301030 and log3 — 477121, find the loga- 
rithms of '05 and of 54. 


7. Given log 2 and log 3 (see question 6), find the logarithm 
of :006. 


8. Given log 2 and log3, find the logarithms of 36, 27, and 
16. 


9. Given log 648 = 2-81157501, log 864 = 2:93651374, find 
log 3 and log 5. 


10. Given log 2, find log „/(1'25). 

1l. Given log 2, find log 0025. 

12. Given log 2, find log #/('0125).. 

13. Given log 2 and log 3, find log 1080 and log (0025). 

14. Having given log,, 2 —:301030 and log,, 7 = '845098, find 


A 4 Náð 
log,, 98 and the logarithm of (sas) to the base 1000. 
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15. Find the number of digits in 2“, having given log 2. 


16. Given log 2 and log 5-143491 = 7591760, find the fifth 
root of :0625. 


17. 1f P be the number of the integers whose logarithms 
have the characteristic p, and Q the number of the integers the 
logarithms of whose reciprocals have the characteristic — q, shew 
that 

log P—log Q=p—q+l. 
Ea A mea M XM 
18. If y=e'~"** and z— e' "**, prove that m= e! ***, 
19. Ifa, b, c be in G.P., then log, n, log, n, log, n are in n.r. 


20. If the number of persons born in any year be E th of 
the whole population at the commencement of the year, and the 


number of those who die k th of it, find in how many years the 


population will be doubled ; having given 
log 2 = 301030, log 180 = 2:255272, log 181 = 2:257679. 


XXXIX. EXPONENTIAL AND LOGARITHMIC 
SERIES. 


542. To expand a” in a series of ascending powers of x ; that 
is, to expand a number in a series of ascending powers of its 
logarithm to a given base. ` 


a*={1+(a—1)}*=1+a@(a—1)+ -— (a — 1) 


eter mrs ECE BEN cay. 


=1+a{a—1-—3(a-1)*+3 (a— 17 — 1 (a-1)'+......3 


+ terms involving a’, 2?, &c. 
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This shews that a” can be expanded in a series beginning 
with 1 and proceeding in ascending powers of æ; we may there- 
fore suppose that 

a*=lteæteð ox eoa... 
where 6, 6,4 6,, «xe are quantities which do not depend on z, 
and which therefore remain unchanged however x may be 
changed ; also 


e, 2a - 1-1 (a 1Y «do — 1 — 10 — 2*4 ...... 


while ¢,, ¢,, ...... are at present unknown ; we proceed to find 
their values. Changing vinto æ +y we have 

a*t -lee(z-y)-e(xe-y)yte(rey)c... j 
but a?*! = a?a! =a (1 ege e cg eð...) 


Since the two expressions for a**” are identically equal, we 
may assume that the coefficients of æ in the two expressions are 
equal, thus 

e, + 2e, + 3e + Ao! sesso eot 
se {l+ ey + ey’ oy + NI 

In this identity we may assume that the coefficients of the 
corresponding powers of y are equal; thus 

c 2 


9o, oi^ ; therefore €,=% ; 


bit id bi. 


3e,—0,,; therefore ¢,=—3~ = 1.2.3! 


c 
4c,—0,0,5; therefore c,— Y' = 1.3.3.4 $ 
» e ta? ez c, a 
Thus ez sal tá È + B fg dandi 


Since this result is true for all values of v, take x such that 


e,c=1, then z=}, and 
1 


L e ANA. 

M Stee ie pa ha oe f 

Á, 21 
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1 
this series is usually denoted by e; thus a^ =e, therefore a = e^ 
and c, =log,a ; hence 


a” —] + (log,a) æ + 


ang (nord, 


This result is called the Æzponential Theorem. 


Put e for a, then log,a becomes log,e, that is, unity (Art. 
534) ; thus 
PET, UM a 
mm dd 
gr 

We shall in Art. 551 make a remark on the propriety of 
putting e for a, and we shall recur hereafter to the asswmption 
which has been made twice in the course of the present article. 


e-leczc 


tet n n 


543. By actual caleulation we may find approximately the 
numerical value of the series which we have denoted by e; it is 
2:718281828...... 


544. To expand log,(l--x) in a series of ascending powers 
of x. 

We have seen in Art. 542, that c,=log,a; that is, by 
the same article, 


log,a-2a—1—3(a—1)--i(a—1)-—1(a-1)-.... 


For a put 1+; hence 
Eu. o 
log, (1 tæse- > E T 


This series may be applied to calculate log, (1+ æ) if æ is 
a proper fraction; but unless æ be very small, the terms diminish 
so slowly that we shall have to retain a large number of them ; 
if x be greater than unity, the series is altogether unsuitable. We 
shall therefore deduce some more convenient formule. 


545. We have 


os ow mw 
lg(le*z)-2—-5,*3-4* ———— > 

a a o 
FR log, LI dim Er Tr à 
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by subtraction we obtain the value of log, (1+ æ)-- log, (1— x), 


‘ l+ 
that is, of log, ize? 
ES æt x 
therefore log, j pus =2 | + 3 T 5 Tis } : 


m-n m l+z 
for x, and therefore — for 
m+n n Le 


z, 5. 9 (ae (222) (522) } 

log, - {2 man)! *B\man) * | (1). 
Put n=1, then 

EL d m-—1 (2-1) soi) ! 

log, m EIE PR Á Á xD vx | - (2). 


Again, in (1) put m=n +1, thus we obtain the value of 
n+l 


In this series write 


thus 


> 


log, ; therefore log, (n +1) — log, 


1 1 1 
xia IBI A A \ «fp uds (3). 


546. "The series (2) of the preceding article will enable us to 
find log,2; put m = 2, then by calculation we shall find 


log, 2 = 69314718 ...... 


From the series (3) we can calculate the logarithm of either of 
two consecutive numbers when we know that of the other. Put 
n= 2, and by making use of the known value of log,2, we shall 
obtain 

log, 3 = 1:09861229 ...... 

Put n=9 in (3); then log,2—1og,9 = log, 3° = 2 log,3 and 

is therefore known; hence we shall find 
log, 10 = 2:30258509 ...... 


547. Logarithms to the base e are called Napierian loga- 


rithms, from Napier the inventor of logarithms; they are also 
called natural logarithms, being those which occur first in our 


21—2 
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investigation of a method of calculating logarithms. We have 
said that the base 10 is the only base used in the practical appli- 
cation of logarithms, but logarithms to the Napierian base occur 
frequently in theoretical investigations. 


548. From Art. 538 we see that the logarithm of a number 
to-the base 10 can be found by multiplying the Napierian loga- 


rithm by "X that is, by VN ÞRI or by #43429448; this 
multiplier is called the modulus of the common system. 

The series in Art. 545 may be so adjusted as to give common 
logarithms; for example, take the series (3), multiply throughout 
by the modulus which we shall denote by p; thus 


T 1 1 
plog (n1)  nlog ne 2405, + 3(Qn+1) + B (nl) ib 
that is, 


1 1 1 
log, (n + 1) — log, , = ER ree a 315 i1» En il} + Bn iy* AR. 


549. By Art. 542 we have 


Again, by the binomial theorem, 


5 AN dole. 
(e —1)*=e" —ne*"'* + sh adn nuo rU (2). 
Expand each of the terms e", e"^?*, ...... ; thus the coefficient 


of æ in (2) will be 

w (n-1Y _n(n-1)(n-2Y m(n-D(n-2)(n-3 

C Inc MP. rt E |t 
Hence from (1) we see that 

E arg 3y- 


is =|n if r=n, and is =0 if r be less than n. 


eee t nen 


n — n (n —1y 4 


www.rcin.org.pl 


EXPONENTIAL AND LOGARITHMIC SERIES. 325 


It is easy to see that the term on the right-hand side of (1) 


which involves z"*' is = g"*', Thus we get 


2 
nae 174 B gy iiio n+l 
BO X Bs air ) — 2. = | . 
550. We will give another method of arriving at the expo- 
nential theorem. By the Binomial Theorem 


(1) Llaíagl,?7€ (nx - 1) EOM 1) a 
n n |2 n 3 n 


„ ae (nae — 1) (næ — 2) (næ — 3) EÐ 


EL 


that is, 


(iS M ED) 


2 3 


(26-2 6-; 
a way cà Es faa A 33 
já n m n 
[4 
Put æ=1, then (1 + 3! 
n 


(DOD (0-36-306-3 
730-263 


But («2 -(Q 2p 
«6-3. «636-9. 


E s 


hence 1+a+ 


eb cS. or 
= {1 41 Mrd + Wc una TEIL. j 4 
Now this being true however large » may be, will be true 


when a is made infinite; then : vanishes and we obtain 
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a? 


l+au+ Bi gts "IGER (ERA. ji 
[2 [3 [4 ...... = [2 [3 [4 T , 
that is, =e". 
We have thus obtained the expansion of e” in powers of x; 
to find that of a“ suppose a = €^ so that c = log, a, thus 


"ela Pea ^pa apa a 
a= = Cx [2 [3 E "E 


551. The student will notice that in the preceding article we 


have used the binomial theorem to expand a power of 1 + z , and 


E ; A ph 
if 7 8 less than unity, we are certain that the expansion gives an 


arithmetically true result (Art. 519). In the proof given of the 
exponential theorem in the first article of this chapter, if @—1 is 
greater than unity, the expansion by the binomial theorem with 
which the proof commences will not be arithmetically intelligible ; 
and consequently the proof can only be considered sound pro- 
vided a is less than 2. With this restriction the proof is sound, 
and z may have any value. In order to complete that proof we 
have to shew that the theorem is true for any value of a; and as 
e is greater than 2 we ought not to change a into e until we have 
removed this restriction as to the value of a. This restriction 
can be easily removed; for in the theorem 
dog ayer ajar k (log, aa" pe de 255. 
E 

put &—.4", and by taking y small enough A may be made as 
great as we please, while æ is less than 2. Then 

log, a = y log, A; 


a" =1 + (log, a) x + 


thus 


TR 
therefore, putting z for yz, 


421 (log 4) 4 PEDI p Caras 


thus the exponential theorem is proved universally. 
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552. We have found in Art. 550, that when increases 
without limit (1 -+ a) ultimately becomes e”; in the same way 


we may shew that when n increases without limit (1 + =) 


ultimately becomes e". 


EXAMPLES OF LOGARITHMIC SERIES. 


1. Prove that log, (a + 1) = 2 log, x — log, (x — 1) 


2 : ee #7) * 
DRE a 


1 
Given log, 3 — 47712 and 4 log, 10 


series to calculate log, 11. 


2. Shew that log, (a+ 24) = 2 log, (x +h) — log, « 


P at. mA Ro NT 
rA 2 (æski Seth) ^7 j 


—:43429, apply the above 


3. Ifa, b, c be three consecutive numbers, 
log, c = 2 log, b — log, a 


— (zzi 3 (2ac + 1) 5 (2ac #1} sess.. fs 
4. IfA and p be the roots of ax? + bæ + c = 0, shew that 


2 
log (a — bæ + cx’) = log a + (À + p) & — ER. D 


5. Log {1+1+«+(1+2)*}=3 log, (1 + 2) - logs 
ee UR NECS \ 
EET. 20-af Sir 0°" 1 
9y-1, 
6. Log, g, (x -- 1) = Ia E og, X — as] E € - D) 
2 { 1 8.% 3 ) 


E Teabe Fee XXe ve 
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7. The Napierian jón of 
l+z 4 6 
(142? (1— Á. Pe T TET Eu. 
8. Find the Napierian logarithm of —— 
decimal places is your result correct ? 


9. Assuming the series for log, (1 + æ) and ¢*, shew that 


UT ite w? 
E a) 
nearly when x is large; and find the next term of the series of 


which the expression on the second side is the commencement. 


10. Find the coefficient of z" in the development of 


a + ba + ca? 


= 


[2 


11. Shew that 


log, 4 =1 + a A : 


17:978 ^ WAY "576.7 


12, Shew that 
n "nn Vaak ti (n — 2y** — ...... 


= (5 „tn =) [n2 


ETC 


XL. CONVERGENCY AND DIVERGENCY OF SERIES. 


553, The expression 
U, + U + Us + UH cress 


in which the successive terms are formed by some regular law, 
and the number of the terms. is unlimited, is called an infinite 
series, 
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554. An infinite series is said to be convergent when the sum 
of the first n terms cannot numerically exceed some finite quan- 
tity however great n may be. 


555. An infinite series is said to be divergent when the sum 
of the first n terms can be made numerically greater than any 
finite quantity, by taking n large enough. 


556. By the sum of an infinite series is meant the limit 
towards which we approximate by continually adding more and 
more of its terms, 


For example, consider the infinite series 


and suppose æ a positive quantity. 
We know that 


T+ a+ OS oec + = 


Hence if x be less than 1, however great n may be, the sum 


ciant the series is 


therefore convergent. And as by taking n large enough, the sum 


of the first n terms of the series is less than 


of the first n terms can be made to differ from E by as small 


a quantity as we please, ba is the sum of the infinite series. 


If x= 1, the series is divergent; for the sum of the first n 
terms is n, and by taking sufficient terms this may be made 
grater than any finite quantity. 


If x is greater than 1, the series is divergent; for the sum 
of the first n terms is € , which may be made greater than 


ary finite quantity by taking n large enough. 


557. An infinite series in which all the terms are of the same 
sim is divergent if each term is greater than some assigned finite 
quantity, however small. 
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For if each term is greater than the quantity c, the sum of the 
first n terms is greater than nc, and this can be made greater than 
any finite quantity by taking n large enough. 


508. Anm infinite series of terms, the signs of which are alter- 
nately positive and negative, is convergent if each term be numeri- 
cally less than the preceding term. 


Let the series be w,—u,+u,—w,+&c.; this may be written 
(u, — U) + (wu, — U4) + (U,—U,)  ...... j 
and also thus, 
u, — (u,— U,) — (wu, — 4) — (wu, — U,) — ...... 
From the first mode of writing the series we see that the sum 
of any number of terms is a positive quantity, and from the 


second mode of writing the series we see that the sum of any 
number of terms is less than w,; hence the series is convergent. 


It is necessary to shew in this case that the sum of any 
number of terms is positive; because if we only know that the 
sum is less than w,, we are not certain that it is not a negative 
quantity of unlimited magnitude. 


559. An infinite series is convergent if from and after any 
fixed term the ratio of each term to the preceding term is numeri- 
cally less than some quantity which is itself numerically less than 
unity. 


Let the series beginning at the fixed term be 


UW, HU, + U+. 
and let S denote the sum of the first n of these terms. Then 
S =U, + U, + uses xu. 
"e| Mm rere... 
1 2 1 8 2 1 


Now first let all the terms be positive, and suppose 


%2 Jess than A, =? less than A, = less than Á, ...... 
1 2 3 
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Then $ is less than t (1 ++ A*  ...... +k"~"}; that is, less 
than u, E . Hence if % be less than unity, S is less than 
u 


E thus the sum of as many terms as we please beginning 
Y 

with w, is less than a certain finite quantity, and therefore the 

series beginning with w, is convergent. 


Secondly, suppose the terms not all positive ; then if they are 
all negative, the numerical value of the sum of any number of 
them is the same as if they were all positive; if some are positive 
and some negative, the sum is numerically less than if they were 
all positive. Hence the infinite series is still convergent. 


Since the infinite series beginning with u, is convergent, the 
infinite series which begins with any fixed term before w, will be 
also convergent; for we shall thus only have to add a finite 
number of finite terms to the series beginning with w,. 


560. An infinite series is divergent if from and after any 
fixed. term the ratio of each term to the preceding term is greater 
than unity, or equal to unity, and the terms are all of the same sign. 


Let the series beginning at the fixed term be 


and let S denote the sum of the first n of these terms. Then 


Now, first suppose 


“a greater than 1, Ms greater than 1, zh greater than 1,...... 
u u Us 


Then S is numerically greater than vw,Í[l-1.-............ +1}, 
that is, numerically greater than mu, Hence S may be made 
numerically greater than any finite quantity by taking n large 
enough, and therefore the series beginning with vw, is divergent. 
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Next, suppose the ratio of each term to the preceding to be 
unity; then S —»w,, and this may be made greater than any finite 
quantity by taking n large enough. 

And if we begin with any fixed term before w, the series will 
obviously still bé divergent. 


561. The rules in the preceding articles will determine in 
many cases whether an infinite series is convergent or divergent. 
There is one case in which they do »ot apply which it is desirable 
to notice, namely, when the ratio of each term to the preceding is 
less than unity, but continually approaching unity, so that we 
cannot name any finite quantity Æ which is less than unity, and 
yet always greater than this ratio. In such a case, as will appear 
from the example in the following article, the series may be con- 
vergent or divergent. 


562. Consider the infinite series 


Here the ratio of the «" term to the (»-—1)" term is 
E P 
[^ 6^ 5) ; if p be positive, this is less than unity, but continually 


approaches to unity as ” inereases. This case then cannot be 
tested by any of the rules already given ; we shall however prove 
that the series is convergent if p be greater than unity, and 
divergent if p be unity, or less than unity. 


I. Suppose p greater than unity. 


The first term of the series is 1, the next two terms are toge- 


ther less than x the following four terms are together less 


than E the following eight terms are together less than A 
and so on. Hence the whole.series is less than 
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that is, less than 
l1l-z-x -x-.... 


2 ; : ; A 
where s= Since p is greater than unity, æ is less than 


unity ; hence the series is convergent. 


II. Suppose p equal to unity. 
Roe mun 


1 
The series is now ltgtgtgtgt Kees 


The first term is 1, the second term is 1 the next two terms 


g* 


De CN Á 
are together greater than ig the following four terms are 


1 
together greater than 1 or 5, and so on. Hence by taking a 


sufficient number of terms we can obtain a sum greater than 


any finite multiple of : ; the series is therefore divergent. 


III. Suppose p less than unity or negative. 


Each term is now greater than the corresponding term in II.; 
the series is therefore a fortiori divergent. 


563. We will now give a general theorem which can be 
proved in the manner exemplified in the preceding article. If 
9 (x) be positive for all positive integral values of æ, and continually 
diminish as æ increases, and m be any positive integer? hen the 


two infinite series , 
9 (1) + $ (2) - 9 (3) + $ (4) + 9 (5) + ...... i 
and 9 (1) 4 m$ (m) + m^$ (m^) + me (m^) + ...... 


are both convergent or both divergent. 


Consider all the terms of the first series comprised between 
9 (m^) and $ (m***), including the last aud excluding the first, Æ 
being any positive integer ; the number of these terms is m**'—m'*, 
and their sum is therefore greater than m^ (m — 1) þ (m**"). Thus 


all the first series beginning with the term $ (m^ +1) will be 


de 2 g Lost alt 


5 m^ m Neg (m 9] WOE OR Rho (mkt), Ue 


& | € 
m (m «gr ) As 


LA ^ 
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greater than e times the second series beginning with the 


term m**! $ (m**'). Thus if the second series be divergent, so also 
is the first. 


Again, the terms selected from the first series are less than 
m*(m—1)ġ(m*). Thus all the first series beginning with the 
term $(m*+1) will be less than m-—1 times the second series 
beginning with m” þ (m). Thus if the second series be con- 
vergent, so also is the first. 

As an example of the use of this theorem we may take the 

Í á t j 1 ] 
following; the series of which the general term is i log uy is con- 
vergent if p be greater than unity, and divergent if p be equal to 


unity or less than unity. By the theorem the proposed series is 
convergent or divergent according as the series of which the 


general term is is convergent or divergent; the latter 


m (log m^y 


general term is , 80 that it bears a constant ratio to the 


(log m} n? 
general term : for all values of n. Hence the required result 


follows by Art. 562. 


564. The series obtained by expanding (1 +)" by the bino- 
mial theorem is convergent if x be less than unity. 
» err a; »-r4l 
For the ratio of the (r + 1)" term to the 7^ is —— æ; now 
i e ^t 


n—-r+l1 


when 7 is greater than n, the factor is numerically 


less than unity, though it continually approaches to unity. If 
-r+l . í 
then æ be less than unity, the product MU æ will, when 7 is 


greater than n, be always numerically less than a quantity which 
is itself numerically less than unity. Hence the series is con- 
vergent. (Art. 559.) 
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565. The series obtained by expanding log (1 + a) in powers 
of æ is convergent if æ be less than unity. 

For the ratio of the (r +1)" term to the 7* is — — . If then 
x be less than unity, this ratio is always numerically less than a 
quantity which is itself numerically less than unity. Hence the 
series is convergent. (Art. 559.) 


566. The series obtained by expanding a? in powers of æ 
is always convergent. 


. What- 


ever be the value of æ, we can take r so large that this ratio shall 
be less than unity, and the ratio will diminish as 7 increases. 
Hence the series is always convergent. (Art. 559.) 


For the ratio of the (r + 1)" term to the ris g xod 


EXAMPLES OF CONVERGENCY AND DIVERGENCY OF SERIES. 


Examine whether the following ten series are convergent or | 
divergent : 


a a a 
i; + —— + — a te 
m+p m+ł2p m+3p 
9 RV SA ÞETTA A A io CANI I a te 
" &(r-a) (x-2a)(c-3a)  (@+4a)(@+5a) ^77 
3 LUPA yi UN adn lus, 
. 9 5 10 17 "nn n nm n+l meres” " 
4. Um mE LORS SA (M 
a a a 
ö. (a1) (a+ 2f z 4 (a - 3) a ...... 
6. 1'42'x + 9'g! 4 ...... 
7 La : = : + : ES 
ats TENS Lög UD 
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8 t o w að 
le ES" Bak YA RP 
9 LS u = E + ! + 
LI 1? 3P 57 ri tn n n 
10. 1*2" + 3%" 4 ...... 
11. In the series w,-- w,-- w,-- ...,.. each term is less than 


the preceding; shew that this series and the series 
Vu, + Qu, + 2*u, + Vu, 2... 
are convergent and divergent together. 


12. Shew that the series 
1+ Hi + Li E E 
pt a get 


is convergent if n be > 2, and divergent if n < 2, or = 2. 


XLI. INTEREST. 


567. Interest is money paid for the use of money. Thesum | 
lent is called the Principal. The Amount is the sum of the | 
Principal and Interest at the end of any time. 


568. Interest is of two kinds, simple and compound. When 
interest of the Principal alone is taken it is called simple interest ; 
but if the interest as soon as it becomes due is added to the 
principal and interest charged upon the whole, it is called com- 
pound interest. 


569. The rate of interest is the money paid for the use of a 
certain sum for a certain time. In practice the sum is usually 
£100 and the time one year; and when we say that the rate of | 
interest is £4. 6s. 8d. per cent., we mean that £4. 6s. 8d., that is, | 
£4}, is due for the use of £100 for one year. In theory it is —— 
convenient, as we shall see, to use a symbol to denote the interest 
of one pound for one year. 
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570. To find the amount of a given sum in any time at simple 
interest. 


Let P be the principal in pounds. 
n the number of years for which interest is taken. 
r the interest of one pound for one year. 
M the amount. 


~ 


Since r is the interest of one pound for one year, Pr is the 
interest of P pounds for one year, and therefore nPr the interest 
of P pounds for n years; 


therefore M-P-Pnr. 


From this equation if any three of the four quantities M, P, 
^, r are given, the fourth can be found; thus 
M M-P M-P 
pw e, a 


571. To find the amount of a given sum in any time at com- 
pound interest. 


Let R denote the amount of one pound in one year, so that 
R=1+r, then PR is the amount of P in one year; the amount 
of PR in one year is PRR or Pk’, which is therefore the amount 
of P in two years at compound interest. Similarly the amount 
of PR? in one year is PR’, which is therefore the amount of P 
in three years. Proceeding thus we find that the amount of P in 
n years is PR"; 


therefore M = PR". 
M _ log M - log P (MN 
Hence P= WO 7o FEM R=(5 ; 


The interest gained in n years is M — P or P(R" — 1). 


572. Next suppose interest is due more frequently than once 
a year; for example, suppose interest to be due every quarter, 


and let i be the interest of one pound for one quarter. Then, at 


T. A. 22 
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compound interest, the amount of P in n years is P (1 + A 
for the amount is obviously the same as if the number of years 
were 4n, and 7 the interest of one pound for one year. Simi- 
larly, at compound interest, if interest be due q times a year, and 


the interest of one pound be : for each interval, the amount of 
: yai" 
Pin n years is P (147) s 


At simple interest the amount will be the same in the cases 
supposed as if the interest were payable yearly, r being the inter- 
est of one pound for one year. 


573. The formulæ of the preceding articles have been ob- 
tained on the supposition that n is an integer; we may therefore 
ask whether they are true when 7 is not an integer. Suppose 


nmn, where m is an integer and = a proper fraction. At 
m 

simple interest the interest of P for m years is Pmr; and if the 

borrower has agreed to pay for any fraction of a year the same 


fraction of the annual interest, then 2 is the interest of P for 


n : , 
C) of a year; hence the whole interest is Pmr + T, that is, 


Pnr, and the formula for the amount holds when v is not an 
integer. Next consider the case of compound interest; the 
amount of P in m years will be PA”; if for the fraction of a year 
interest is due in the same way as before, the interest of PR" for 


th 
C) of a year is fer , and the whole amount is PR” (1 a r) : 


On this supposition then the formula is not true when n is not 
an integer. To make the formula true the agreement must be 


th 
that the amount of one pound at the end of (2 of a year 
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i i h 
shall be (1-- 7)", and therefore the interest for E) of a year 


1 
(l+r)+—1. This supposition though not made in practice is 
„often made in theory, in order that the formulæ may hold uni- 
versally. 

Similarly if interest is payable g times a year the amount of 


qn 
P in n years is P (1 +7) by Art. 572 if » be an integer; and 


it is assumed in theory that this result holds if n be not an 
integer. 


574, The amount of P in n years when the interest is paid 
ng 
q times a year is P (1 #7) by Art. 572; if we suppose q to 


increase without limit, this becomes Pe" (Art. 552), which will 
therefore be the amount when the interest is due every moment. 


575. The Present value of an amount due at the end of a 
given time is that sum which with its interest for the given time 
will be equal to the amount. That is, (Art. 567), the Principal is 
the present value of the amount. 


576. Discount is an allowance made for the payment of a 
sum of money before it is due. 

From the definition of present value, it follows that a debt due 
at some future period is equitably discharged by paying the 
present value at once; hence the discount will be equal to the 
amount due diminished by its present value. 


577. To find the present value of a sum due at the end of 
a given time and the discount. 
Let P be the present value; M the amount, D the discount, 
r the interest of one pound for one year, n the number of years, 
Ji the amount of one pound in one year. 
At simple interest: 
M=P(1+nr), (Art. 570); 
22—2 
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therefore am , 
nr 

D-M-p. P" i 

l+ar 


At compound interest : 
M = PR", (Art. 571); 


M 
therefore P= ge 
par p Un) 


578. In practice it is very common to allow the interest of a 
sum of money paid before it is due, instead of the discount as here 
Mnr 
l+nr 


defined. Thus at simple interest, instead of the payer 


would be allowed Mnr for immediate payment. 


EXAMPLES OF INTEREST. 


1. Shew that the discount is half the harmonie mean between - 
the sum due and the interest on it. 


2. The interest on a certain sum of money is £180, and the | 
discount on the same sum for the same time and at the same rate 
is £150; find the sum. 


3. If the interest on £A for a year be equal to the discount 
on £B for the same time, find the rate of interest. 


4. If a sum of money doubles itself in 40 years at simple 
interest, what is the rate of interest? 


5. A tradesman marks his goods with two prices, one for 
ready money, and the other for a credit of 6 months; what ratio 


ought the two prices to bear to each other allowing 5 per cent. 
simple interest? 
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6. Find in how many years £100 will become £1050 at 
5 per cent. compound interest; having given 


log 14=1:14613, logló- 117609, logl6 —1-20412. 


7T. Find how many years will elapse before a sum of money 
irebles itself at 31 per cent. compound interest; having given 
log 10350 = 4-01494, log 3 = 47712. 


8. Ifa sum of money at a given rate of compound interest 
accumulate to p times its original value in n years, and to p' 
times its original value in »' years, prove that 


n' =n log,p’. 


XLII. EQUATION OF PAYMENTS. 


579. When different sums of money are due from one person 
to another at different times, we may be required to find the time 
at which they may all be paid together, so that neither lender 


nor borrower may lose. The time so found is called the equated 
time. 


580. To find the equated time of payment of two sums due at 
different times supposing simple interest. 


Let P, Æ be the two sums due at the end of times ¢, t, 
tipaptirely ; npjosi t, greater than ¢,; let r be the interest of 
one pound for one year, æ the equated time. 


The condition of fairness to both parties may be secured by 
supposing that the discount allowed for the sum paid before it is 
due i$ equal to the interest iar on the sum not paid until 
after it is due. 

The discount on P, for £, — æ years is DAT ; 
*(t— æ)r' 


the interest on J, for z— t, years is P (z—t)r; 


Elt,-2) 


therefore Ds air =M 


= P(x FA t,). 
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This will give a quadratic equation in æ, namely, 
Prat - {Br(t, +t.) + B+ Bjæt Prt, + Pt, + Dt,-0; 
that root must be taken which lies between /, and ¢.. 


581. Another method of solving the question of the preced- 
ing article is as follows : 


The present value of P due at the end of ¢, years is — P F " 


the present value of P due at the end of £, years is Iz a m 


PIR 


the present value of P + P due at the end of æ years is P 


Hence we may propose to find the equated time of payment 
æ from the equation 


Bib eho Rae 


—— + 
ler Ittr 


582. In practice however the method would probably be to 
proceed as in the first solution, with this exception, that the 
lender would allow interest instead of discount on the sum paid 
before it was due; thus we should find æ from 


Blær = P(z-t)r; 
therefore (Pt B)æ=Pt + Pt. 


In this case the interest on PH B for æ years is equal to the 
sum of the interests of 7 and Æ for the times 7, and í, respect- 
ively; this follows if we multiply both sides of the last eqüation 
by r. This rule is more advantageous to the borrower than that 
in Art. 580, for the interest on a given amount is greater than the 
discount. See Art. 577. 


583. Suppose there are several sums P, D, D, ...... due at 
the end of times £4, bp £, ...... respectively, and the equated time 
of payment is required. 
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The first method of solution (Art. 580) becomes very compli- 
cated in this case, and we shall therefore omit it. 


The second method (Art. 581) gives for determining the 
equated time a, 


I Pp B sA E rau ir 
Ittr  I+ir æi 7 l+ar , 


to express the sum of the terms 


if we use the symbol X CL 


R R 


B 
———— po 3 
l+tr lrir Itir 


and XP to express the sum of the terms P +P, +P, + ..., we may 
write the above result thus, 


P ZP 
x(iz)- iT 


The third method (Art. 582), gives 
2(fh+Ph+B+......)=Pt tBt, Doa esL 
which may be written =P = Pt. 


584. Equation of payments is a subject of no practical im- 
portance, and seems retained in books chiefly on account of the 
apparent paradox of different methods occurring which may 
appear equally fair, but which lead to different results. We 
refer the student for more information on the question to the 
article Rebate in the Supplement to the Penny Cyclopedia. We 
may observe, however, that the difficulty, if such it be, arises 
from the fact that simple interest is almost a fiction; the moment 
any sum of money is due, it matters not whether it is called 
principal or interest, it is of equal value to the owner; and thus 
if the interest on borrowed money is retained by the borrower, it 
ought in justice to the lender, to be united to the principal, and 
charged with interest afterwards. 


585. If compound interest be allowed, the solutions in 
Arts. 580 and 581 will give the same result. 
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For the solution according to Art. 580 will be as follows: 


NOT: í 1 
the discount on 7 for £, — x years is Z, (1 = m>) ) 
the interest on P for z — t, years is 2(R* 5—1); 


therefore P (1 į "3 = P(R4—1), 


From this equation z must be found; by transposition we 
shall see that this is the same equation as would be obtained by 
the method of Art. 581; for we obtain 


Re Pym gts BR 
; ok alte A e 
therefore B= Bt roe 


which shews that œ is such that the present value of P +P 
due at the end of æ years is equal to the sum of the present 
values of P and 7, due at the times /, and f, respectively. 


586. If there be different sums P, P, P,...... due at the 
end of &, é, ty..--.. years respectively, the equated time of 
payment (x), allowing compound interest, may be found from 

PFE F ee » ES E eA 
^ HA ~ ph Ris to j 


which may be written 


587. We have said in Art. 580, that we must take that root 
of the quadratic which lies between ¢, and ¢,; we will now prove 
that there will in fact be always one root, and only one, between 
t, and ty 

We have to shew that the equation 

F(æ-t){1t(t,-æ)r}- £(5-2) -0 


has one root, and only one, lying between f, and f,. 
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The expression 
F(e-t,) {1 +(t, — 2) rj - R(t,- 2) 
is obviously positive when æ=t. If this expression is arranged 
in the form ax’+ba+e, the coefficient a is negative, being — Pr; 
hence ¢, must lie between the roots of the equation by Art. 339; 
that is, one root is greater than ¢, and one less than ¢,. It is 
obvious too that no value of æ less than ¢, can make the expression 
vanish, so there cannot be a root of the equation less than ¢,; 


there must then be one root between é and f£, and one greater 
than ¢,. 


It may be remarked that the value — also makes the 
expression positive, and so the root which is greater than é, must 


by Art. 339 be greater than £, + 3. 


MISCELLANEOUS EXAMPLES. 


l. Find the equated time of payment of two sums, one of 
£400 due two years hence, the other of £2100 due eight years 
hence, at 5 per cent. (Art. 580.) 


2. Find the equated time of payment of two sums, one of 
£20 due at the present date, the other of £16. 5s. due 270 days 
hence, the rate of interest being twopence-halfpenny per hundred 
pounds per day. (Art. 580.) 

3. Find the equated time of paying two sums of money due 
at different epochs, interest being supposed due every moment. 


4. A sum of money is left by will to be divided into three 
parts such that their amounts at corhpound interest, in a, 6, c 
years respectively, shall be equal; determine the parts. 


5. If « and n be positive integers, the integral part of 
{a + (a^ — 1) is odd. 

6. If a and n be positive integers, the integral part of 
{„/(a? + 1) + a]" is odd when n is even and even when 7 is odd. 
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T. Shew that the remainder after n terms of the expansion of 


h 2] in a series of ascending powers of æ is 
(-l'æ (n+1)a+næ 
a" (ar) 
8. If y (n, r)- n(n—1) (n—2)...(n—r -- 1), shew that 
y(n, r) 2y(n—2, r) + 2ry(n - 2, r- l)-r(r—-1)y(n—2, r—2). 


9. It (n re 2G D-- 0-7 * D, show that 


p(n, m) 2 $(n — m 1, pog 1) $(n — m 41, 2 
* $(m —1, 2) $ (n — m 4 1, 3)+...... 
10. With the same notation shew that 
a — (a + B) þ(n, 1) * (a - 28) $ (n, 2) — (a + 3B) $ (n, 9) ^ ...... 
ABY +(— 1)" (a + nB) þ (n, n)=0. 
ll. If s be the sum of n terms of a geometric progression 


whose first term is æ and common ratio 1 +æ, where x is very 
small, shew that 


aueh irn 
on" { 1 ja Í approximately. 


12. If a quantity change continuously in value from a to b 
in a given time £,, the increase at any instant bearing a constant 
ratio to its value at that instant, prove that its value at any time 

t 


t will bea (D. (Art. 574.) 


XLIII. ANNUITIES. 


588. To find the amount of an annuity left unpaid for any 
number of years, allowing simple interest upon each sum from the 
time it becomes due. 

Let A be the annuity, the number of years, r the interest of 
one pound for one year, M the amount. 
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At the end of the first year A becomes due, and at the end of 
the second year the interest of the first annuity is 74; at the end 
of this year the principal becomes 24, therefore the interest due 
at the end of the third year is 2r4; in the same way the interest 
due at the end of the fourth year is 374 ; and so on; hence the 
whole interest is 

rA + 2rÁ + 3rA + ......... +(n—1)rA; 


n(n—1)rA 
2 


that is, , (Art. 459), 


and the sum of the annuities is n4; 


therefore M=nA+ -—9 rÅ. 


589. To find the present value of an annuity, to continue for 
a certain number of years, allowing simple interest. 

Let P denote the present value ; then P with its interest for 
n years should be equal to the amount of the annuity in the same 
time; that is, i 


P+Pur=nA + a 4; 
therefore P= nd + }n(n—1)rA 
l+nr 


590. Another method has been proposed for solving the 
question in the preceding article. ; 


A 
The present value of A due at the end of 1 year is — T 
(Art. 577); the present value of A due at the end of 2 years is 


soe e 
l4 2r? 1+ 3r’ 
and so on; the present value of the annuity for n years should 
be equal to the sum of the present values of the different payments : 
hence 


1 1 1 1 
E Ali i; a peer hs +i}: 


www.rcin.org.pl 


348 ANNUITIES. 


591. Some writers on Algebra have adopted the solution 
given in Art. 589, and others that in Art. 590; we have already 
intimated in a similar case (Art. 584), that the solution of such 
questions by simple interest must be unsatisfactory. The student 
may consult on this point Wood’s Algebra, the Treatise on Arith- 
metic and Algebra in the Library of Useful Knowledge, p. 102; 
Jones on the Value of Annuities and Reversionary Payments, 
Vol. 1. p. 9; and the article Rebate in the Supplement to the 
Penny Cyclopedia. 


592. The formule in Arts. 589 and 590 make the value of a 
perpetual annuity infinite. For the value of P in Art. 589 may 


be written 
A+ 3(n -l)r4 E 


2 
+r 
M 


when n is infinite the denominator of this expression becomes 7, 
and the numerator becomes infinite; thus P is infinite. The 
series given for P in Art. 590 also becomes infinite when n 
is infinite. ; 

This result is another indication that the value of annuities 
should be estimated in a different way. We proceed to the 
supposition of compound interest. 


593. To find the amount of an annuity left unpaid for any 
number of years, allowing compound interest. 

Let A be the annuity, n the number of years, Æ the amount 
of one pound in one year, M the required amount. 


At the end of the first year Á is due; at the end of the 
second year RA is the amount of the first annuity, hence the 
wl ole sum due at the end of the second year is RA + A, that is, 
(R - 1) A; at the end of the third year the sum due is 


R(R+1)A+A, that is, (E - E 1) 4; 
and so on; hence the sum due at the end of x years is 
(Ut mee -1)4 
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R-1 
thus M = jm; A. 
594. To find the present value of an annuity, to continue for 
a certain number of years, allowing compound interest. 


Let P denote the present value; then the amount of P in 


n years should be equal to the amount of the annuity in the 
same time; that is, 


, 4-1 
PR =p 
therefore P= 1- R = 1-007 A. 
R-1 T 


595. We may also solve the question of the preceding article 


by supposing P equal to the sum of the present values of the 
different payments. 


The present value of 4 due at the end of 1 year is á A 


the present value of 4 due at the end of 2 years is $ : 


the present value of A due at the end of 3 years is 2 ; 


A A A 
therefore P= ate p bee: P 7 
A 


If the present value of an annuity Á for any number of years 
be mA, the annuity is said to be worth m years purchase. 


596. To find the present value of a perpetual annuity. 
‘Suppose n = infinity in the formula 
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A A 
thus P= Ed 
597. To find the present value of an annuity, to commence at 


the end of p years, and then to continue q years. 


The present value of an annuity to commence at the end of 
p years, and then to continue q years, is found by subtracting the 
present value of the annuity for p years from the present value of 
the annuity for p +q years; thus we obtain 


1—A-0*2 ]. g A 
CLE E dux Pe s M 1 TA coc FR ER a Á | 
4 ELI ARF » that is, 4, (E? Hr, 
If the annuity is to commence at the end of p years, and then 


to continue for ever, we must suppose q infinite, and the present 
AR"? 
value becomes R-Dp 


598. The preceding article may be applied to calculate the 
Jine which must be paid for the renewal of a lease. Suppose an 
estate to be worth .£4 per annum, and that a lease of the estate 
is granted for p--q years for a certain sum of money paid down; 
and suppose that when g years have elapsed, the lessee wishes to 
obtain a new lease for p+q years; he must therefore pay a 
sum equivalent to the value of an annuity of £4 to begin at the 
end of p years, and to continue for g years. This sum is called 
the fine paid for renewing q years of the lease. 


599. We have hitherto in the present chapter confined 
ourselves to the case in which the interest and the annuity are 
due only once a year. We will now give a more general pro- 
position. 

To find the amount of an annuity left unpaid for n years, at 
compound interest, supposing interest due q times a year, and the 
annuity payable m times a year. 


th 
Let — be the interest of one pound for (5) of a year; 


then by Art. 573, the amount of one pound in s years is 
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(1 +7) whether s be an integer or not; thus the amount of one 


th 2 
pound for G) of a year is (1 y we shall denote this 


by p. Let a be the instalment of the annuity that should be 
paid each time; then the amount of the annuity at the end of n 
years is the sum of the following mn terms: 


aip" AA A -p-lj, 
that is, a P »» j 
p 


that is, a 


EXAMPLES OF ANNUITIES. 


In the examples the interest is supposed compound unless 
otherwise stated. 


1. A person borrows £600. ös.; how much must he pay 
annually that the whole debt may be discharged in 35 years, 
allowing simple interest at 4 per cent.? 


2. Determine what the rate of interest must be in order that 
the present value of an annuity for a given number of years, at 
simple interest, may be equal to half the sum of the annuities. 


3. A freehold estate of £100 a year is sold for £2500; at 
what rate is the interest calculated ? 


4. The reversion, after 2 years, of a freehold worth £168. 2s. 
a year is to be sold; what is its present value, supposing interest 
at 23 per cent. 1 


5. If 20 years purchase must be paid for an annuity to con- 
tinue a certain number of years, and 26 years purchase for an 
annuity to continue twice as long; what is the rate per cent. ? 
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6. When 31 per cent. is the rate of interest, find what sum 
must be paid now to receive a freehold estate of £320 a year 
10 years hence; having given 


log 1:032 = :0136797, log 7:29798 = -8632030. 


7. Supposing an annuity to continue for ever to be worth 
25 years’ purchase, find the annuity to continue for 3 years which 
can be purchased for £625. 


8. A sum of £1000 is lent to be repaid with interest at 4 
per cent. by annual instalments, beginning with £40 at the end 
of the first year, and increasing 30 per cent. each year on the 
last preceding instalment. Find when the debt will be paid off; 
having given 


log 2=-30103,  1log3- 47712. 


9. What is the present value of an annuity which is to com- 
mence at the end of p years, and to continue for ever, each pay- 
ment being m times the preceding? What limitation is there 
as to m? 


10. What sum will amount to .£1 in 20 years, at 5 per cent., 
the interest being supposed to be payable every instant? 
11. If interest be payable every instant, and the interest for 


th 
one year be E of the principal, find the amount in n years. 


12. A person borrows a sum of money, and pays off at the 
end of each year as much of the principal as he pays interest for 
that year; find how much he owes at the end of n years. 


13. An estate, the clear annual value of which is £4 is let 
on a lease of 20 years, renewable every 7 years on payment of a 
fine; calculate the fine to be paid on renewing, interest being 
allowed at six per cent.; having given 
log 106 = 2:0253059, log 4688385 = ‘6710233, 
log 3118042 = -4938820, 
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14. A person with a capital of £a, for which he receives 
interest at r per cent., spends every year £b, which is more than 
his original income. In how many years will he be ruined? 


Ex. If 45-1000, r=5, 6=90, shew that he will be ruined 
before the end of the 17th year; having given 


log2—:3010300, log 3=4771213, log? —:8450980. 
XLIV. CONTINUED FRACTIONS. 


600. Every expression of the form a+ nal is called 
c+ 


e+ Xe, 
a continued fraction. 


We shall confine our attention to continued fractions of the 


form a+ , Where a, b, o, ...... are all positive integers. 


1 
duit ot 


For the sake of abbreviation the continued fraction is some- 


: 1 
times written thus: "E ———. 
b+ ct &c. 
When the number of the terms a, b, c, ...... is finite, the con- 


tinued fraction is said to be terminating; such a continued frac- 
tion may be reduced to an ordinary fraction by effecting the 
operations indicated. 


601. To convert any given fraction into a continued fraction. 


Let = be the given fraction; divide m by n, let a be the 


quotient and p the remainder; thus 


-PTE makes 
"0 M ^n 
p 
T. A. 28 
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divide n by p, let b be the quotient and g the remainder; thus 


E e Em 

p p 

q 

Similarly, fuss E Ls od, 

q q q 

> 

and so on. 

Thus E ad tns... 

ji banks 

c+ &c. 


If m be less than n, the first quotient a is zero. 


We see then that to convert a given fraction into a continued 
fraction, we have to proceed as if we were finding the greatest 
common measure of the numerator and denominator, and we 
must therefore at last arrive at a point where the remainder is 
zero and the operation terminates; hence every fraction can be 
converted into a terminating continued fraction. 


602. The fractions formed by taking one, two, three, &c. of 


the quotients of the continued fraction a+ Es are called 


1 
b+ ct &c. 
converging fractions or convergents. Thus the first convergent is a; 


arl. sva 


the second is formed from a E, it is therefore 


b 


is formed from a+ = that is, from a+ 


c 
pal bc 1 
c 


abc 4- a tc 


therefore pte e. and so on. 


603. The convergents taken in order are alternately less and 
greater tham the continued fraction. 
The first convergent a is too small because the part EFE is 
c. 


omitted; a +5 is too great because the denominator b is too 
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small ; at is too small because bl is too great; and 
b+- 
c 


BO On. 


604. To prove the law of formation of the successive con- 
vergents. 

The first three convergents are A pasah M ; 3 TET $ ; the 
numerator of the third is c(ab+ 1) -- a, that is, it may be formed 
by multiplying the numerator of the second by the third quotient, 
and adding the numerator of the first; the denominator of the 
third fraction may be formed in a similar manner by multiplying 
the denominator of the second by the third quotient, and adding 
the denominator of the first. We shall now shew by induction 
that such a law mus universally. 


p 

Let A be three consecutive convergents, m, m’ 
7 
) A ÞJ 2 3 , 


m”, the ned quotients ; and suppose that 


"LPS a 


p'=mp +p,  g'-mq-g 
Let m” be the next quotient; then the next convergent 


n 


differs from 7 only in taking in the additional quotient m”, 


Iu 
so that we have to write m" + a instead of m"; thus the next 


convergent 


sm A i 
ji (n (tip): +p m" (m. Hol 'p' + p) Pa p mp p Ji p 
= = m” 7 nm n 
+ 
(rra ™ Er TS TA 


If therefore we suppose 


m Wl Wt Wt "n 


pam’ p’ +p and q" 2m"q' +g, 


"n 
the next convergent T will be equal to tr m, thus the converg- 


ent y may be formed by the same law that was supposed to 


23—2 
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hold for A z; but the law has been proved to be applicable for 


the third convergent, and therefore it is applicable for every 
subsequent convergent. 


We have thus shewn that the successive convergents may be 
formed according to a certain law; as yet we have not proved 
that when they «re so formed each convergent is in its lowest 
terms, but this will be proved in Art. 606. 


605. The difference between any two consecutive convergents 
is a fraction whose numerator is unity, and denominator the pro- 
duct of the denominators of the convergents. 


This is obvious with respect to the first and second converg- 
ab-l a 1 


ents, for 


b dui N 


Suppose the law to hold for any two consecutive convergents 
, 


" 7 ; that is, suppose p'g — pq =+1, so that 
p p 


r + — 

d 4 a 
pt owl, 

i 1 

so that A =; - „Á 7 
yy aq’ 
thus the law holds for the next convergent. Hence it is univer- 
sally true. 


p 
q 


u 


606. All convergents are in their lowest terms. 


For if the numerator and denominator of % had any common 
measure it would divide p'g — pg! or unity, which is impossible. 


607. very convergent is nearer to the continued fraction 
than any of the preceding convergents. 


We shall prove this by shewing that every convergent is 
nearer to the continued fraction than the preceding convergent. 
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LÀ 


Let A B. 7 be consecutive convergents to a continued 
p mp +P n 


fraction z; then *, ae Now « differs from 7 only in 


d mg 
taking instead of m” the complete quotient m" sg gt E jl vw nd. this will 
be some quantity greater than unity, which we shall denote by p; 
thus 
LHP tb. 
pd +g? 


Bhags. $5, 5 M'cp Og M 
q q Útg aeft) aug ^9) 


2B we ur al í NEL A! tear 


Now 1 is less than p» and g is greater than g; hence on both 
accounts the difference between œ and 7 is less than the differ- 


ence between æ and $ ; that is, 7 is nearer to x than r is 


608. To determine limits to the error made in taking any 
convergent for the continued fraction. 


By the preceding article the difference between æ and : is 


p 1 M 1 
glug +4)’ MK s gy "o EP 
Gig >a 
1 P» 
"ET Since ¢ is greater than g, the error a fortiori is 


less than > and greater than zA; these limits are simpler than 
those first given, though of course not so close. 
609. In order that the error made may be less than a given 


quantity E we have therefore only to form the consecutive con- 
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vergents until we arrive at one Z, such that q? is not less 
than &. 


610. Any convergent is nearer to the continued fraction than 
any other fraction which has a smaller denominator than the 
pene eet has. 


Let É “4 be the convergent, and 7 - a fraction, such that s is 
less than g. Let x be the continued fraction, and ; the converg- 


ent immediately preceding 7 Then Ge P are either in 


ur 
ascending or descending order of e by Art. 603. Now á 


cannot lie between A and "E for then the difference of : and : 


would be less than the difference of ^ pond 7 ^, 
1 


a , and therefore the difference of ps LE qr would be less than 


that is, less than 


? that is, an integer less than a proper fraction, which is im- 


possible. Thus either = x, 7 =, or =, v x, 7 must be in 


order of magnitude. In the former case ; differs more from æ 


than 5 does; in the latter case A differs more from æ than ; does, 


and therefore a fortiori more than 7 does. 


, 
611. Suppose S. ? two consecutive convergents to a con- 


tinued fraction x, then : 7 ; is greater or less than z* according as 


is greater or less than 5. For as in Art. 607 
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pp +P, 
pq +g’ 
p zd p(u*d) (mp 
qv P  q(pp-p) p (pq +49) 
Reduce the fractions on the right-hand side to a common de- 
nominator; we have then in the numerator 


pp (ug + 9) — ad (up ^ p), 


e = 


therefore 


or w (pp'q^ — qd p^) + ppt- gap; 
that is, (Wp g — pq) (bd —72). 
The factor ppg — pq is necessarily positive; the factor 
p 


pq — pq is positive or negative, according as k is greater or less 


, , 


p 


than £ ; hence — PP 
q qx 


j æq : : 
is greater or less than —>, that is, —— is 
"m P ' qd 


, 


greater or less than 2^, according as Å is greater or less than 7 . 


EXAMPLES OF CONTINUED FRACTIONS. 


Convert the following fractions into continued fractions: 


, 1380 445 19763 743 
' 1050" ' 612' ' 44126 ` qu 


5. Find three fractions converging to 3:1416. 


6. Find a series of fractions converging to the ratio of 
5h, 48m, 51*. to 24^. 


Eu 20 a > be three consecutive convergents, shew 
1 2 3 


that (p,—p,) q, 7 (9, — %) Pa 


8. Prove that the numerators of any two consecutive con- 
vergents have no common measure greater than unity, and 
similarly for the denominators. 
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9. If z Ps à Pa, Ase be successive convergents to a con- 


tinued fraction greater than unity, prove that 


PH TPA = C ly. 
10. Shew that the difference between the first and x con- 
vergent is numerically equal to 
AU PING PA etta 


—— — ---— 
tee eee 


VIVA 1:13 1514 " | AR 0 
1l. Shew that 


(1) (Be) 6-9 6-89) 
D, Pasi Tn d. 
12. If y, be the n™ quotient in a continued fraction greater 
than unity, shew that 
Pa Pes CDH, 


JA q, -9 VA -8 


13. If Pes A Pa- A A be successive convergents to the 
Q,.-s q.i 
continued fraction A A. shew that 
a, tat a, + 


PSP BP Ba 
and hence that 
P, 7 WPa- = 7 1)" B. B, B. 
14. If > * denote the n™ convergent to a fraction Á g’ and 
R, denote the remainder which occurs in the process of 


converting the fraction á to a continued fraction, shew that 
P=pRk,, + p, OP, Q-q,R, , t GR, 


15. Shew that the difference of A and : 2 is LI 


16. In converting a fraction in its lowest terms to a con- 
tinued fraction, shew that any two consecutive remainders have 
no common measure greater than unity. 
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XLV. REDUCTION OF A QUADRATIC SURD TO A 
CONTINUED FRACTION. 


612. A quadratic surd cannot be reduced to a terminating 
continued fraction, because the surd would then be equal to a 
rational fraction, that is, would be commensurable; we shall see, 
however, that a quadratic surd can be reduced to a continued 
fraction which does not terminate; we will first give an example, 
and then the general theory. Take the square root of 6; 


1 
~ (6) = 2 + (6) — -2= 24+ p52 +76) 42” 
2 


M6)+2_ , M(6)-2 1 1 


2 ah? 78 + acy wen 
1 
1012. 40-3... 8 | 


*46 x37 * Je 
p 


the steps now recur; thus we have 


E 21 1 
602224 
(6) = PESE rr n S 


In the above process the expression which occurs at the beginning 
of any line is separated into two parts, the first part being the 
greatest integer which the expression contains, and the second part 
the remainder; thus the greatest integer in ,/6 is 2, we therefore 


write 
(6) =2 +4,/(6) - 2); 
again, the greatest integer in a is 2, we therefore write 


/(6) + 2 6)-- 2 
E uL 
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and so on; the remainder is then made to have its numerator 
rational, and expressed as a fraction with unity for numerator ; we 
then begin another line of the process. 


We may notice in the example that the quotients begin to 
recur as soon as we arrive at a quotient which is double of the 
first. This we shall presently shew is always the case. 


613. Let JV be any integer which is not an exact square; let 
a be the greatest integer contained in „/W; write „/N in the form 


JJ x )+0 for symmetry, and proceed as follows: 


J(¥) + 0 N(N) A T e r 2, 
Tr oe aoe ET a’; 
(W) +a N(N) 4 l rb al 


: N 
if a=rb— a, and r= ; 
r 


JQ)-a V, AN) _,, poc 
BN 3 =0 + "n AN Nyaa" 


if a"=rb- a/, and "=— 


a a ae el -T'b — &c 


In this process we suppose b, 0^, 5",... to be the greatest integers 
contained in the expressions from which they respectively spring; 
hence it follows that 7’, 7", 7',... are all positive. For a’ is less 
than JV, hence r is positive, and 6 is the greatest integer in 


Jn) +a 


so that b is of course less than cs ; hence a“ is less than N, 


and so 7 is positive; and so on. We have noticed this fact, 
because it follows very obviously from the process; it is, however, 
included in the proposition of the following article. 
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614. In the expressions which occur at the beginning of the 
lines in Art. 613, we have the following series of quantities : 


0; a d; ya ES 9: (1), 

1, ey $5, 407, eT. A sec quenti í 
and the corresponding series of quotients is 

a WV, T NCC LLL ALS (3). 


We shall now shew that the terms in (1) and (2) are all posi- 
tive integers; those in (3) are known to be such. 


Let a, a’, a” be any three consecutive terms of (1); p, p', p" the 
corresponding terms of (2); B, B', B” those of (3). Let 


p p p 
3 RIS ope 
SS j h 
be the corresponding convergents to „/(W), so that 7 = DELE. 


these convergents can all be formed in the usual way, since all the 
terms in (3) are positive integers. 
Since the complete quotient corresponding to 8” is ANTA $ 
P 
we have, by Art. 607, 
VN) * a^. , 
EAT my. In uw n” 
Á = mo - Ee ee 
MV) + aT rug WU)* «4 pq 
p” G Þa 


Multiply up, and then equate the rational and irrational 
parts (Art. 299); thus 


"n, 


a'p' + p'p=Ny,  cq*pg-p; 
therefore a" (pq — p'q) -pp- qq N, p" (pq'—p'4) = gN- p. 
Now pq'—y'q— 1, hence a” and p" are integers. And it is 
proved in Art. 611 that pg'— p'g, pp'— qq N, and q^N— p^ have 
the same sign; hence a" and p" are positive integers. 


This investigation may be applied to any corresponding pair 
of quantities in (1) and (2) except the first two pairs; it cannot be 
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, 
applied to these because two convergents : and í are assumed to 


qd 
n 
precede the convergent T But the first two pairs of quantities 


in (1) and (2), namely 0 and 1, and a and 7, are known to be 
integers. Thus all the quantities in (1) and (2) are positive 
integers. 


615. The greatest term in (1) is a. For by the mode of 
formation of the series, pp'— V — a^; since p and p’ are positive, a” 
is less than JV, and therefore a’ is not greater than a. 


616. No term in (2) or (3) can be greater than 2a. For by 
the mode of formation of the series, a’ + a^— p'/7 ; and since a’ and 


a” cannot be greater than a, neither p' nor f’ can be greater than 
2a. 


617. If p’=1, then a"=a. 


For, by Art. 614, a" p" 7 = , therefore if p"— 1, 


, 


p 


a” + a fraction = 7 ð 


Now 9 is a nearer approximation to ,/N than a is, and a 


is less than „/W; therefore P is greater than a; hence 


g 


a’ =a. 

618. If any term in (1), excluding the first, be subtracted 
from a, the remainder is less than the corresponding term in (2). 
For, by Art. 614, 

oq *pg-p; 


1 
therefore Á = kel E »- a’) j 
p p 
, 
therefore : 7 -a"<p"; 
therefore, a fortiori, a —a"'- p. 
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This demonstration will only apply to the third or any fol- 
lowing term, because in Art. 614 it is supposed that two terms 
a, a precede a“. The theorem, however, holds for the second 
term, as is obvious by inspection, for a —« or zero is less 
than 7. 


619. It is shewn in Arts. 615 and 616 that the values of the 
terms in (1) and (2) cannot exceed a and 2a respectively; hence 
the same values must recur in the two series simultaneously, and 
there cannot be more than 2a* terms in each series before this 
takes place. 


620. Let the series (1) be denoted by 


6. Lio uo LL eet Chan, 5: Made a ete e 


and let a similar notation be used for (2) and (3) We have 
proved that a recurrence must take place, suppose then that the 
terms from the m™ to the (n — 1)" inclusive recur, so that 


a=k, Get S IM Ld oma 
b=, huma OMM Lr 
EE M fa sera OX ou ere 
We shall shew that 
q, -) = n-i) 5 x b ss Tii | 
We have r, ir, = N-a rr. = Na, 
but r ET and  a,=4,; 
therefore ÁR NA 
Again, E T EE T Doo dotesro 5 ; 
therefore Ali — Gy, O a 8) Manas 
therefore “s=1— “m= = V7 Öm- = zero or an integer. 


m-1 


But, by Art, 618, 


$—68, 1*7 ur 
a — d i " Fo) 
that is, Paces 
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therefore aiat rto fu uj 
G. o 
therefore pe 2 <1. 
m-—1 


Comparing this with the former result, we see that "ii ei 
m~l 


must be zero; 


therefore a 


n=l 


=a 


m-—1? 


and b, ,—b 


1 m-—1 


Hence, knowing that the m™ term recurs, we can infer that 
the (m 1)" term also recurs. This demonstration holds as 
long as m is not less than 3; for it depends on the theorem 
established in Art. 618. Hence the terms recur beginning with 


the complete quotient JE rs A 


621. "The last integral quotient will always be 2a. 


N 
For let the last complete quotient be ite ; then the 


next is rs ; hence 

a, ta=rðb, rr-N-a, 
but r=N-a'; therefore 7, —1; 
therefore, by Art. 617, a, =a; 
therefore b = 2a. 


622. Every periodic continued fraction is equal to one of the 
roots of a quadratic equation with rational coefficients. 


1 he Í 
ip Reeta c A T E 
where y=r+ M S $i 
Tyee Ut v+ y 
so that a, 6,.:.... h, k are quotients which do not recur, and 
5d soe: u, v those which recur perpetually. 
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, 
Let v be the convergent formed from the quotients a, D, ... 


down to & inclusive; and let : be the convergent immediately 


preceding 7 ; then, as in Art. 607, 


_Py+p 1 
gytg e 
Let F be the convergent formed from the quotients 7, 8, .. 


g 


down to v inclusive; and let o be the convergent immediately 


preceding : ; then 


From (1) and (2) by eliminating y we obtain a quadratic 
equation in æ with rational coefficients. To find æ under an 
irrational form we should take the positive value of y found 
from (2), that is, from 


Qy'«(Q- P)y-P-0, 
and substitute it in (1). 


EXAMPLES OF CONTINUED FRACTIONS FROM QUADRATIC SURDS. 


Express the following fourteen surds as continued fractions, 
and find the first four convergents to each: 


17: y 2. ,/(10). 3. „/(14). 4. JT). 
5. Jü19. 6. „(26). 7. (27). 8. J(46) 
9. (53). 10. ,/(101). 11. Aeri 
12. „(a'-1). 13. (a +a). 14. ,/(a*-a). 
15. Find the 8* convergent to ,/(13). 
16. Find the 8" convergent to ,/(31). 
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17. Shew that differs from ,/(23) by a quantity less 
1 
than aT and greater than TGO 


18. Shew that the 9" convergent to „/(33) will give the true 
value to at least 6 places of decimals. 


19. Find the limits of the error when ie is taken for ,/(23). 


1151. 
20. Also when 340 is taken for ,/(23). 


21. Find the limits of the error when the 6” convergent is 
taken for ,/(31). 


Tey aa 5 
22. Show that lt gi go poe =/{3)- 


23. Shew that 


JE Ba a 1 
( De Cae Hagel: \quna iiri" =i 


24. Shew that 


ob Sn Seth T3 


2a+ a+ íss a+ las" = 2 A +a); 


shew that the second convergent differs from the true value by a 
quantity x than 1+a(4a°+1); and thence by ers 6 2 T, 


shew that © 70 9 differs from ,/(2) by a quantity less than === 1 = 0° 


25. Shew that the 3" convergent to ,/(a*+a@+1) is (2a +1). 

26. Find convergents to T shew that ^ exceeds the true 
Á 

2910" 

27. Find the 6™ convergent to T (3) 


value by a quantity less than —— — 


28. Find the 6* convergent to the positive root of 
2a’ — 3x — 6 = 0. 
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29. Find the 6" convergent to each root of 


æ-5æ 3 = 0. 
30. Find the 7“ convergent to the greater root of 
92*— Tx + 4 = 0. 
Á 1 
31. Find the 5” convergent to ———. 
á; 
32. Find the value of 1 + — CN eg 
[pour ra 
33. Find the value of sk Á. i AS en 
l+ 244 4+ 2+ 
bourbe Yos Þr, ul 


34. Find the value of 1*5 TM Dp I a i Bið 


35. Find the value of 3+ — ge a ee HOP AM 


36. Find the value of 2+ — — — — =~ — ...... 


XLVI. INDETERMINATE EQUATIONS OF THE 
FIRST DEGREE. 


623. When only one equation is given involving more than 
one variable, we can generally solve the equation in an infinite 
number of ways; for example, if «æ -- by —c, we may ascribe any 
value we please to z, and then determine the corresponding value 
of y. 

Similarly, if there be any number of equations involving more 
than the same number of variables, there will be an infinite 
number of systems of solutions. Such equations are called in- 
determinate equations. 


624. In some cases, however, the nature of the problem may 
be such, that we only want those solutions in which the variables 
have positive integral values. In this case the number of solutions 


Td 24 
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may be limited, as we shall see. We shall proceed then to some 
propositions respecting the solution of indeterminate equations in 
positive integers. The coefficients and constant terms in these 
equations will be assumed to be integers. 


625. Neither of the equations ax+by=c, ax—by=c can be 
solved in integers if & and b have a divisor which does not 
divide c. 

For, if possible, suppose that either of the equations has such 
a solution; then divide both sides of the equation by the common 
divisor; thus the left-hand member is integral and the right-hand 
member fractional, which is impossible. 

If a, b, c have any common divisor, it may be removed by 
division, so that we shall in future suppose that a and b have no 
common divisor. 


626. Given one solution of ax — by =c in positive integers, to 
Jind the general solution. 
Suppose æ= a, y=B is one solution of aw—by=c, so that 
aa—bB=c. By subtraction 
a (z —a) -b(y - B) - 0; 
a y-B 


therefore == : 
b x-a 


Since ; is in its lowest terms, and æ and y are to have 


integral values, we must have (as will be shewn in the chapter on 
the Theory of Numbers), 
v—a=bt, y-B=at, 
where £ is an integer; therefore 
€ — a. + bt, y — p tat. 
Hence if one solution is known, we may by ascribing to ¢ dif- 
ferent positive integral values, obtain as many solutions as we 


please. We may also give to ¢ such negative integral values as 
make bé and a£ numerically less than a and £ respectively. 


We shall now shew that one solution can always be found. 
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627. A solution of the equation ax — by — c in positive integers 
can always be found. 


Let í be converted into a continued fraction, and the sueces- 


b 
sive convergents formed; let : be the convergent immediately 
preceding P then aq — bp — 2 1. 


First suppose ag—bp=1, therefore age — bpc- c. Hence 
æ= ge, y —pc is a solution of ax — by = c. 


Next suppose ag —bp— — 1, 
then a(b-g)-b(a-p) =1; 
therefore a (b—q)c—b (a—p)c- c. 


Hence z-—(b—4)c, y= (a — p) c is a solution of az — by = c. 

If a=1, the preceding method is inapplicable; in this case 
the equation becomes «—by=c; we can obtain solutions ob- 
viously by giving to y any positive integral value, and then 
making «=c+by. Similarly if b = 1. 


628. Given one solution of the equation ax + by =c in positive 


integers, to find the general solution. 


Suppose that «=a, y= is one solution of ax +by=c, so 
that aa b8—c. By subtraction, 


a (a—a)+b (y—B)=0; 


therefore YN iw: : 
b x-a 
Since í is in its lowest terms and x and y are to have inte- 
gral values, we must have 
€ — a — bt, B-y=at, 
where ¢ is an integer; therefore ; 
& — a + bt, y — B — at. 


24—2 
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629. The number of solutions of ax + by =c in positive inte- 


gers can never exceed the greatest integer in t 1. 


Suppose there to be one solution, namely, when æ=a and 
y=, then all the solutions are comprised in a--5£ and [8— at 
as the values of z and y respectively; hence we may give to t any 


positive integral value less than E and any negative integral 
a 


value numerically less than T may also be zero. Hence the 


number of solutions is 


1 + greatest integer in - greatest integer in 3 
a y 
Let B ona p^" 


where n and 7 are integers and f and f’ proper fractions; then 
the number of solutions is 1 +n +n’, that is, 


Ba : 

be rest y^, 

; aa +b . 

that is, 1+ Er 
that is, 1+ <-f-f". 


Hence if f+/’=1, or >l, the number of solutions is the 


greatest integer in Seis dit f+ f'<1, the number of solutions 


ab 


: , š c 
is the greatest integer in 1 +— ; here, however, we must observe, 
a 


B 


that a zero value may occur, if, for example, f= 0, then Z is an 


B 


integer, and when we put ‘oF we have y=0. If we wish to 
exclude zero values, then the conclusion will be thus: if / or 
f’=0 the number of solutions is the greatest integer in í ; if 


ab’ 
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f=0 and /’=0, the number of solutions is the greatest integer 


"D. 
in - l. 

630. We have shewn that the number of solutions of 
aæ + by =c in positive integers is always limited; it may happen 
that there is no such solution. For example, if c is less than 
a+b, it is impossible that c=aæ by for positive integral values 
of x and y, excluding zero values. 

By the following method we can find a solution when one 
a 


b 
be the convergent immediately preceding 2 then aq — bp — 3 1. 


exists. Let — be converted into a continued fraction, and let 5 


First suppose aq—bp=1, then age—bpe=c; combine this 
with ax +by=c¢; therefore «(ge —2)— b(pc-- y) 2 0; therefore 
qc — x= bt, pc-- y — at, where ¢ is some integer. Hence 

x = qc — bt, y = at — pc. 

Solutions will be found by giving to £, if possible, positive 
qc 
"E 
aq —bp — —1, then aqc— bpe — —c; combine this with aa + by =c, 
therefore a(x +qc)—b(pe—y)=0. Hence 


integral values greater than P and less than Next suppose 


x = bt — qe, y = pc — at. 
Solutions will be found by giving to #, if possible, positive 


integral values greater than T and less than ps . 

631. To solve the equation ax+by+cz=d in positive inte- 
gers we may proceed thus: write it in the form ag +by=d-— cz, 
then ascribe to z in succession the values 1, 2, 3, ...... and de- 
termine in each case the values of « and y by the preceding 
articles. 


632. Suppose we have the simultaneous equations 
ax + by + cz — d, we2+Vy+cz=d'; 
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eliminate one of the variables, z for example, we thus obtain an 
equation connecting the other two variables, 4c + By=C, sup- 
pose. Now if Á and B contain no common factors except such as 
are also contained in C, by proceeding as in the previous arti- 
cles, we may obtain 

€ — a + Bt, y= p — At. 

Substitute these values in one of the given equations, we thus 
obtain an equation connecting ¢ and z, which we may write 
At+Bz=C’. From this, if Á and B contain no common factors 
except such as are also contained in C’, we may obtain 

t=a + Bt, z-p' —A't. 

Substitute the value of ¢ in the expressions found for x and y; 

thus 
c — a 4 (a + Bt)B, y ^ B — (c + B't) A, 
or y =a + Ba + BBY, y-B-«A-AB'T. 


Hence we obtain for each of the variables v, y, an expression 
of the same form as that already obtained for z. 


EXAMPLES OF INDETERMINATE EQUATIONS. 


Solve the following equations in positive integers: 


1. $82z465y-81. 2. 17223y-183. 
3. 19%+ 5y=119. 4. Tx+10y=297. 
5.  ðæt Ty= 250. 6. 137 19y=1170. 


Find the general integral values in each of the following 
equations, and the least values of z and y which satisfy each: 


T. Ta-9y=29. 8. 292r-11y-8. 
9. 19%- 5y=1]19. 10. 17%-49y+8=0. 


11. In how many ways can £500 be paid in guineas and 
five-pound notes ? 


12. In how many ways can £100 be paid in guineas and 
crowns ? à 


www.rcin.org.pl 


EXAMPLES. CHAPTER XLVI. 375 


13. In how many ways can £100 be paid in half-guineas 
and sovereigns ! 

14. In how many ways can £22. 3s. 6d. be paid with French 
five-franc pieces (value 4s. each), and Turkish dollars (value 
3s. 6d. each)! 

15. In how many ways can 19s. 6d. be paid in florins and 
half-crowns ? 

16. If there were coins of 7 shillings and of 17 shillings, in 
how many ways could .£30 be paid by means of them ? 

17. What is the simplest way for a person who has only 
guineas to pay 10s. 6d. to another who has only half-crowns ? 

18. Supposing a sovereign equal to 25 franes, how can a 
debt of 44 shillings be most simply paid by giving sovereigns 
and receiving francs ? 

19. Divide 200 into two parts, such that if one of them be 
divided by 6 and the other by 11, the respective remainders may 
be 5 and 4. 

20. How many crowns and half-crowns, whose diameters 
are respectively ‘81 and :666 of an inch, may be placed in a 
row together, so as to make a yard in length ? 

21. Find x positive integers in arithmetical progression whose 
sum shall be 2’; shew that there are two solutions when x 
is odd. 

22. What is the least number which divided by 28 leaves a 
remainder 21, and divided by 19 leaves a remainder 17 1 

23. Find the general form of the numbers which divided by 
3, 5, 7, have remainders 2, 4, 6, respectively. 

24. What is the least nuinber which being divided by 28, 19 
and 15, leaves remainders 13, 2 and 7 ? 

25. Solve in positive integers 17x + 23y + 32 = 200. 

26. Find all the positive integral solutions of the simul- 
taneous equations 

Sæt 4y+2= 272, 8x + 9y + 3z = 650. 
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27. In how many ways can a person pay a sum of £15 in 
half-crowns, shillings, and sixpences, so that the number of shil- 
lings and sixpences together shall equal the number of half- 
crowns ? 

28. Find in how many different ways the sum of £4. 16s. 
can be paid in guineas, crowns, and shillings, so that the number 
of coins used shall be exactly 16. 


29. How can .£2. 4s. be paid in crowns, half-crowns, and 
florins, if there be as many crowns used as half-crowns and florins 
together ? 


30. What is the greatest sum of money that can be paid in 
10 different ways and no more, in half-crowns and shillings ? 


31. "The difference between a certain multiple of ten and the 
sum of its digits is 99; find it. 


32. 'The same number is represented in the undenary and 
septenary scales by the same three digits, the order in the scales 
being reversed and the middle digit being zero; find the number. 


33. A number consists of three digits which together make 
up 20; if 16 be taken from it and the remainder divided by 2 
the digits will be inverted; find the number. 


34. Find a number of four digits in the denary scale, such 
that if the first and last digits be interchanged, the result is the 
same number expressed in the nonary scale. Shew that there is 
only one solution. 


35. A farmer buys oxen, sheep, and ducks. The whole number 
bought is 100, and the whole sum paid = £100. Supposing the 
oxen to cost £5, the sheep £1, and the ducks ls. per head; find 
what number he bought of each. Of how many solutions does 
the problem admit ? 


36. Find three proper fractions in Arithmetical Progression 
whose denominators shall be 6, 9, 18, and whose sum shall be 2$. 


37. "Three bells commenced tolling simultaneously, and tolled 
at intervals of 25, 29, 33 seconds respectively. In less than half 
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an hour the first ceased, and the second and third tolled 18 
seconds and 21 seconds respectively after the cessation of the 
first and then ceased; how many times did each toll? 


38. Two rods each c inches long, and divided into m, n equal 
parts respectively, where m and n are prime to each other, are 
placed in longitudinal contact with their ends coincident. Prove 


á ag ^ re 
that no two divisions are at a less distance than — inches, and 
mn 


that two pairs of divisions are at this distance. If m= 250 and 
n = 243, find those divisions which are at the least distance. 


39. There are three bookshelves each of which will carry 
20 books; when books are composed of 3 sets of 5 volumes each, 
6 of 4, and 7 of 3, how must they be distributed, so that no set 
is divided ? 


XLVII INDETERMINATE EQUATIONS OF A 
DEGREE HIGHER THAN THE FIRST. 


633. The solution in positive integers of indeterminate equa- 
tions of a degree higher than the first is a subject of some com- 
plexity and of little practical importance; we shall therefore only 
give a few miscellaneous propositions. 


634. To solve in positive integers the equation 
may + na! spes qy =fr; 
this equation contains only one of the squares of the variables, and 


it can always be solved in the manner indicated in the following 
example. Required to solve in positive integers the equation 


Say + 2z* = öy + Ax + 5. 


Here y (3a —5)=— 22 + 4m +5; 
— 2x! + 4x +5 
therefore y= Ti) 3 
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2 
let 32 —2; therefore B ER nr 00 s 
z-5 2-5’ 
55 
theref 9y2z—62z--24 — 
erefore y æ + tg: 


Since æ and y are to have integral values 3x — 5 must be a 
divisor of 55, and from this condition we can find by trial the 
values of æ, and then deduce those of y. The only cases for 
examination are the following: 


3a — 5 = + 55, 3n 5 - 4 11, 
3z—5 225, 3a—5=+1; 
out of these cases only the following give a positive integral 


value to æ, 
3x — 5 = 55, therefore «= 20; 


3a—5=1, therefore x= 2. 


When æ=20 we do not obtain a positive integral value 
for y; when æ=2 we have y=5; this is therefore the only 
solution of the proposed equation in positive integers. 


635. The equation z*'— V3*—1 can always be solved in 
integers when NV is a whole number and not a perfect square. 
For in the process of converting ,/V into a continued fraction 
we arrive at the following equation (see Art. 614), 


P (pd pq) -q*^N-p»^; 


and at the end of any complete period of quotients p”= 1 
(Art. 621); thus 


pd -pq-q*N - p". 
Suppose now that the number of the recurring quotients is even, 


then 7is always an even convergent, and therefore greater than 


JN, and so greater than 7 Hence pg-gp=1, and we have 


-1=g*N-p“; so that p"— Ng^—1. Hence we obtain solu- 
tions. of the proposed equation by putting æ= p' and y=q’, where 


www.rcin.org.pl 


DEGREE HIGHER THAN THE FIRST. 319 


p is any convergent just preceding that formed with the quo- 


tient 2a. 


Next suppose that the number of the recurring quotients is odd ; 


then when first p’=1 the convergent 7 is an odd convergent, 


when next p’=1 the convergent 7 is an even convergent, and 


so on. Hence solutions can be obtained by restricting ourselves 
to even convergents occurring just before those formed with the 
quotient 2a. 


636. If the number of recurring quotients obtained from 
MN be odd, then, as appears in the preceding article, it^, be 


any odd convergent immediately preceding that formed with 
the quotient 2a, we have 


pí — rq - d*N — p^, and pf - pq-1; 
thus we obtain in this case solutions in integers of the equation 
Ny — x’ =1. 


637. The equation æ-Ny'=æa! by putting »—a«' and 
ya becomes æ*— NVy*=+1, which we have considered in 
the preceding articles. 


638. The relation 
p (pq - 72) =g"N-p“, that is, +p” =g" N- p", 
will give solutions of the equation a^— Vy’=+c in some cases 


in which c is different from unity. The method will be similar 
to that given in Arts. 635 and 636. 


639. If one solution in integers of the equation 2 — Ny’ =1 
be known, we may obtain an unlimited number of such solutions. 
For suppose «=p and y=g to be such a solution, so that 
p —Nq’=1; then 
(p-aAN)(p*aAN)-L 
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therefore 
(»-a Nr (p*q Ny 21-(z-y /N)(ety JN), 
by supposition. Put then 
z—yA N -(p-qJ Ny, 
a+y/N=(p+q/N)", 


thus 2-3 (pa Ny (p- aW), 


Y= gy o eJ Ny (2 IN); 


it is obvious that if n be any positive integer, these values of 
æ and y will be positive integers. 


640. Similarly, if one solution in integers of the equation 
z'— Ny =—1 be known, we may obtain an unlimited number 
of such solutions. For suppose x=p and y=g to be such a 


solution, then 
(p—-a A N)(p* q JN) - — 1. 
Now take n any odd integer; then 
(n-g JNy(p*aJNy-(-1r--1 
-(r- y N)(e*y JN), 
by supposition. 
Then we proceed as in Art. 639. 

'641. If one solution in integers of the equation z'— Ny’ =a 
be known, we may obtain an unlimited number of such solutions. 
‘For suppose «=p and y=g to be such a solution, and let æ =m 
and y=” be a solution of z'— Ny'—-1; then the equation 
x’ — Ny* = a may be written 

að — Ny = (p! - Ngð) (m° - Nn?) 
= pm + N*q^w' — N (pn? + Pm) 
= (pm Ngn) — N(pn æ gm)’; 
we may therefore take 


æ=pm + Nqn, y — pn + qm. 
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EXAMPLES OF INDETERMINATE EQUATIONS. 
Solve in positive integers 3xy — 4y + 3: = 14. 
Solve in positive integers zy + a?= 2x + 3y + 29. 
Find the least solution of 2*— 13y*— — 1. 

Find the least solution of 2*— 1015?— — 1. 


P". 2 ow 


5. Shew how to find series of numbers which shall be at the 


same time of the two forms n’—1 and 10m’, and find the value 
of the smallest. 


6. A gentleman being asked the size of his paddock an- 
swered, “ between one and two roods; also were it smaller by 
3 square yards, it would be a square number of square yards, and 
if my brothers paddock, which is a square number of square 
yards, were larger by one square yard, it would be exactly half 
as large as mine.” What was the size of his paddock? 


7T. Find a whole number which is greater than three times 
the integral part of its square root by unity; shew that there are 
two solutions of the problem and no more. 


8. Shew that the number of solutions in positive integers of 
yt a2? — b is limited when a is positive. 


9. Find all the solutions in positive integers of 
3y' - 2zy + 12* — 27. 

10. Find all the solutions in positive integers of 
22*— Qæy + Ty^— 38. 


ll. Find a general form for solutions of z'— 23y*= 1, having 
given the solution x — 24 and y=5. 


12. Find a general form for solutions of z'— 2y’=7, having 
given the solution x=3 and y — 1. 
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XLVIIL PARTIAL FRACTIONS AND INDETERMI- 
NATE COEFFICIENTS. 


642. An algebraical fraction may be sometimes decomposed 
into the sum of two or more simpler fractions; for example, 


P PNE 
z'—-3z22 2-1 æ-2 
The general theory of the decomposition of a fraction into 
simpler fractions, called partial fractions, is given in treatises on 
the Integral Calculus. (See Integral Calculus, Chap. 11.) We 
shall here only consider a simple case. 


9 
643. Let ic HE be a fraction, the denominator 


(za) 8) e 

of which is composed of three different factors of the first degree 
with respect to z, and the numerator is of a degree not higher 
than the second with respect to æ; this fraction can be decom- 
posed into three simple fractions, which have for their denomina- 
tors respectively the factors of the denominator of the proposed 
fraction, and for their numerators certain quantities independent 
of x. To prove this, assume 


aa? - bac 4- c we. d á B «rà ah 
ala Ble) a a-p ey 
where A, B, C are at present undetermined; we have then to 
shew that such constant values can be found for A, B and C, as 
will make the above equation an identity, that is, true whatever 
may be the value of æ. Multiply by (x—a)(x—f)(a—y); then 
all that we require is that the following shall be an identity, 


aa* +ba+c=A(a—f)(x—y) +B (a — a) (e — y) - C (x-a) («— B) ; 
this will be secured if we arrange the terms on the right hand 
according to powers of x, and equate the coefficient of each power 


to the corresponding coefficient on the left hand; we shall thus 
obtain three simple equations for determining A, B and C. 
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644. The method of the preceding article may be applied to 
any fraction, the denominator of which is the product of different 
simple factors, and the numerator of lower dimensions than the 
denominator. 


The preceding article however is not quite satisfactory, because 
we do not shew that the final equations which we obtain are in- 
dependent and consistent. But as we shall only have to apply the 
method to simple examples, where the results may be easily 
verified, we shall not devote any more space to the subject, but 
refer the student to the /ntegral Calculus. 

645. Suppose we have to develop 12258. in á series 

c —3z-4 2 
proceeding according to ascending powers of v; there are various 
methods which may be adopted. We may proceed by ordinary 
algebraical division, writing the divisor in the order 2 — 3% + a^ 


and the dividend in the order —3 2x. Or we may develop 
1 


ðær 2 
the coefficients of the successive powers of æ by the multinomial 
theorem; we must then multiply the result by 2»— 3. It is 
however more convenient to decompose the fraction into partial 
fractions and then to develop each of these. "Thus 

2x —3 1 bs! 
Z-$stà z-l #2? 


by writing it in the form (x^— 3x 2)", and finding 


1 1 - 2 E] n 
ls a br =—(l-2)*=—{l+a+a*+2°+ ir Ta...) 
seed ey" 
z-2 2-- 2 2 
Hey i-r APER 5 } 
=- 51 tot 3s ET F A 
Hence the required series for — sa 3 has for its general 


term -( tgn) a". 
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646. Without actually developing such an expression as the 
above, we may shew that the successive coefficients will be con- 
nected by a certain relation; before we can shew this it will be 
necessary to establish a general property of series. 


647. If the series 
a+ 0,0 + Q, ta ae ...... 
is always equal to zero whatever may be the value of a, the 
coefficients @,, @,, á,,...... must each separately be equal to zero. 
For since the series is to be zero whatever may be the value of x, 


we may put z—0; thus the series reduces to a,, which must 
therefore itself be zero. Hence removing this term we have 


2 3 
a L+ tað ...... 
always zero; divide by æ, then 
2 
a+ atta. 


is always zero. Hence, as before, we infer that a,=0. Pro- 
ceeding in this way, the theorem is established. 


If the series — a, az - a a^ v a ae ss... 
and A+A æt A HAH nnn 
are always equal whatever may be the value of æ, then 
a,— A, + (a — 4 )x+la A) 4 ...... 
is always zero whatever may be the value of æ; hence we infer that 
4-490 S e 4... 


that is, the coefficients of like powers of æ in the two series 
are equal. 


The theorem here given is sometimes quoted as the Principle 
of Indeterminate Coefficients; we assumed its truth in Art. 542. 
With respect to the difficulties of the demonstration of the 
Principle, the advanced student may consult the chapter on this 
subject in De Morgan's Algebra. 
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648. Suppose that the series 
U, HUHUT HUD + 0... 
a+ bac 
1- pa — qa? H then 


a+ bx — (1 — pa — qa?) (u, + U E o wa tuð... ). 


represents the development of 


If n be greater than 1, the coefficient of x" on the right-hand 
side is v, —pu, , —qu, ,; hence since there is no power of x 
higher than the first on the left-hand side, we must have by 
Art. 647, for every value of n greater than 1, 

U, — pu, ,— qu, ,— 0. 

And by comparing the first and second terms on each side, 

we have 


U= 4, u, — pu, =b; 
the last two equations determine u, and w,, and then the previous 
equation will determine w,, w,, w,, ...... by making successively 
8x2, 3, 4, ...... 


EXAMPLES OF PARTIAL FRACTIONS AND INDETERMINATE 
COEFFICIENTS, 


Expand each of the following seven expressions in ascending 
powers of x, and give the general term: 


1 1 9 5 —10z 3 3a — 2 
* 3-22" ` 2-a-32"" ` («—-1)(a@—2)(@- 3)’ 
x 1 5 + 6a 
3 (1- c) (1— pa) d 1 — 2212? % (1 — 3a)?" 
; 1+4a+2% 
haa. 


Expand each of the following five expressions in ascending 
powers of x as far as five terms, and write down the relation 
which connects the coefficients of consecutive terms: 

1 1 1-2 
l-2t » 1-2z43«' 4. qp 
T. A í 25 
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1 ` 1 
Me Grate Í Irpa 
13. Sum the following series to n terms by separating each 
term into partial fractions: 


-(l+a)(l+axz) (l-ac)(l-«aw) (l-«wx)lc-«*) T 
14. Sum in a similar manner the following series to n terms: 
s(-a)  , _ œi-e) 
(1+a)(1+ax)(l+a*x) (1+ax)(1+a%w) (l +a) `T 


15. Determine a, b, c, d, e, so that the n term in the 


A a + bæ + ca? + da? + ext s 
expansion of VET NAE may be nz". 


XLIX. RECURRING SERIES. 


649. A series is called a recurring series, when from and 
after some fixed term each term is equal to the sum of a fixed 
number of the preceding terms multiplied respectively by certain 
constants. By constants here we mean quantities which remain 
unchanged whatever term of the series we consider. 


650. A geometrical progression is a simple example of a 
recurring series; for in the series æ + ar + ar? -- ar 4 ...... each 
term after the first is r times the preceding term. If w, , and v, 
denote respectively the (n— 1)" term and the n™ term, then 
w,—ru,_,=0; the sum of the coefficients of w, and w, , with 
their proper signs, that is, 1— 7, is called the scale of relation. 


Again, in the series 2+ 4w + l4æ’ + 402? +152x*+ ...... the 
law connecting consecutive terms is w,— Jaw, ,— mu, ,— 0; this 
law holds for values of n greater than 1, so that every term after 
the secohd can be obtained from the two terms immediately pre- 


ceding. The scale of relation is 1 — 3x — x". 
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651. To find the sum of n terms of a recurring series. 

Let the series be w, + u,2 -- ua tað ...... , and let the scale 
of relation be 1— pr — q«^, so that for every value of n greater 
than unity u, — pu, ,—qw, ,—0. Denote the first n terms of 
the series by S, then 


c 2 3 sið 
S=utuætu tuð... Tu. GU, 
pes = wu, pa +U pa? + U, pa? +.. can QDX "+ u,_, px", 
2 2 3 ET nað 
go N= UL + UGE + oono HUI HU, quu, qe 
hence 


S — pxS — qa? = wu, + we — UPE — Up po" —w, qvx —w, qe, 
for all the other terms on the right-hand side disappear by virtue 


of the relation which holds between any three consecutive terms 
of the given series; therefore 


gt eun — pu) a" {pt *qu, + QUu, | 
l-—pe-—qa 


If as n increases without limit the term 
v ipu, i qu, a * qeu, } 
diminishes without limit, we may say that the sum of an infinite 
number of terms of the recurring series is 
u, +x (wu, — pu) 
l1—-prx—qx* ` 
It is obvious, that if this expression be developed in a series 


according to powers of w, we shall recover the given recurring 
series. (See Art. 648.) 


652. If the recurring series be u, +u, +u, +U, +. , and 
the scale of relation 1 — p-— q, we have only to make z—1 in the ` 
results of the preceding article, in order to find the sum of n 
terms, or of an infinite number of terms. 


w, + a (u, — pu,) 
— px — qx? 

composed into partial fractions, each having for its denominator an 

expression containing only the first power of æ (see Art. 643). 


25-2 


653. The expression may sometimes be de- 
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When this can be done, since each partial fraction can be de- 
veloped into a geometrical progression, we can obtain an expres- 
sion for the general term of the recurring series. We have thus 
also another method of obtaining the sum of n terms, since the 
sum of n terms of each of the geometrical progressions is known. 


EXAMPLES OF RECURRING SERIES. 


Find the expressions from which the following three series 
are derivable; resolve the expressions into partial fractions, and 
give the general term of each series. 


1. 49242127 a 
9. 141lv+ 8927+ 6592?  ...... 
38. 1-224141 589 are. 


4. Find how small x must be in order that the series in 
example 3 may be convergent. 


~ 


5. Find the general term of the series 
341143248424 ...... 
6. Sum the following series to » terms, 
145217453161 485 7 ...... 
7. Find the general term of the series 10 +14 +10 - 6 +... 
and the sum to infinity. 
8. Find the expression from which the following series is 
derivable, and obtain the general term 
2—a- 2a? — 5a + 10a* — lTa? & ...... 


L. SUMMATION OF SERIES. 


654. Series of particular kinds have been summed in the 
chapters on arithmetical progression, geometrical progression, and 
recurring series; we shall here give some miscellaneous examples 
which do not fall under the preceding chapters. 
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655. To find the sum of the series 
17+ 224 9* e ...... +n. 
We have already found this sum in Art. 482; the following 
method is however usually given. Assume 
1423... +n? = A+ Bn + Cn? + Dn? + Ent +... 


where 4, B, C, D, E, ...... are constants at present undetermined. 
Change n into 5-1; thus 


1-2* 29 8 ...... +n (n-lf*24A-B(n»-1) 
* C(n 4 1y4D(n4ly-ZE(n-1)-...... 
By subtraction, 
n? - 2n - lo B C (2n 1) - D(9w? + 3n +1) 
TE(An? + 6n?+ 4n+1)+...... 
Equate the coefficients of the respective powers of n; thus 
E — 0, and so any other term after Z would =0; 
3D-1; 3D+2C=2; D+C0+B=1; 


1 1 1 

hence D-3, C-5,; B=; 
21 984 32 204,5, m 
Thus ILES Bu DM dans e +a. 


To determine Á we observe that since this equation is to hold 
for all positive integral values of n, we may put n=1; thus 
4-0. Hence the required sum is 


tnn +1)(2n 4 1). 


The same method may be applied to find the sum of the cubes 
of the first n natural numbers, or the sum of their fourth powers, 
and so on. 


656. Suppose the n™ term of a series to be 
{an +b} {a(n + 1) - 0) (a (n 7 2) - b) ...... (a (n 4 m — 1) 4 5), 


where m is a fixed positive integer, and a and b known constants; 
then the sum of the first 2 terms of this series will be 
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{an +b} fa (n 4 Y) 0) ...... {a(n +m — 1) bj (a(n * m) +B} o 
(mt 1)a a 


where C is some constant. 


Let w, denote the n™ term of the proposed series, S, the sum 
of » terms; then we have to prove that 


an+b «C 
= —Éá— & : 
n (m 4 l)a n+l 


Assume that the formula is true for an assigned value of n; 
add the (n + 1)" term of the series to both sides; then 


am +b 


URN RAPI cd A 
n ntl (m - 1)a ntl 


La aO; 


| G(n*m-1)-b 


that is, Ha T4 T aa Nit i 
_a(nt BEA, sc; 
(m+ l)a 


thus the same formula will hold for the sum of n+ 1 terms, 
which was assumed to hold for the sum of n terms. Hence if the 
formula be true for any number of terms it is true for the next 
greater number; and so on. But the formula will be true when 
n= l if we take C such that “ 


that is, u Belan E +0; 


thus C is determined and the truth of the theorem established. 


Since AL, = "rm u,, we have 
3 a(m+1)+b — bu — 
ia discs ael): 
Hence S, M ie 


7(ml)a ^*^ (ætla 


Thus the sum of the first n terms of the proposed series is ob- 
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tained by subtracting the constant quantity mr la from a 
certain expression which depends on n. This expression is 


+b ‘ d 
m Ija w,,; we may also put this expression into the equi- 


+m)+b6 l 
valent form a(n EATR u,, and to assist the memory we may 
(ml). ^" 


observe that it can be formed by introducing an additional factor 
at the end of u,, and dividing by the product of the number of 
Jactors thus increased and the coefficient of n. 


657. We may obtain the result of the preceding article in 
another way. As before, let u, denote 

(an + b} (a (n #1) - b) (a (n 4 2) - 5] ...... [a (n t m — 1) #6}, 
and let S denote the sum of the first n terms of the series of 
which u, is the n™ term. 


We have 
| G(n4 m) b Ly oí en 
nti an +b ae Pam E 
let an - b —p; thus 
pu, 4, 5 u,) = amu, 5 
change n into n-— 1, thus 
{p T aj (v, > iJ = amu _,5 
similarly, 
{p jin 2a} (u,., E ZAA = am, 
{p = ða} (v, = i aa) = amu, o 
(p - (n — 1)a] (u, — u) = amu, 
Hence, by addition, 
VACA n u,) —@ {u, +u cod + Vs tee x us ^j (n — 1)u,} X am$, ; 


therefore p(u,,,—u,) + nau, = amS, + a, ; 


an+b bu, 


therefore A, = uti Vra 7 (ma Tja 
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658. Suppose the n™ term of a series to be E , Where v, is 


the same as in the preceding article; then the sum of the first n 


terms of this series will be — NTC JU. 
(m — 1) au, 


Assume, as before, 
an +b 


S,=-—— 4 €, 


"* — (m—1)au, 


add l to both sides, then 
M al 1 " 
an+ 
Sena (maw, * C 
E 1 _a(mtn)tb o 

LM (m — 1)au, ,, 
a(n+1)+b 

W (m — Da, 5 P 


Hence, as before, the truth of the theorem is established, pro- 
vided C be such that 


w, "^j (m — 1) au, *C 
am + b 
Thus E 
am + b am +b 
uu S, (m—1l)aw, (m-1l)aw,' 


This result may also be obtained in the manner of Art. 657. 


659. A series may occur which is not directly included in 
the general form of the preceding article, but may be decomposed 
into two or more which are. For example, required the sum of 
n terms of the series 


Mas es CIR. he SI - RR oM 
1.2.4.9; BS. S80. $4,589 "^ 
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Here the n™ term 


d n 4-2 " (n + 2)? 
~ n(n-l)(n-3)(n-4) n(n+1)(n+ 2) (n+ 3) (n +4)" 


Now (n+ 2)?=n(n+1)+3n+4; thus the 2™ term 


Á. n(n 4 1) - 3n + 4 M 1 
~ n(n + 1)(n + 2)(n + 8)(n +4) (n+ 2)(n + 3)(n + 4) 
3 4 


*(ncl)(»*3)n-3)n-4) n(nl)n-3)n-*3)n44) 


If each term of the proposed series be decomposed in this 
manner we obtain three series, each of which may be summed 
by the method of the preceding article; thus the proposed series 
can be summed, In the present case the required sum is 


1 3 
—2(n-3)(n-4) 3(n-3)(n-«3)(n- 4) 


4 
(nt 1)(n* 2)(n + 3) (n + 4) 


C 


660. Polygonal Numbers. The expression n+3n(n—1)b is 
the sum of n terms of an arithmetical progression, of which the first 
term is unity and the common difference 6. If we make b= 0, 1, 
2, 3, ... we obtain expressions which are called the general terms 
of the 2nd, 3rd, 4th,...... order of polygonal numbers respectively. 
The first order is that in which every term is unity. Thus we 
have 

Ist order, m= term 1; series 1, 1, 1, ...... 

2nd order, n term n; series 1, 2, 3, 4, 5, ...... 

3rd order, 5" term 4n (n+ 1); series 1, 3, 6, 10, ...... 

Ath order, x term n’; series 1, 4, 9, 16, ...... 

5th order, n™ term 1n (3n — 1); series 1, 5, 12, 22, ...... 
The numbers in the 2nd, 3rd, 4th, 5th, series have been called 
respectively linear, triangular, square, pentagonal, &c. 
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661. The n" term of the r^^ order of polygonal numbers is 
n+4n(iv.—1)(r — 2); 
` the sum of n terms of this series is (Art. 656) 


n(n*l) r-2 (n — 1)n(n +1) 
2 go 3 , 


or in(n-1)[(r—2)(n»-— 1) + 3]. 
Hence for triangular numbers 
S, 2 in(n-1l)(n- 2), 
for square numbers 
S, =}n(n + 1)(2n + 1), 
&c. 


662. To find the number of cannon-balls in a pyramidal heap. 


(1) Suppose the base of the pyramid an equilateral triangle, 
let there be n balls in a side of the base; then the number of 
balls in the lowest layer is 

n (n —1) * (n — 2) 4 ...... +1, 


that is, the triangular number l»(n--1); the number in the 
next layer will be found by changing n into n—1; and so on. 
Hence, by Art. 660, the number of all the balls is 


in (n +1) (n+ 2). " 
(2) Suppose the base of the pyrámid a square; let there be 
n balls in a side of the base; then the number of balls in the 


lowest layer is n’, in the next layer (» —1), and so on. The 
number of all the balls is 


in (n #1) (2n +1). 
Similarly we may proceed for any other form of pyramid. 


We may see from this proposition a reason for the terms 
triangular number, square number, ke. 


If the pile of cannon-balls be incomplete, we must first find 
the number in the pile supposed complete, then the number in 
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the lesser pile which is deficient, and the difference will be the 
number in the incomplete pile. 


663. A question analogous to that in Art. 662 arises when 
we have to sum the balls in a pile of which the base is rectangular 
but not square. In this case the pile will terminate in a single 
row at the top; suppose p the number of balls in this row; then 
the n™ layer reckoned from the top has p--*»-—1 balls in its 
length and » in its breadth, and therefore contains n(p +n -— 1) 
balls. Hence the number of balls in v layers is 


er SE or 4n (n +1) (8p + 2n — 2). 


If n’ be the number in the length of the lowest row, n'— p - n— |, 
and the sum may be written 


in (n +1) (3n’-n +1); 


as n is the number in the breadth of the lowest row, the sum is 
thus expressed in terms of the numbers in the length and breadth 
of the base. 


664. Figurate Numbers. The following series form what are 
called the different orders of figurate numbers. 


lst order, 1, }, 1, 1, 1, 
2nd order, 1, 2, 3, 4, 5, 
3rd order, 1, 3, 6, 10, 15, 
the general law is, that the n™ term of any order is the sum of 
n terms of the preceding order. Thus the x" term of the second 
n(n +1) 
1.2 


, and generally the x term of the 7“ order is 


order is n, of the third order is , of the fourth order is 


n (n +1) (n+ 2) 
1.2.3 

n (n #1)... (n - r — 2) 

gp | 


This we may prove by induction. For, 
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assuming this expression for the n'è term of the 7 order, we 
may find the sum of the first n terms of the 7 order by the 
formula of Art. 656. We have only to put 1 for a, 0 for b, and 
r— l form. Hence we obtain for the sum 

n (n 4 1) (n 4 2) ...... (n * r — 1) 

L 

and then, by definition, this is the expression for the nt term 
of the (r+ 1)™ order. 


665. We have already shewn that the Binomial Theorem 
may be sometimes applied to find the sum of a series (see Art.527); 
we give another example. Find the sum of the series 

PQ, + PQ, - BQ, + ...... TES. 
where Q =r(r+1)(r+2)...... (rg — 1), 
and è P-(n—r)(n—r-1l)(n—r-42)...... (n — 7 4 p — 1). 
We can see that 
Q,  |g x the coefficient of a^! in the series for (1 — x) (*), 
and P = | p x the coefficient of 2^7 in the series for (1— a) ten, 


n—2 
, 


Hence we have so far as terms not higher than x 


(1-2) = "id + Q,x Qe + Qe? + ...... l}, 


n=3 


= 1 
(1-« might E edP m...) 


Therefore the series which we have to sum is equal to the 
product of | p|g into the coefficient of z^ * in the expansion of 
the product of (1— 2) "+ and (1— 2) +; that is, the series is 
equal to the product of |p|g into the coefficient of æ"? in the 
expansion of (1— x) ++, Hence the series is equal to 


|» |g I ia tt 
[p+q+l [2-2 


666. By the method of Art. 655 we may investigate an ex- 
pression for the sum 1" + 2' - 9' 4 ...... +n’, where r is any posi- 


LJ 
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tive integer. Denote this sum by $; then it may be shewn, as 
in Arts. 460 and 461, that S can be put in the form of a series 
of descending powers of n, beginning with n’*’, and all we have 
to do is to determine correctly the coefficients of the various 


powers of ». Assume that 


PT rtl r LA r=1 T (r — 1) r—-2 
S - Cn tA n *—2-3 An 
r(r-1)(r-2) 4, s 
+ ae 7 Á 


It is convenient to represent the coefficients in the manner 
here exhibited; thus instead of a single letter for the coefficient 


of n~ we use the symbol 7 A,, and so on. We shall now pro- 


2 
ceed to determine the values of A,, Á,, A,, ...... ; and it will be 
found that these quantities are independent of r as well as of n. 


In the assumed identity change n into n +1; thus 


S (n 1r -C(n tl)" 4, 1) +74, (n 4 1y^7! 
i r(r — 


TT." 


3 A, (n 4 1)7* 7 ...... 
Therefore, by subtraction, 


(n - ly2C((n - 1y*' m - A ((n - 1y mw] 


&g4 ln e lyn} 
v (r — 1) 
hi i 


A, ((n 4 1)07* m7) ...... 


Expand all the expressions (n+ 1 **, (n-- 1y, (n 1y^ ...... 
by the Binomial Theorem; and then equate the coefficients of 
the various powers of m Thus, by equating the coefficients of n’, 
- we have 


12€ (r 41), 
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then, by equating the coefficients of 4^, we have 
r= eur +Avr; 
1 1 


thus Ce, =z 


Equate the coefficients of "7", putting for C and Á, their 
values; thus we shall obtain generally 


Lu E MEE Mu. a 
te) ia? jti- 
Á Í 
[past Tha : 


where the terms on the right-hand side extend as far as that 
involving 4, , inclusive; and by putting for p in succession the 
values 2, 3, 4, ...... we determine in succession Á,, Á,, 4, ...... j 
and we see that these quantities are independent of n and 7. 


We shall obtain Á, =, A. =0, 4,-- 35> 4, — 0, dies ee 


It is remarkable that all the coefficients with even suffixes 
are zero; this can be proved as follows. 
In the original assumed identity change n into v —1, and 


subtract; thus 


Of — (n - 19? e A {n"— (n 717] 5 4, (77 - (n - 17] 


Cte n4... 


Equate the coefficients of n”, putting for C and Á, their 
values; thus 


E. SEE A, ur A, + A, 
Ap Sip igi ped? ps 14 p 3 
ós 
~ [Bb [p-4 "^ n 9 
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The result formerly obtained may be expressed thus, 


a 1 $e. Rm "m2 $ rae ae Ju EE 15 + EL M 
(p+! ?|p (Bled Bless Léln-" 
FINE ee 
[5| ps 
Hence, by subtracting and putting for p in succession the 
values 3, 5, 7, ...... we shew in succession that zero is the value 
of 4, 4, A 


EXAMPLES OF THE SUMMATION OF SERIES. 


1. Shew that the sum of the first n terms of the series of 
which the x term is n (n 1) (n+ 2) ...... (n -- m — 1) is obtained 
by placing one more factor at the end of this expression, and 
dividing by the number of factors so increased. 

2. Give the rule for summing the series of which the n™ 
term is the reciprocal of n(n + 1) (n + 2) ...... (n 4- m — 1). 

Sum the following series to n terms, and also to infinity. 


3. CC A TE on Us 


1.5.8 "VAR X1 X44 
jio OU d 


5. Tit PAPE 

6 1 " 1 1 1 

| 2.4.6 ER 6.8.10 * $8.10. 8.10.12 * NEP 
"P s EE E a he. at NUN 


2.8.4 "31h *1.5.6 LETS. 
8. Sum to 2» terms 1-34 6 £ 10 ^ ...... 
9. If be even, shew that 


n * 2(n—1) 3(n — 2) * ...... #3(5#1) tempe. 


10. Sum to n terms a° + (a - 1)? + (a 4 2f + ...... 
11. Sum to n terms 19 2*z + 9*2? + 4*2? + ...... 
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12. If the terms of the expansion of (a+6)" be multiplied 
n-l n-2 I. 
= ae ak Re , n being a positive integer, 


find the sum of the resulting series. 


respectively by : ; 


13. Expand VE ee in a series of ascending powers of z, 


and shew E the coefficient of x” is 


#1 (PAW P= Mo (r-16*- 06-9) a, 
y EMEN Mo Ses 


14. Find the coefficient of z"y" in the expansion of 
æ(1— ax) 
(1— x) (1 — ac — by) ` 
15. Shew that 
la 2n i 2n (2n + 2). 2n (2n + 2) (2n + 4) E 


El $3.6 Ro mg — ^H MEER 
e n (n+1) n(n+1)(n+2) 
=2 (1g 3.6 Vino n 0p NS ARA \. 


16. If p, denote the coefficient of æ” in the expansion of 
(1 +)", where n is a positive integer, shew that 


Pi ,20, | 95. | Pn (nl). 


n Ae 4 E A 
... p, (1 +1)" 
(Po + p) (P, + Pa) -++ Oem ace 
Pa Py (- ly-'p, 1 1 = 
Í t 3 T TT TM SET. -l*5*3* sere. t 
17. Prove by developing the identity (s 1) Tr aj 
that 
n (n 4-1) ...... (n*p-1) ^ (n-1).... (n + p -2) 
|» DL ip 
LER ni e (tp nee PE... 
l2 


is zero when n and p are positive integers an 


BIBLIOTEKA 
AZ ond 062à 


>p. 
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18. If shot be piled on a triangular base, each side of which 
exhibits 9 shots, find the whole number contained in the pile. 


19. What number of shot is contained in 5 courses of an 
unfinished triangular pile, the number in one side of the base 
being 15? 

20. The number of balls contained in a truncated pile of 
which the top and bottom are rectangular, is 


E Ope 3(m+n—1)p+ 6mn — 3m — 3n + 1], 


where m and n represent the number of balls in the two sides of 
the top, and p the number of balls in each of the slanting edges. 


21. Shew that 1*4 2*-- 3*+...... +n‘ 
et 7 a n 

— — A eee 9 d Ty 
P :. oa 30 © + 1) (20 +1) (58 3n 1) 


22. Prove that 
(1 + av) (1 + xv) (1 + æð)... (1 + x^v) 
1-2 1 =a) (1 - 
Toe 2+ eer av 
1—2a?)(1—2*7)(1—2a77* 
n eI ep af e 4 ues. 
23. The coefficient of x” in the expansion of 
(1+ a) (1 ex) (1 + e^o) (1 e)... 
the number of factors being infinite and c less than unity, is 
cx) 
(l—e)(l-—e*)(1—c’)...... Gey 


24. If A, be the coefficient of æ” in the expansion of 


3 2 2 
(1 +2)’ (1 #5) (1 * ») (1 + 3 EE ad infinitum, 


92 
prove that 4 F-j (d * A, 
and shew that A “ae a 
Ts 26 
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25. If » be any multiple of 3, prove that 
(n -2) (n-3) (n—-3)(n— 4) (n—5) 21v 
l-(n-1)+ 1.9 = E Mode D 


LI. INEQUALITIES. 


667. It is often useful to know which is the greater of two 
given expressions; propositions relating to such questions are 
usually collected under the head Znequalities. 

We say that a is greater than b when a-ð is a positive 
quantity. See Art. 95. 


668. An inequality will still hold after the same quantity has 
been added to each member or taken from each member. 
For suppose a > b, therefore a—b is positive, therefore 
a+c—(b+c) 
is positive, therefore 
a+c>b+e. 
Hence we may infer that a term may be removed from one 
member of an inequality and affixed to the other with its sign 
changed. 


669. If the signs of all the terms of an inequality be changed 
the sign of inequality must be reversed. 


For to change all the signs is equivalent to removing each 
term of the first member to the other, and each term of the 
second member to the first. 


670. An inequality will still hold after each member has been 
multiplied or divided by the same positive quantity. 


For suppose a>, therefore a—b is positive, therefore if m be 
positive m(a—b) is positive, therefore ma>mb; and similarly 


1 Á $e a b 
om (e-ð) is positive, and A» os 


In like manner we can shew that if each member of an ine- 
quality be multiplied or divided by the same negative quantity, 
the sign of inequality must be reversed. 
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671. If aS 5, st, ds then 
Gt+a+a"+...... >b4+04+0"+...... 
For by supposition, a—b, =b, a" —V5,...... are all positive ; 
therefore a -bta—-bta"-b" +...... is psliée ; therefore 
GG ra uses mb UD... 
672. If a5, dU), a 5 eus and all the quantities are 


positive, then it is obvious that aa/a^,..... >bb'ð"....., 

673. If a>b, and a and b are positive, then a*>b", where n 
is any positive quantity. 

This follows from the PW. article if n be an integer. If 


be fractional suppose it = D ; let a^-a/ and =b; then o' is >)’, 


1 1 
and we rine Me prove that a" >b"; Ws we can prove indirectly ; 


for if E =, then a'=b', and if ai «Vi, then a’<b’; both of 
l L 
these results are false; hence we must have a”! >b", 


If n be a negative quantity, let n =— m, so that m is positive; 


then 7, 3 <a; ; that is, a^ « U", 
674. Let 2 b uy be fractions of which the de- 
1 2 
nominators are all of the same sign, then the fraction 
d +a, t4,t...... +a, 
b t b, b, uuos.. +b 


lies in magnitude between the least and greatest of the fractions 


a a 
n 


Mdb. a 
(dq 


b 


1 


a d 
For suppose + 3,,..7* to be in ascending order of 


a, a 
PE 1s eS 
magnitude, and suppose that all tho denominators are positive; 
then 
26—4 
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a a, a 
—. red 
5? therefore a,— b, x "E 
1 1 


1 


a 
21 for zt 
> , therefore d,> b,x E] 


2 1 1 


*, therefore a, >, x ; ; 


3 1 1 


and so on; 


therefore, by addition, 


G+ A, tA... +a > (b +b tbt +b); 


therefore 


In like manner the theorem may be established when all the 
denominators are supposed negative. 


Pes Mia e 14d .., then each of these fractions is equal to 
b, b, b, 
the fraction whose numerator is the sum of the numerators and 
denominator the sum of the denominators. 


675. Since (r—y) or a?—22 +y? is a positive quantity or 
zero, according as æ and y are unequal or equal, we have 
à (° + y*) > xy, 
the inequality becoming an equality when w=y. Hence 
4 (a + b) > (ab); 
that is, the arithmetic mean of two quantities is greater than the 


geometric mean, the inequality becoming an equality when the 
two quantities are equal. 
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676. Let there be n positive quantities a, b, c, ... k; then 
atbtes..sk 
(SF) > abc ... k, 
n 
unless the n quantities are all equal, and then the inequality 
becomes an equality. 


2 2 
For ab (^55). ed « (557); 


2 2 
2 
therefore abed < (“SF ^ pie “) ; 
2 2 
a+b cd À (a 5) l(e- d)y. 
p "pong WO vei 
4 
therefore abcd < (tiet ^ 


By proceeding in this way we can shew that if p be any posi- 


tive integral power of 2, 


abcd ... (p factors) « (Fr. 


p 
Now let p=n+r, and uu ro and 


suppose each of the remaining r quantities out of the p quantities 
to be equal to ¢; we have then 


abcd ... (n factors) x t' < ee 


t n+r 
T =) 3 that is, et“; 


therefore abed...(n factors) <t"; that is, < oo s þa ARI ) . 

Thus the theorem is proved whatever be the number of quan- 
tities a, b, c, d, ... The inequality becomes an equality when all 
the » quantities are equal. 

We may also write the theorem thus, 

b+c+d+...... i 
e: > (abed...)*; 

by extending the signification of the terms arithmetical mean and 
geometrical mean, we may enunciate the theorem thus; the arith- 
metical mean of any number of positive quantities is greater than 
the geometrical mean. 
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677. "The following proof of the theorem given in the pre- 
ceding article will be found an instructive exercise. 


= ^ 
lo e ab dd! AND, rore 


Suppose a and b respectively the greatest and least of the ^» 
quantities a, 6, c, d, ......... k; let a, —5,— 1(a-- b) and let 


1 
P 2 (a bos...... k)”; then since a,b > ab, we have P>P. Next 
if the factors in P be not all equal, remove the greatest and least 
of them, and put in their places two new factors, each equal to 
half the sum of those removed; let P, denote the new geometrical 
mean; then Z- P. If we proceed in this way, we obtain a 
BMC UU, deed P, each term of which is greater than 
the preceding term; and by taking r large enough, we may have 
the factors which occur in P as nearly equal as we please; thus 
when 7 is large enough, we may consider P =Q; therefore P is 
less than Q. ' 


678. We will now compare the quantities 


a" +o” Lu t) 
2 ( 2 ; 


We suppose a and b positive, and a not less than b. 


"a a+b a—b\” a+b a-b" 
a" «ir» (*5 ri) x) 


Mr) 
oy 2 1.2 2 2 
3 m (m — 1) (m — 2) (m — 3) (y Cg. } 
re A D 3 ya I N 
Since ua is less than = 
564), so that we have a result which is arithmetically intelligible 
and true. Hence if m be negative or any positive integer, it follows 


e the series is convergent (Art. 


that “ > (F . If m be positive and less than unity, 
E x. < (527) . It remains to consider the case in which m 
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is positive and greater than unity, but not an integer. Suppose 


Ł X 
m=", where p is >q, and let a=, B=)", A=a, B=f. 


Then 


A p, 
a! b. a+ DN: 
is > or «( ——]; 


2 2 
j p 
according as oF is>or<( 3); 
1 
that is, according as (= 5 Py’ is>or< ES i 
2 1, 
AP + B» 


R R Bw. 
that is, according as (53 =) is > or < ——. 


We know by what has already been proved, that the expres- 


sion on the left hand is the greater, since E is positive and less 


than unity; hence T ; is> (527) when m is positive and 


greater than unity. 


679. Let there be n positive quantities a, b, c, ...... k; then 


d" p ae... tk" 6 4-b5-- c ...... 22! 
Meer Apa noe hein 


when m is negative, or positive and greater than unity; but the 
reverse holds when m is positive and less than unity. The 
inequality becomes an equality when all the n quantities are 
equal. 


This may be proved by a method similar to that used in 
Art. 676. We will suppose m negative, or positive and greater 
than unity. Then 


a" +b" > TGE edna 2 (23S); 


. 2 2 
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therefore — a" 0" c" d"—2 (Cz (59) 


2 2 

>2.2 (teray, 
therefore RN - (* tbtct 3! 
———— ——X— 9) 


By proceeding in this way we can establish the theorem in 
the case where the number of quantities is p, if p be any positive 
integral power of 2. Now let p=n +r, and let the last r of the 
p quantities be all equal, and each equal to ¢, say, where 


2,215 E iiy (n terms). 
- ^ ; 
a" + b^ +c" +..,.., a+b+e+...... - 
therefore > (ae) i 
n+r n+r 
t+rt 
therefore a" + b™+e"+...... +7t"> (n+ T) G ) 
n+r 
that is, >(n+r)t"; 
therefore a” +O" +e" ...... > nt” ; 


which was to be proved. 

In a similar way we may establish the rest of the theorem, 
namely, that when m is positive and less than unity the reverse 
holds. 


680. The theorem of the preceding article may also be esta- 
blished by a method similar to that used in Art. 677. 


681. The following problems are analogous to the subject 
considered in the present chapter. 

Divide a given number 2a into two parts, such that their 
product shall have the greatest possible value. Let æ denote one 
part and 2a—<æ the other part, and let y denote the product; 
then we have to determine æ so that y may have the greatest 
possible value. Since y=æ(2a—æ), we have a^—2az4y-—0; 
therefore «=a+,/(a°—y). Thus since x must be real y cannot 
be greater than a’, and «=a, when y — a". 
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682. Divide a given number 24 into two parts, such that the 
sum of their square roots shall have the greatest possible value. 
Let x denote one part and 24 — æ the other part, and let y denote 
the sum of the square roots of the parts; then we have to deter- 
mine z so that y may have the greatest possible value. 


Since "et (2a- x) — y, 
2a -x= (y — Jx) =y 2y Jara, 
and 2x — 2y Je+y?—-2a=0; 


therefore aft = 5 + sa d : 


Thus, since ,/z must be real j^ cannot be greater than 4a, 
thus 2,/a is the greatest value of y, and «=a when y= 2,/a. 


PR e y 
683. Find the least value which TES can have whatever 
real value x may have. 


æt a? 


x 


=y, thus æ— ay +a’=0 ; therefore 


y LN - 4a) 
2 - mh 


Put 


x 


Thus 4° cannot be less than 4a?; hence 2a is the least value 


of y. 


RE 2 2 Xn 
Or thus, e = m+ — ; Suppose z positive, then we can 
2 
put this expression in the form (V +5) +2a; and as 2a is 


constant the least value of the whole expression will be obtained 


2 
when the positive term (ve Sa) vanishes, that is, when «=a. 


+a 


It is unnecessary to consider negative values of x, because 


has the same numerical value when æ has any negative value as 
when z has the corresponding positive value. 
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EXAMPLES OF INEQUALITIES. 


In the following examples the symbols are supposed to denote 
positive quantities; and the inequalities may, in certain cases, 
become equalities, as in some of the articles of the text. 

1. If a, b c be such that any two of them are greater than 
the third, 

2 (ab + be + ca) > a? 05 c. 
2. If P-m'- «1, and 17+ m?+n"%=1, then 
U - mm! nw <l. 
(a + b — c) (a - c — b) - (bt c - a ab + be + ca. 


(5) > Jub. f 
ab (a) - be (b --c) - ca (c -- à) - Gabe and «2 (a? - 0? - c?). 
(a +b) (b + c) (c + a) > 8abe. 


Shew that a'—8x--22 is never less than 6, whatever 
may bs the value of a. 


Cup m EB. 


8. Which is greater, 22 or æt 11 


B Eo tae Edi if be >1, ob = ; 
Tare M W 


10. Find the least value of TEE» . 


ll. Divide an odd integer into two others, of which the 
product may be the greatest possible. 

12. Ifa>6, then J/(a^ — 5^) + ,/(2ab—b*) >a. 

13. If a, b, c, d are in harmonic progression, a + d >b + c. 

14. If a, b, c are in harmonic progression and « a positive 
integer, a" c'z 20". 


15. If a>b, shew that Jas! is > or < — Te A Zu , accord- 
ing as z is > or <,/(ab). 

16. If a, b, c, or b, c, a, or c, a, b are in descending order of 
magnitude, ab + b’c + a > a'c + b'a -- cb; if they are in ascending 
order of magnitude, a°b + b^c + ca < ac + b'a + cb. 
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17. | (4°+ BAO +...)(at+ U8 uu) (dat Bb+ Co+...)? 
18. 3 (a° +0 + ê) > (a+b +c) (ab + be + ca). 
19. 9abe< (a-- b - c) (a? +b? + eð). 


20. A (a, ta,tagt..ta)>(a,a) + /(4,4,) + /(@,0,) +... 


21. The difference between the arithmetic and geometric 
mean of two quantities is less than one-eighth of the squared 
difference of the numbers divided by the less number, but greater 
than one-eighth of such squared difference divided by the greater 
number. 


22, In<(*). 
33. |n». 
24. 1.3.5...(2n - 1) <n". 


25. (2-2(2- 2) (2-55 2. 
n n n |n 

26. a'- b > abe (a+b +o). 

27. 8(a +b? + c°) > 3(a b) (b+c) (c +a). 

2a 2b K 2c 

b-c ate ab 


29. (a+b +c) >2Tabc and <9(að b° +c’). 


> 3. 


30. Ifp and q be each less than unity, ED 
DIe T, 
; p „20-9. 
q(l-p)' NC 
abore oo Ce 4 Sana y Sunt 4 Ong 
2 8 4 Qi v. a, 


32. Ifa and æ both lie between 0 and 1, then ud >w. 
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LII. THEORY OF NUMBERS. 


684. Throughout the present chapter the word number is 
used as an abbreviation for positive integer. 


685. A number which can be divided exactly by no number 
except itself and unity is called a prime number, or shortly a prime. 


686. Two numbers are said to be prime to each other when 
there is no number, except unity, which will divide each of them 
exactly. Instead of saying that two numbers are prime to each 
other, the same thing is expressed by saying that one of them is 
prime to the other. 


687. If a number p divides a product ab, and is prime to one 
factor a, it must divide the other factor b. 

Suppose a greater than p; perform the operation of finding 
the greatest common measure of a and p; let q, 7, q’,... be the 
successive quotients, and 7, 7’, r",... the corresponding remainders. 


Thus & — pq m, prq +r, r=rq" +r", 
multiply each member of each of these equations by 5, and divide 
by p; thus 


ab br ee As BE cue: , br 
—-bq-—, b=—xd+—, —- 


, > 


= — X 
p P p | dude AR a = 
Since e is an integer, it follows from the first of these equa- 


tions that x is an integer; then from the second of these equations 
¥ 


” 


ör is an integer; then from the third zai is an integer; and so 
"i But, since á and p are prime to ids other, the last of the 
remainders 7, 7’, 7^, ... is unity; therefore este is an integer; that 
is, b is divisible by p. 4 

688. When the numerator and denominator of a fraction 


are prime to each other the fraction cannot be reduced to an equi- 
valent fraction in lower terms. 
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a 


Suppose that æ is prime to b, and, if possible, let b be equal 
to y , a fraction in lower terms. Since z= 7 we have a' = E ; 


therefore b diviles ab’; but b is prime to a, therefore b divides 0“ 
(Art. 687); but this is impossible, since 0’ is less than b by sup- 


position. Hence % cannot be reduced to an equivalent fraction 


in lower terms. 
689. Ifa is prime to b, and i =P then a and b' must be the 


same multiples of a and b respectively. 
LI 1 , b . LI 
Since y = 1 we have a = % ; but b is prime to a, therefore 
b divides 0'; hence 5'— nb, where n is some integer; therefore 
a’ = na. 


690. If a prime number p divides a product abcd... it must 
divide one of the factors of that product. 

For since p is a prime number, if p does not divide a it is prime 
to it, and therefore it must divide bed... (Art. 687). Similarly, if 
p does not divide 6, it is prime to it, and therefore it must divide 
cd... By proceeding in this way we shall prove that p must divide 
one of the factors of the product. 


691. Ifa prime number divides a^, where n is any positive 
integer, it must divide a. 

This follows from the preceding article by supposing all the 
factors equal. 


692. If a number n ís divisible by p, p, pP”, ... and each of 
these divisors is prime to all the others, n is also divisible by the 


Ai eE 


product ppp"... 

For since n is divisible by p, we have n= pg, where q is some 
integer. Since p’ divides pg and is prime to p, p’ must divide q; 
hence g=p'g, where g is some integer; thus n= pp'g, and is 
therefore divisible by pp’. By proceeding thus we may shew that 
n is divisible by pp'p"... 
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693. Ifa and b be each of them prime to c, then ab is prime 
to c. 

For if ab is not prime to c, suppose ab — »r and e — s, where 
n, r, and s are integers; then, since a and b are prime to c, they 


are prime to ns, and therefore to n; but ab = nr, therefore £ =% ; 
n 


therefore b is a multiple of n (Art. 689). Hence b is both prime 
to n and a multiple of n, which is impossible. Therefore ab is 
prime to c. 


694. Ifa and b are prime to each other, a^ and b" are prime 
to each other; m and n being any positive integers. 

For since a is prime to b, it follows that axa or a’ is prime 
to b (Art. 693); similarly a* x a or a“ is prime to b; and so on; 
thus a" is prime to 6. Again, since a” is prime to 5, it follows 
that a" is prime to b x b or b°; and so on. 


695. Wo rational integral algebraical formula can represent 
prime numbers only. 

For, if possible, suppose that the formula 

a+ b+ ca? + da +... 
represents prime numbers only; suppose when x=m that the 
formula takes the value p, so that 
p=at+bmt+em'+dm*+... 
Put for æ, in the formula, m + »p, and suppose the value then to 
be p'; thus 
p —ad4b(m-np)-c (m npy * d (m np) + i 

=q +bm+ cm? + dm? + ...... + M (p) 

=p +M (p) 
where M (p) denotes some multiple of p; thus p is divisible by p, 
and is therefore not a prime. 

Or we may prove the proposition briefly thus. If «— 0, the 
expression is always divisible by 2; and if a is not =0, put 
æ=na, and then the expression is divisible by a; hence the ex- 
pression cannot represent prime numbers only. 
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696. The number of prime numbers is infinite. 


For if the number of prime numbers be not infinite, suppose p 
the greatest prime number; the product of all the prime numbers 
up to p, that is, 2.3. 5. 7.11... p is divisible by each of these 
prime numbers; add unity to this product, and we obtain a 
number which is not divisible by any of these prime numbers; this 
number is therefore either itself a prime number, or is divisible 
by some prime number greater than p; thus p is not the greatest 
prime number, which is contrary to the supposition. Hence the 
number of prime numbers is infinite. 


697. If a ís prime to b, and the quantities a, 2a, 3a,...... 
(b—1)a, are divided by b, the remainders will all be different. 


For, if possible, suppose that two of these quantities ma and 
m'a when divided by b leave the same remainder, so that 


ma=nb+r and ma=nbtr; 


then (m — m^ a — (n —w)b; 
therefore agris, bak, S 
b m-—m 


hence m — m is a multiple of b (Art. 689); but this is impossible, 
since m and m are both less than b. 


698. A number cam be resolved into prime factors in only 
one way. 


Let JW denote the number; suppose N = abcd ...... , where 
a, b, c, d, ...... are prime numbers equal or unequal. Suppose, 
if possible, that W also = afByð ...... » Where ds foy, 05... are 
other prime numbers. Then abed.......— aByð ...... ; hence a 
must divide abed ...... , and therefore must divide one of the 
factors of this product; but these factors are all prime num- 
bers; hence a must be equal to one of them, « suppose. Divide 
by a or a, then bed...... zs fy ...... ; from this we can prove that 
B must be equal to one of the factors in bed......; and so on. 
Thus the factors in abed...... cannot be different from those in 
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699. To find the highest power of a prime number a which is 
contained in the product | m. 


Let / (=) denote the greatest integer contained in 2, 
let 7 (a ) denote the greatest integer contained in T 


let 7 e ;) denote the greatest integer contained in E ^ 


and so on; then the highest power of the prime number a which 
is contained in |m is 


(7 JI )G =) + bay 


For among the numbers 1, 2, 3, ...... m, there are 7 6 ) which 
contain a at least once, namely the numbers a, 2a, ða, 4a, ...... 


Similarly there are 7 (=) which contain a’ at least once; there 


are J (=) which contain a“ at least once; and so on. The sum 


of these expressions is the required highest power. 


This proposition will be illustrated by considering a numerical 
example. Suppose for instance that m=14 and a=2; then we 
have to find the highest power of 2 which is contained in | 14. 


Here 7 (=) su (=) dud (=) =1; thus the required 
power is ll. That is, 2" will divide | 14, and no higher power 


of 2 will divide |14. Now let us examine in what way this num- 
ber 11 arises. Of the factors 1, 2, 3, 4,...... 14 there are seven 
which we can divide at once by 2, namely 2, 4, 6, 8, 10, 12, 14. 
- There are three factors which can be divided by 2 a second time, 
namely 4, 8,12. There is one factor which can be divided by 2 
a third time, namely 8. 


Thus we see the way in which 7 + 3 +1, that is 11, arises. 
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700. The product of any m successive integers is divisible 
by |n. 
Let m+ 1 be the first integer; we have then to shew that 
(m 4 1) (m 2) ...... (m +n) 
Le 
is an integer. Multiply both numerator and denominator of this 


+ . 
expression by |"; it then becomes i S , Which we shall de- 
— m|n 


note by y Let a be any prime number; let r,, 7,, 75, ...... 


MAN MAN M+N 


denote the greatest integers in Cra Mpeg Mapa re- 
spectively; let 8,, 8,,.8,, oc... denote the greatest integers in 
= 7 z^ T n respectively; and let £,, ¢,, £,, ...... denote the 
greatest integers in = ; ^b ^ ipi respectively. Then in P 
the factor a occurs raised to the power r, +r +T, ...... ;inQ 


the factor a occurs raised to the power 
8, + 8+ 8, + ...... HE HEHE + PPP 


Now it may be easily shewn that r, is either equal to s,+¢, or 
to s,+¢,+1, and that r, is either equal to s,+¢, or tos,+¢,+1, 
and so on. "Thus « occurs in P raised to at least as high a power 
as in Q. Similarly any prime factor which occurs in Q occurs in 
P raised to at least as high a power as in Q. Thus P is divisible 


by Q. 


701. Jf nbe a prime number, the coefficient of every term in 
the expansion of (a+b)", except the first and last, is divisible by n. 


For the general form of the coefficients excluding the first and 
last is 
n(n—1)...... (n — r 4-1) 
tað deri BAÐ VET 4 


www.rcin.org.pl 


418 THEORY OF NUMBERS. 


where r may have any value from 1 to n — 1 inclusive. Now, by 
Art. 700, this expression is an integer; also since is a prime 
number and greater than 7, no factor which occurs in |r can 
divide n; therefore (n — 1) (n — 2) ...... (n —r +1) must be divi- 
sible by |r. Hence every coefficient, except the first and last, 


is divisible by n. 

702. Jf n be a prime number, the coefficient of every term in 
the expansion of (& - b - e d ...... y, except those of a^, b", c", 
gu oris. , is divisible by n. 


Put B for b --c- d 4 ...... ; then 
(a+b+c+d+...... y = (a+ By. 
By Art. 701, every coefficient in the expansion of (a +f)” is 


divisible by n, except those of a" and 8", and the coefficient of 
each of these terms is unity. Again, 


Br=(b+e+d+...... y' = (b + y)" suppose; 


and every coefficient in the expansion of (b+ y)' is divisible by 
n except those of b" and y". By proceeding in this way we arrive 
at the theorem enunciated. 


703. Ifn be a prime number, and N prime to n, then N"! —1 
is a multiple of n. (Fermat's Theorem.) 


By the preceding article, 


(a+b+ce+d+...... +k) =a"+b"+0°+d"+...... TEM (n), 
where M (n) denotes some multiple of n. Let each of the quanti- 
ties a, biðe, d, ...... k be equal to unity, and suppose there are 


N of them; thus 
N*=N+M (n); 


therefore AN (N77 — 1) « M (n). 
Since JV is prime to n, it follows that N"'—1 is divisible 
by n. 


We may therefore say that N"'=1- pn, where p is some 
positive integer. 
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704. Since n is a prime number in the preceding article, 
n—1 is an even number except when n=2; hence we may 
write the theorem thus, 


(HT -1)Q F +1)=M(n); 


n—1 n=1 
therefore, either VY * —1 or JN ? +1 is divisible by n, so that 
n—1 


N 2? =pn+1, or else - pu —1, where p is some positive in- 
teger. 


705. The following theorem is an extension of Fermat’s. Let 
n be any number; and let 1, a, 5, c, ...... n— l, be all the num- 
bers which are less than n and prime to n; suppose there are m of 
these numbers; then z" — 1 = M (n), when for æ we substitute any 
one of the above m numbers, except unity. For multiply all the 
m numbers by any one of them except unity, and denote the 
multiplier by x; thus we obtain l.c, ax, bæ, ca, ...... (n —1)2; 
these products are all different and all prime to ». It may be 
easily shewn that when these products are divided by n, the re- 
mainders are all different amd all prime to n; thus the remain- 
ders must be the original m numbers 1, a, b, c, ...... nm—1; 
they will not necessarily occur in this order, but that is imma- 
terial for the object we have in view. Hence the product of 
the new series of m numbers a, ax; ba, cx, ...... (n— 1)æ, can 
only differ from the product of the original m numbers by some 
multiple of n; thus 

aj be. s. as (n — 1) = abc ...... (n — 1) 4 M (n). 

Since two of the three terms which enter into this equation 
are divisible by abc... ... (n—1), the third term must likewise be so 
divisible, and as abc...... (n — 1) is prime to n, the quotient after 
AM (n) is divided by abc...... (n— 1) must still be some multiple of 
n, and may be denoted by M (n); thus 


a" —1-4 M(n), and z"—1- M (n). 


706. We will now deduce Fermat's theorem from the result 
of the preceding article. Suppose n a prime number; then the 
| 27—2 
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numbers 1, 2, 3,...... n—1, are all prime to n; thus m=n-1. 
Therefore æ" ' — 1 = M(n), where æ may be any number less than 7. 
Next let y denote any number which is greater than n and prime 
to n, then we can suppose y — pn +æ, where p is some integer and 
x is less than n. Therefore 


y"! -(pn*ay "za" '-(n-l)g" *pn^......—a* - M(m 
but we have already shewn that z"^' — 1-- M(n); thus 
“=14+M(n), and y" '—-1- M (n). 
Thus Fermat's theorem is established. 
707. If n be a prime number, 1+|n—1 is divisible by n. 
(Wilson’s Theorem.) 
By Art. 549 we have 
[n-1-2(n-1)"'-(n-1)(n-2)* 
t mn Pee cr (n — xm 2)(n — 3) (n — 4y7 + 


by Fermat's theorem we have 
(n-1)"21-«pom (n-2" -1-pQow (n-3j) =1+ pm, .... 
where p, Py Py =-= are positive integers. Therefore 
[n -1— M (n) 4 1- (n—1). 

(L1 A Da D ER 

1.2 (7 T NENEEE OC s i 

the series 1 - (n — 1) + nar» — ... extends to n—1 terms, 
and is equal to (1— 1)'* — f 1)"', that is, to — 1, since 4—1 is 
an even number. Thus |n -1=M fi) 1; therefore 

l|»-1 is divisible by n. 


If n be not a prime number, 1+|n-— 1 is not divisible by n. 


For suppose p a factor of n; then p is less than » — 1, and there- 
fore |n- lis divisible by p; hence 1 - |n —1 is not divisible by 
p, and therefore not divisible by n. 
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708. The following inference may be drawn from Wilson's 
Theorem. If 2p 1 be a prime number, {|p}’+(—1)’ is divisi- 
ble by 2p 1. 


By Wilson's Theorem, since 2p+1 is a prime number, 
1+|2p is divisible by 2p +1. Put n for 2p+1, then |2p may 
be written thus, 

1(n —1)2(n — 2)3 (n — 3) ...... p(n—p) 


if these factors be supposed multiplied out, it is obvious that we 
shall obtain (— 1) 1*2*3*...... p° together with some multiple of n. 


Hence 1-(-l)'[[pj must be divisible by n, and therefore 
{lp F (7 1) must be divisible by n. 

709. To find the number of positive integers which are less 
than a given number and prime to it. 


Let V denote the number, and first suppose N= a”, where a 
is a prime number. The only terms of the series 1, 2, 3, 4,...... N 


2 á N 
which are not prime to JV are a, 2a, 3a, 4a, ...... 29 and there 


T 


N 
are = of these terms. Hence after rejecting these multiples of 
+i N ; 1 
a, we have remaining N- m terms, that is, V ( -7) terms; thus 


there are N (1 EJ positive integers which are less than V and 
prime to JN. | 


Next, suppose JV = a?ð!, where a and b are prime numbers. 
The multiples of a in the series 1, 2, 3, 4, ...... N, are a, 2a, 3a, 


EE esse Pa, so that there are z of them. Let N be the number 
of positive integers remaining after the multiples of a have been 
rejected, then N=N eo We have now to reject all the mul- 


tiples of b which occur among the V” terms; and these multiples 
consist of the multiples of b in the WV terms diminished by the 
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multiples of 6 in the Z terms; the number of the former is =f j 
and the number of the ide is the same as that of the multiples 


of ab in the W terms, that is, A Thus the number of the mul- 


tiples of b which are to be rejected is am 2 that is, a! ; there- 


A 


fore the number of positive integers remaining is V’ Ma that is, 


AU ACA 1 1 
N (1-7). that id, 51-7) (1-3). 


Again, suppose JV = afb!c', where a, b, c, are prime numbers. 


First reject from JN the z multiples of a; suppose JV the number 


T pts , N ‘ 
of positive integers remaining, so that V’ = JV — E Next reject 


the multiples of b which occur in the JV' terms; these are x in 


number, so that the number of positive integers remaining is 
+ 


m-- which we will denote by A". We have now to reject 


al the multiples of c which occur among the V” terms. The 
number of the multiples of c which occur among the W” terms is 

, 
oe , in the same manner as the number of the multiples of b 


, 


; 
among them was s . The multiples of c among the 3 terms are 


the same as the multiples of be among the JV' terms, and the 


, 


number of them is therefore i . Thus the number of the multi- 


, A 


ples of c which are to be rejected is I - ES that is, — A ; there- 


fore the number of positive integers remaining is V” (1 ~ m that 
x 1 1 ; l 1 IN á 
is, JN (1 -; (1 - 8). that is, y(i -7) e “5)(1 ->) ; 
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Similarly we conclude that if N= afði'd“...... , where a, b, c, 
B. are prime numbers, the number of positive integers which 
are less than V and prime to W is 


x (1-2) (1-5) (1-2) (1-2) E 


It will be observed that in this theorem wnity is considered 
to be one of the numbers which are less than W and prime to N. 


710. To find the number of divisors of any given number. 


Let V denote the number, and suppose V=a’b'c’...... , where 
Mae... are prime numbers. It is evident that W will be divi- 
sible by any number which is formed by the product of powers of 
Bes. provided the power of a be comprised between 0 and 
p, the power of b between 0 and q, the power of c between 0 and r, 
and so on; and no other number will divide N. Hence the divi- 
sors of JV will be the various terms of the product 


(l+ata’+...¢@)(14+04+0'+...40 (l+et+e?+...4+¢)...5 
the number of the divisors will therefore be 


(ptl)(gt1)(r#1)...... 


This includes among the divisors unity and the number J itself. 


711. To find the number of ways in which a number can 
be resolved into two factors. 


Let A denote the number, and suppose N = afð!c'...... , where 
CA AR are prime numbers. First, suppose W not a perfect 
square; then one at least of the exponents p, q, 7,...... is an odd 


number; the required number then is $(p+1)(q+1) (r+ 1)...... 
because there are two divisors of V corresponding to every way in 
which / can be resolved into two factors. Next suppose V a 
perfect square, then all the exponents p, 4, 7,...... are even; the 
required number is found by increasing (p 1) (q+1) (r+ 1)...... 
by unity, and taking half the result; for in this case the square 
root of N is one of the divisors, and if this be taken as one factor 
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of Ñ, the other factor is equal to it, so that only one divisor arises 
from this mode of resolving N into two factors. 


It will be observed that in this theorem JN x 1 is counted as 
one of the ways of resolving JV into two factors. 


712. To find the sum of the divisors of a number. 
With the notation of Art. 710, we have the sum equal to 
(1a a? ...- a) (1-6 - +...40)(l+cte?+...4¢)...; 


arto p] gra] 


that is, jt E uro EX Us 


713. To find the number of ways in which a number can 
be resolved into two factors which are prime to each other. 

Let the number W = abc ...... as before. Since the two 
factors are to be prime to each other, we cannot have some power 
of a in one factor, and some power of a in the other factor, but a? 
must occur in one of the factors. Similarly, 6’ must occur in one 
of the factors; and so on. Hence the required number is the 
same as half the number of divisors of abc...... , and is therefore 
9^-*, where n is the number of different prime factors which occur 
in W. 


EXAMPLES OF THE THEORY OF NUMBERS. 


1. If p and q are whole numbers, and p +g is an even num- 
ber, then p — q is also even. 


9. Find the least multiplier which will render 3234 a perfect 
square. 


9. Find the least multiplier which will render 1845 a perfect 
cube. 


4. Find the least multiplier which will render 6480 a perfect 
cube. 


5. Find the least multiplier which will render 13168 a per- 
fect cube. 
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6. If the sum of an odd square number and an even square 
number is also a square number, then the even square number is 
divisible by 16. 

7. Every square number is of the form 5n or 5n 2 1. 

8. Every cube number is of the form Tn or Tn + 1. 

9. When the cube of any number is divided by 7, the re- 
mainder is 0, 1, or 6. 

10. No square number is of the form 3a — 1. 

11. No triangular number is of the form 3n — 1. 

12. If « be any number whatever, a the difference between 
n and the next number greater than n which is a square number, 
and b the difference between n and the next number less than » 
which is a square number, then 7 — ab is a square number. 

13. If the difference of two numbers which are prime to 
each other, be an odd number, any power of their sum is prime to 
every power of their difference. 

14. Ifthere be three numbers one of which is the sum of the 
other two, twice the sum of their fourth powers is a square 
number. 

15. Shew when n is any prime number, that 2"— l1 and 
(æ — 1)" will leave the same remainder when divided by n. 

16. If 2p+1 be a prime number and the numbers 1“, 25,...p?, 
be divided by 2p + 1, the remainders are all different. 

17. Every even power of every odd number is of the form 
8n 4 1. 

18. Every odd power of 7 is of the form 8» af 

19. If n be any integer, n?—n+1 cannot be a square 
number. 

20. If n be any odd integer, then 7" 1 cannot be a square 
number. 

21. If a and « are integers, the greatest value of aw — 22? is 
a? 


8 


the integer equal to or next less than 
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22. Shew that n (n+ 1) (2n + 1) is always divisible by 6. - 

23. If n be odd, (n — 1) n (n +1) is divisible by 24. 

24. Ifa be odd and not divisible by 3, then 75 is divisible 
by 6. 

25. If » be a prime number greater than 5, then n*—1 is 
divisible by 240. 


26. Shew that — 130 -31 n * a 0 is an integer if m be. 


27. Shew that v'— » is always divisible by 42. 


28. If » be any prime number and æ prime to n, prove that 
x" and æ when divided by n will leave the same remainder. 

29. If n be any prime number and W prime to n, then 
N"-"— 1 is divisible by n’. 

30. If be any prime number greater than 3 and JY prime 
to n, then V"—W is divisible by 6n. 


31. If» and X be different prime numbers, and each greater 
than 3, then V"~'—1 is divisible by 24n. 


32. If n be any prime number per than 2, except 7, 
then n°—1 is divisible by 56. 


33. If «be any prime number greater than 2 and JY any odd 
number prime to n, then V"~*— 1 is divisible by 8n. 


34. If n be any prime number greater than 2, then 
1"4 2" 4 9" e ... + (rn) 
is a multiple of n. 


35. Shew that the 10“ power of any number is of the form 
lln or ll» 1l. 


36. Shew that the 12" power of any number is of the form 
13» or 13n 4 1. 


37. Shew that the 9“ power of any number is of the form 
19» or 192 2 1. 


38. Shew that the 11“ power of any number is of the form 
23n or 23n 2 1. 
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39. Shew that the 20™ power of any number is of the form 
25n or 25n+1. 


40. How many positive integers are less than 140 and prime 
to 140 1 


41. How many positive integers are less than 360 and prime 
to 360 1 


42. How many positive integers are less than 1000 and prime 
to 1000 ? 


43. How many positive integers are less than 3*x 7*x 11 and 
prime to it ? 

44. How many positive integers are less than 10" and prime 
to it? 

45, Find the number of divisors of 140. 

46. Find the number of divisors of 1845. 


47. Find how many divisors there are of |9, and the sum of 
these divisors. 


48. Into how many pairs of factors prime to each other can 
1845 be resolved ? 


49. In how many ways can a line of 100800 inches long 
be divided into equal parts, each some multiple of an inch ? 


50. In how many ways can four right angles be divided into 
equal parts so that each part may be a multiple of the angular 
unit, (1) when the unit is a degree, (2) when the unit is a grade 4 


ól. How many different positive integral solutions are there 
of zy — 10"? 


52. If N be any number, n the number of its divisors, and P 


the product of its divisors, shew that P=N*; shew that JV" is 
in all cases a complete square ? 


£3. Find the least number which has 30 divisors. 


54. Find the least number which has 64 divisors of which 
three are primes whose continued product is 30. 
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55. Suppose a prime to b, and let the quantities 
a, 2a, 3a, ... (b—1)a 
be divided by 5; prove that the sum of the quotients arising 
from any two terms equidistant from the beginning and end 
will be a— 1, and that the sum of the corresponding remainders 
will be 5. 
56. Ifany number of square numbers be divided by a given 


NN. : 
number n there cannot be more than 3 different remainders. 


57. Express generally the rational values of æ and y which 
satisfy 1402 = y’. 

58. If r the radix of a scale of notation be a prime number 
+1 
2 
numbers terminate in that scale. 


greater than 2, there are a different digits in which square 


59. Ifany number n can be resolved into the sum of p squares, 
2 (p — 1) » can be resolved into the sum of p (p — 1) squares. 


60. If n be any positive integer 2” +15n— 1 is divisible 
by 9. 

61. If P denote the sum of the products of the first n num- 
bers taken 7 together, 


14+P+2£+...+P_, isa multiple of |n. 


62. Shew that the 100° power of any number is of the form 
125n or 125» +1. 


LIII. PROBABILITY. 


714. If an event may happen in a ways and fail in b ways, 
and all these ways are equally likely to occur, the probability 
of its happening is — and the probability of its failing is 
x This may be regarded as a definition of the meaning of 
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the word probability in mathematical works. The following ex- 
planation is sometimes added for the sake of shewing the consist- 
ency of the definition with ordinary language. The probability of 
the happening of the event must, from the nature of the case, be 
to the probability of its failing as æ to b; therefore the proba- 
bility of its happening is to the sum of the probabilities of its 
happening and failing as a to a+b. But the event must either 
happen or fail, hence the sum of the probabilities of its happen- 
ing and failing is certainty. Therefore the probability of its hap- 
pening is to certainty as æ to ab. So if we represent certainty 
by unity, the probability of the happening of the event is repre- 
a 

sented by "- te 

715. Hence if p be the probability of the happening of an 
event, 1 — p is the probability of its failing. 

716. The word chance is often used in mathematical works as 
synonymous with probability. 


717. When the probability of the happening of an event is to 
the probability of its failing as a to 6, the fact is expressed in 
popular language thus; the odds are a to b for the event, or 5 to 
a against the event. 


718. Suppose there to be any number of events A, B, C, &c., 
such that one must happen and only one can happen ; and suppose 
a, b, c, &c., to be the numbers of ways in which these events can 
respectively happen, and that all these ways are equally likely 
to occur, then the probabilities of the events are proportional 
to a, b, c, &c. respectively. For simplicity let us consider three 
events, then A can happen in a ways out of a--b--c ways and 
fail in b+c ways; therefore, by Art. 714, the probability of 


A's happening is re m , and the probability of A’s failing is 


oe Similarly the probability of B’s happening is 


a+b+e 


a+b+c’ 


and the probability of C’s happening is athe’ , 
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719. We will now exemplify the mathematical meaning of 
the word probability. 


If n balls A, B, C, ..., be thrown promiscuously into a bag 
and a person draw out one of them, the probability that it will 


be Á is = ; the probability that it will be either’ Á or B is 5: 


The same supposition being made, if two balls be drawn out 


the probability that these will be A and B is im For the 


T 
(n-1) 
number of pairs of balls is the same as the number of combinations 
of n things taken two at a time, that is, zna- 1); and one pair 
is as likely to be drawn out as another; therefore the probability 


i ; PR, mw MES 
of drawing out an assigned pair is 1 +5 n(n — 1), that is, n(n—1) 


Again, suppose that 3 white balls, 4 black balls, and 5 red 
balls are thrown promiscuously into a bag, and a person draws 
out one of them ; the probability that this will be a white ball is 


4 
, and the 


the probability that it will be a black ball is 12 


3 
12? 
probability that it will be a red ball is e . But suppose éwo balls 


to be drawn out, and estimate the probabilities of the different 
cases. The number of pairs that can be formed out of 12 things 
is ix 12x11, that is, 66. The number of pairs that can be 
formed out of the 3 white balls is 3; hence the probability of 


drawing two white balls is EA Similarly the probability of draw- 


66° 
ing two black balls is as ; and the probability of drawing two red 
balls is ae Also since each white ball might be associated with 


66° 
each black ball, the number of pairs consisting of one white ball 
and one black ball is 3 x 4, that is, 12; hence the probability of 
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12 


drawing a white ball and a black ballis 5. Similarly the proba- 


66° 
bility of drawing a black ball and a red ball is - ; and the pro- 
bability of drawing a red ball and a white ball is — = The sum 


66° 
of the six probabilities which we have just found is unity, as, of 
course, it should be. 


We will give one example from a subject which constitutes an 
important application of the theory of probability. According to 
the Carlisle Table of Mortality, it appears that out of 6335 persons 
living at the age of 14 years, only 6047 reach the age of 21 years. 
As we may suppose that each individual has the same chance of 
being one of these survivors, we may say that pl 
bility that an individual aged 14 years will reach the age of 21 


is the proba- 


28 
years: and re is the probability that he will not reach the age 


of 21 years. 


720. Suppose that there are two independent events of which 
the respective probabilities are known ; we shall proceed to esti- 
mate the probability that both will happen. 


Let a be the number of ways in which the first event may 
happen, and b the number of ways in which it may fail, all these 
ways being equally likely to occur; and let a’ be the number of 
ways in which the second event may happen, and 0’ the number 
of ways in which it may fail, all these ways being equally likely to 
occur. Each case out of the a+b cases may be associated with 
each case out of the a’ +06’ cases; thus there are (æ+ b)(a' +b’) 
compound cases which are equally likely to occur. In aa’ of 
these compound cases both events happen, in bd’ of them both 
events fail, in ab’ of them the first event happens and the second 
fails, and in a/b of them the first event fails and the second 
happens. Thus 
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EIÐIÐ is the probability that both events happen, 
bb 

(a +b) (a + 0) 

LUE WEM is the probability that the first happens and the 

(a+b) (a +b) { second fails, 


ab ie the probability that the first fails and the 
(a + b) (a +b’) V second happens. 


is the probability that both events fail, 


Thus if p and p’ be the respective probabilities of two inde- 
pendent events, pp’ is the probability of the happening of both 
events. 


721. The probability of the concurrence of two dependent 
events is the product of the probability of the first into the 
probability that when that has happened the second will follow. 
This is only a slight modification of the principle established in 
the preceding article, and is proved in the same manner; we 
have only to suppose that a' is the number of ways in which 
after the first event has happened the second will follow, and 0’ 
the number of ways in which after the first event has happened 
the second will not follow, all these ways being supposed equally 
likely to occur. 


722. In like manner, if there be any number of independent 
events, the probability that they will all happen is the product of 
their respective probabilities of happening. Suppose, for example, 
that there are three independent events, and that p, p', p" are their 
respective probabilities. By Art. 720, the probability of the con- 
currence of the first and second events is pp'; then in the same 
way the probability of the concurrence of the first two events and 
the third is pp’ x p”, that is, pp'p". Similarly the probability that 
all the events fail is (1—p)(1—p’)(l—p”). The probability that 
the first happens and that the other two fail is p(1-p')(1-p“); 
and so on. 
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723. We will now exemplify the estimation of the probability 
of compound events. 


(1) Required the chance of throwing an ace in the first only 

of two successive throws with a single die. Here we require a 
compound event to happen ; namely at the first throw the ace is 
to appear, at the second throw the ace is not to appear. The 
chance of the first simple event is i and of the second simple event 
5 ; A 
g hence the required chance is 36° 
(2) Suppose 3 white balls, 4 black balls, and 5 red balls to be 
thrown promiscuously into a bag ; required the chance that in two 
successive trials two red balls will be drawn, the ball first drawn 
being replaced before the second trial. Here the chance of drawing 
a red ball at the first trial is = , and the chance is the same of 
drawing a red ball at the second trial ; hence the chance of drawing 
2 

two red balls is (5) : 
(3) Suppose now that we require the chance of drawing two 
red balls, the ball first drawn not being replaced before the second 
trial. This will be an example of Art. 721. Here the chance of 


drawing a red ball at the first trial is kd ; if a red ball be drawn 


at first, out of the eleven balls which remain four are red, and 
4 


therefore the chance that a second trial will give a red ball is i 


hence the chance of drawing two red balls is E x Yo This is 


the same result as we found in Art. 719, for the chance of drawing 
two red balls simultaneously ; and a little consideration will shew 
that the results ought to coincide. 


(4) Required the chance of throwing an ace with a single 

2. and the 

A 28 
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chance of failing the second time di also T4 hence the chance of 


6 3 
failing twice is (3), that is, A Hence the chance of not failing 
twice is ae that is, B ; this is therefore the chance of suc- 


ceeding. 
(5) In how many trials will the chance of throwing an ace 


=f Suppose æ the number of trials ; 


ey. . i Oe e 
then the chance of failing æ times in succession is ( 2) , by Art. 


with a single die amount to 


722. Hence the chance of succeeding is 1 — (5) $ 


6 
therefore „ (=) Á. : ; 
hence (5) "A : ; 
hence x log : = log : ; 
therefore ^ Pe v as 


By using the values of the logarithms, we find x — 3.8 nearly. 
Thus we conclude that in 3 trials the chance of success is less 
than 3, and that in 4 trials it is greater than 3. 


(6) In how many trials is it an even wager to throw sixes 
with two dice? "The chance of sixes at a single throw with two 


dice is x S that is, à ; hence the chance of not having sixes 


Suppose æ the number of throws required ; then we have 


"EL 
6' 
að“ 1 Se. d. 
P. 3 » =g hence * Ge = 3) oe 
log 2 
~ log 36 — log 35 ` 


www.rcin.org.pl 


PROBABILITY. 435 


By using the values of the logarithms, we find æ lies between 
24 and 25, which we interpret as before. 


(7) To find the probability that two individuals, Á and B, 
whose ages are known, will be alive at the end of a year. Let p 
be the probability that A will be alive at the end of a year, p’ the 
probability that B will be; then pp’ is the probability that both 
will be alive at the end of a year. The values of p and p’ can be 
found from the Tables of Mortality in the manner exemplified in 
Art. 719. 


(8) To find the probability that one at least of two indivi- 
duals, Á and B, whose ages are known, will be alive at the 
end of a given number of years. Let p be the probability that A 
will be alive at the end of the given number of years, p’ the 
probability that B will be. Then 1—p is the probability that A 
will be dead, and 1— ' is the probability that B will be dead. 
Hence (1 —p)(1-p’) is the probability that both will be dead. 
The probability that both will not be dead, that is, that one at 
least will be alive, is 1 — (1 — p) (1 — 7), that is, p + /— pp’. 


124. If an event may happen in different independent ways, 
ihe probability of its happening is the sum of the probabilities 
of its happening in the different independent ways. 


If the independent ways of happening are all equally probable, 
this proposition is merely a repetition of the definition of proba- 
bility given in Art. 714; and if they are not all equally probable, 
the proposition seems to follow so naturally from that definition, 
that it is often assumed without any remark. The following 
method of illustrating it is sometimes given ; suppose two urns 
A and B; let Á contain 2 white balls and 3 black balls, and let 
B contain 3 white balls and 4 black balls; required the pro- 
bability of obtaining a white ball by a single drawing from one of 
the urns taken at random. Since each urn "im equally likely to be 


taken, the chance of taking the urn Á is A and the chance then 
28—2 
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of drawing a white ball from it is s ; hence the chance of ob- 


taining a white ball so far as it depends on Á is E e. Similarly, 
the chance of obtaining a white ball so far as it depends on B is 


: x E Hence the proposition asserts that the probability of ob- 
1 3 


taining a white ball is 9 «24 : x 3 that is, : E + z) » The 
accuracy of this result may x aes by the following steps. 
First, without affecting the question, we may replace the urn A 
by an urn 4’, containing any number of balls we please, provided 
the ratio of the white balls to the black balls be that of 2 to 3; and 
similarly, we may replace the urn B by an urn B’, containing any 
number of balls we please, provided the ratio of the white balls to 
the black balls be that of 3 to 4. Let then A’ contain 14 white balls 
and 21 black balls, and let B’ contain 15 white balls and 20 black 
balls; thus A’ and P’ each contain 35 balls. Secondly, without 
affecting the question, we may now suppose the balls in dA’ and B’ 
` collected in a single urn; thus there will be 70 balls, of which 
29 are ish! The probability of drawing a white ball will 
1415 1/14 15 


therefore be i that is, an eei that is, 3 (35 4 E that 


is 5 (5 ak 


725. The probability of the occurrence of one or other of two 
events which cannot concur is the sum of their separate pro- 
babilities. For the complete event we are considering occurs if 
the first event happens, or if the second event happens; thus 
the proposition is a case of the preceding proposition. 


726. The probability of the happening of an event in one 
trial being known, required the probability of its happening once, 
twice, three times, &c., exactly in z trials. 

Let p denote the probability of the happening of the event in 
one trial, and g the probability of its failing, so that g=1—p. The 
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probability that in n trials the event will occur in one assigned 
trial, and fail in the other n—1 trials is pq" ', (Art. 722); and since 
there are n trials, the probability of its happening in some one of 
these and failing in the rest is „pg“ '. The probability that in n 
trials the event will occur in two assigned trials, and fail in the 


other n— 2 trials, is p’g and there are ping 


n ways in 
which the event may happen twice and fail »—2 times in n 
trials; therefore the probability that it will happen exactly twice 


-1 "d 
in n trials is ii oie pq". Similarly the probability that the 


event will happen exactly three times in 7 trials is 
n(n—1l)(n—2) ,,. 
Sed 
and the probability that it will happen exactly r times in n 
trials is 
n (n — 1)...... norm, 


L 


PP 
* 


q 


Similarly, the probability that the event will fail exactly r 
times in % trials is 


727. "Thus if (p+q)" be expanded by the Binomial Theorem 
in the series p"+ np" ^! q + &c., the terms will represent respectively 
the probabilities of the happening of the event exactly n times, 
n—1 times, n—2 times, &c, in n trials. Hence we may de- 
termine what is the most probable number of successes and 
failures in n trials; we have only to ascertain the greatest term in 


the above series. Let us suppose, for example, that p=——, 


= n —qm(a-- b), where a, b, and m are integers; then, by 


Art. 510, the most probable ease is, that of r failures and n—r 
n+l 


successes, Where r is the greatest integer contained in , that 


-+1 
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: b 
is, in mbi "Uc NL that r=mb, and n—r=ma. Thé most 


probable case hla is, that in which the numbers of successes 
and failures are proportional to the probabilities of success and 
failure respectively in a single trial. 


728. The probability of the happening of the event a£ least r 
times in x trials is 


n (n —1) 
1.3 P 


p'+np""q+ 
n (n — 1) (n— 2).........(r- 1) „ ,., 
n7 1) (0-2...) es 
pr 
for if the event happen every time, or fail only once, twice,...... 
(n — r) times, it happens r times; therefore the probability of the 
happening of the event at least r times is the sum of the proba- 
bilities of its happening every time, of failing only once, twice, ..... 
n— r times; and the sum of these is the expression given above. 
For example; in five throws with a single die what is the 
chance of throwing exactly three aces? and what is the chance of 
throwing at least three aces? 


1 5 
Here P= G) 97$ n=ö; thus the chance of throwing 


6? 
. 5.4.3 /1N* /5v* 2 
exactly three aces is 1.9.3 (s) (3) , that is, TU the chance 


of throwing at least three aces is 


(5) * (s yer - *Y3 ; ra) (s Jr pers ak 


The following four articles contain problems illustrating the 
subject. 


729. A and B play a set of games, in which 4's chance of 
winning a single game is p, and B’s chance is g; required the 
probability of £s winning m games out of m+n. 

If A wins in exactly m * r games he must win the last game 
and m—1 games out of the preceding m--r—1 games; the proba- 
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bility of this is Mp" "gp, where M is the number of combinations 
of m * r —1 things taken m —1 at a time; that is, the probability is 


Now in order that Á may win m games out of m+n, he must 
win m games in exactly m games, or m+1 games, ...... „or m+n 
games. Hence the probability required is the sum of the series 
obtained by giving to the values 0, 1, 2,...... n in the expression 

[m -r—1 


m y 


Pq; 


that is, the required probability is 
m(m--1) , m(m+1)...... (m+n—1) ,) 
Teer Qc... a [n q f 
If Á in order to win the set must win m games before B wins 
n games, Á must win m games out of m +n-— 1; the probability 
of this event is given by the preceding expression with the omis- 
sion of the last term. Similarly, the probability of B's winning 7 
games out of m + n — 1 is 


„fix mq + 


tt enp 10D prs mn 


This problem is celebrated in the history of the theory of 
probabilities, as the first of any difficulty which was discussed; 
it was proposed to Pascal in 1654, with the simplification however 
which arises from supposing p and q to be equal. 

It appears from the preceding investigation that the probability 
of A's winning r games out of n is 


J r(r-l), v (r 4 1) ...... (n-1) X. 
pens 1.3 qi EET Minor tmo memes T 


but this probability must from the nature of the question be 
the same as the probability of the happening of an event at least r 
times in n trials when the probability of the event is p. Thus the 
expression just given must be equivalent to that given in Art.728; 
we may verify this as follows. Denote the expression just given 
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by v,, and that given in Art. 728 by w,, and let v,,, and u,,, 
denote respectively what they become when n is changed to » «1; 
then we shall shew that if u, —v; when n has any specific value, 


then also t ,, — v, ,, 


We have w,=u,(p+q); now w,(p--q) gives two series, and 
when the like terms in these two series are united we obtain 


(nit 1) n ...... (r +1) 


V. (P+) = Una — jut+l-r PE 
2 N (n — 1) — (r T 1) qnem; 
e-r 
therefore E 
n (n — 1) ...... EX. 
Urti Un (p á q) QUIET E Der A 
|n *l-r 
and obviously 
Vati ED s 4 — E 


This shews that u, ,, —v,,, if u,=v,. Now obviously v, is equal 
to v, when n=r; rr PS U, 8 M^ to v, for every value of n 
greater than r. 


730. A bag contains n +1 tickets which are marked with the 
numbers 0, 1, 2, ...... n, respectively. A ticket is drawn and 
replaced; required the probability that after 7 drawings the sum 
of the numbers drawn is s. 

The number of drawings which can occur is (n +1)’, for any 
one of the tickets may be drawn each time. The number of ways 
in which the sum of the drawings will amount to s is the coeffi- 
cient of æ in the expansion of (#°+a'+a?+...... sæ; because 
this coefficient arises from the different modes of forming s by the 
addition of r numbers of the series 0, 1, 2, ...... n. Thus the pro- 
bability required is found by dividing this coefficient by (n + 1)”. 

The above coefficient may be obtained by the Multinomial 
Theorem; or we may proceed thus: 


(a? uuu ...... rey = {A á |= (1-2"*y(1-2)*; 
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and (1-æ'*')'=1— ræ E EU s e 2.3 
es r(r-l), r(r+1)(r+ 2) B 
(1— x) iib 5 xou. A o AL e5x 223 


We must therefore find the coefficient of a’ in the product of these 
two series; it is 


er 4- 1)...... (r+ - Bs *(r 4 Ty...... (r - s—n—2) 


r(r—1) r(r-41)...... (rts—2n—3) 

rt. — - c. 
1.2 |s- 2n - 2 

this series is to stop at the (i+ 1)" term, where 7 is the greatest 

integer contained in P ; then the required probability is ob- 

tained by dividing this series by (n + 1)’. 


731. A box has three equal compartments, and four balls are 
thrown in at random; determine the probability of the different 
arrangements, assuming that it is equally likely that any ball will 
fall into any compartment. 


Since it is equally likely that a ball will fall into any com- 
partment there are 3 equally likely cases for each ball; and on 
the whole there are 3* equally likely cases. Now there are four 
possible arrangements. 


I. All the balls may be in one compartment; this can happen 
in 3 ways. 


II. Any three of the balls may be in any one of the com- 
partments, and the remaining ball in either of the remaining 
compartments; this can happen in 4.3.2 ways. 


III. Any two of the balls may be in any one compartment, 
and one of the remaining balls in one of the remaining compart- 
ments and the other in the other; this can happen in 6.3.2 ways. 
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IV. Any two of the balls may be in any one compartment, 
and the other two balls in either of the remaining compartments; 
this can happen in 6.3 ways. 

Thus the probabilities of the different arrangements are re- 
spectively "MM the sum of these fractions is, of 

81’ 8h? SI" 81" Á 
course, unity. 

In the preceding solution the point which deserves particular 
attention is the statement that there are 81 equally likely cases; 
for when this is admitted all the rest follows necessarily. If this 
is not admitted and the student substitutes any other statement in 
the place of it, he will be really taking another problem instead of 
the one intended. In fact in a problem which relates to permuta- 
tions, combinations, or probabilities it is not unfrequently found 
that different results are obtained because different meanings have 
been attached to the enunciation; especial care is necessary iu 
these subjects to ensure that whatever meaning is given to the enun- 
ciation should be consistently retained throughout the solution. 

We will next consider the general problem of which the present 
is a particular case. 


732. A box is divided into m equal compartments. If n balls 
are thrown in promiscuously, required the probability that there 
will be a compartments each containing a balls, b compartments 
each containing £ balls, and so on, where 

aa 4 b ey ...... =N. 

Since any ball may fall into any compartment, there are m^ 
cases equally likely to occur. We shall first shew that the num- 
ber of different ways in which the n balls can be divided into 
a+b+c+...... parcels containing a, B, y, ...... balls respectively is 

|» 
=. 

For consider first in how many ways a parcel of a balls can be 


selected from » balls; the result is ns ER) ways. 
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Then consider in how many ways a second parcel of a balls 
can be selected from the remaining n—a balls; the result is 
(n — a) (n — a — 1) And (n — 2a #1) 


a 


Similarly a third parcel of 


a balls can be selected from the remaining n— 2a balls in 
(n — 2a) (n — 2a — 1) ...... (n. — 3a +1) 
la 
first infer that the number of ways in which three parcels of a balls 


each can be selected from n balls is n(n-1).. Ln t (n 7 3a + T) Sal} 
ERAU e oo 


ways. We might then at 


and this is correct in a certain sense; but each distinct group of 
three parcels has in this way onde |3 times, and we must 
therefore divide by |9 in order to obtain the number of different 
ways in which three parcels of a balls each can be selected from n 
balls. And similarly the number of différent ways in which a 
parcels of a balls each can be selected from balls is 


n (n — 1) ...... (n — aa +1) 


By proceeding thus we obtain the proposed result. 


Now the number of ways in which the parcels can be arranged 
in the m compartments is 
m (m — 1) (m — 2) ...... (m — s +1), 


where s=atbtcs...... 
Hence, the probability required is 
Nm (m — 1) (m — 2) ...... (m — s 4- 1) 
m" d 


For example, suppose six balls thrown into a box which has 
three compartments. The seven possible modes of distribution 
are, 6, 0, 0; 1,5,0;'2, ,0; 9, 0; 1 14; bo os 4. 
and ,their respective probabilities are fractions whose common 
denominator is 243, and numerators 1, 12, 30, 20, 30, 120, 30. 


733. If p represent a person's chance of success in any trans- 
action, and m the sum of money which he will receive in case 
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of success, then the sum of money denoted by pm is called his 
expectation. This is a definition of the meaning we shall attach to 
the word expectation, and might of course be stated arbitrarily 
without any further remark; it is however usual to illustrate the 
propriety of the definition as follows. Suppose that there are 
m+n slips of paper, each having the name of a person written 
upon it, and no name recurring ; let these be placed in a bag, and 
one slip drawn at random, and suppose that the person whose 
name is drawn is to receive £a. Now all the expectations must 
be of equal value, because each person has the same chance of 
obtaining the prize; and the sum of the expectations must be 
worth £a, because if one person bought up the interests of all the 
persons named, he would be certain of obtaining £a. - Hence, if 
£z denote the expectation of each person, we have (m+n) x —a; 


a 
thus æ = 3 
m+n 


Also, it is evident that the value of the expectation of two per- 
sons is the sum of the values of their respective expectations ; and 
so for three or more persons. Hence the value of the expectation 


of m persons is NI Now suppose that one person has his 


name on m of the slips; then his expectation is the same as 
the sum of the expectations of m persons, each of whom has his 


name on one slip; that is, his expectation is a . But his 


chance of winning the prize is , since he has m cases out of 
m+n” 


m+n in his favour; thus his expectation is the product of his 
chance of success into the sum of money which he will receive in 
case of success. 


734. An event has happened which must have arisen from 
some one of a given number of causes; required the probability 
of the existence of each of the causes. 

Let there be n causes, and suppose that the probability of the 
existence of these causes was estimated at P, P, ...P respectively, 
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before the event took place. Let p, denote the probability of the 
event on the hypothesis of the existence of the first cause, p, 
the probability of the event on the hypothesis of the existence 
of the second cause, and so on. Then the probability of the 


í R per. 
existence of the 7 cause, estimated after the event, is xP A 
where Xp stands for Pp, + P P+- - £,p,. 

From our first notions of probability we must admit that the 
probability that the zr" cause was the true cause is proportional to 
the antecedent probability that the event would happen from this 
cause, and may therefore be represented by CPp, And since 
some one of the causes must be the true cause we have 


C (Bp, t Ep... +Pp}=1, 


1 
therefore G= SPp' 
therefore the probability that the 7 cause was the true cause is 
Ep, 
XPp' 


735. The preceding article will require some illustration before 
it will be fully appreciated by the student. Let there be, for 
example, two urns, one containing 7 white balls and 3 black balls, 
and the other 5 white balls and 1 black ball; suppose that a 
white ballhas been drawn, and we wish to know what the probability : 
is that it came from the first urn, and what the probability is that 
it came from the second urn. It must have come from one of the 
two urns, so that the sum of the required probabilities is unity. 
Instead of the given urns let us substitute two others which have 
the whole number of balls the same in each urn, and such that 
each urn has its white and black balls in the same proportion 
as the urn which it replaces. Thus we may suppose one urn with 
21 white balls and 9 black balls, and the other with 25 white balls 
and 5 black balls. Each urn now contains 30 balls, and the chance 
of each ball being drawn, is the same. Since, by supposition, 
a white ball ís drawn we may suppose the black balls to have 
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been removed, and all the white balls put into a new urn. Thus 
there would be 46 white balls; and the probability that the white 


ball drawn was one of the 21 is M and the probability that it 


46" 
„25 
was one of the 25 is i6 Now here p, — 


Dr NE 2l ,an dE 20 . Thus the result agrees with that 
P, +P, 46 P, +P, 46 


given by the theorem in Art. 734, supposing that P and P are equal. 


mg and P.= 63 thus 


Next, suppose that there had been 4 urns, each having 7 
white balls and 3 black balls, and 3 urns, each having 5 white 
balls and 1 black ball. In this case, by proceeding in the manner 
just shewn, we may deduce that the probability that a white ball 
which was drawn came from the group of 4 similar urns is 


4x 21 t 
4x9143x235"? 


and the probability that it came from the group of 3 similar urns is 


3 x 25 
4x21+3x 25° 


Now let us apply the theorem of Art. 734 to estimate the proba- 
bility that the white ball came from the first group and the proba- 
bility that it came from the second group. Since there are 7 urns, 
of which 4 are of the first kind and 3 of the second, we take 


P=, and p=7; also RUN and p,-5- Thus 
il NE 
S 7 *10 Q 7*6 

aoe eye fo Re oe. 

T 105458 7-10 76 


and these results agree with those which we have already indicated. 


736. It is usual to call the quantities P, P,...P of Art. 
734 the a priori probabilities of the existence of the respective 
causes; and Q, Q,, ... Q, the a posteriori probabilities, Students 
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are sometimes perplexed in endeavouring to estimate P,, P,,...P; 
the safest plan is to observe that the product Pp, denotes the 
probability that the event will happen as the result of the 7™ cause; 
and the correctness of the product is the important part of the 
solution, because 7 and p, do not occur separately in the results. 
The whole proposition may be best understood if arranged in the 
following order. First suppose the different causes all equally 
probable before the observed event; let æ, denote the probability 
of the occurrence of the event on the hypothesis of the existence 
of the 7^ cause; then the probability of the 7” cause, estimated 


D : 
after the occurrence of the observed event is =. This seems 


ia 
nearly self-evident, and if any doubt remains it may be removed 
by the mode of illustration given in the first part of Art. 735. 
Secondly, suppose that the terms in Sg can be arranged in groups; 
suppose there to be p, terms in the first group, and that each 
term is equal to p,, suppose there to be p, terms in the second 
group, and that each term is equal to p,, and so on, the last group 
consisting of u, terms, each equal to p,. Then Sæ may be written 
Jup, where the series Xup consists of n terms. Thus the proba- 
bility of the 7 cause is $5 . Also the probability of the first 
group of causes is the sum of the separate probabilities of the 


members of that group, that is, D . Similar expressions hold 
j 


for the probabilities of the other groups. Thus we finally arrive 
at the results given in Art. 734, where, in fact, 


=j p ,P 1 zu Pp 2 
Vr 0,7 up! &c. 

737. When an event has been observed, we may, by Art. 734, 
estimate the probability of each cause from which that event 
could have arisen; we may then proceed to estimate the pro- 
bability that the event will occur again, or that some other event 
will occur. For by Art. 724 we multiply the probability of each 
cause by the probability of the happening of the required event on 
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the hypothesis of the existence of that cause, and the sum of all 
such products is the probability of the happening of the required 
event. 


For example, a bag contains 3 balls, and it is known that each 
ball is either black or white; a white ball has been drawn and 
replaced, what is the probability that another drawing will give 
a white ball? 


There are three possible hypotheses: (1) all the balls may be 
white, (2) only two of the balls may be white, (3) only one of the 
balls may be white. We have first to find the probability of each 
hypothesis by the method of Art. 734. On the first hypothesis, 
the observed event is certain, that is, the chance of it is 1; on the 


second hypothesis, the chance of the observed event is : ; on the 
third hypothesis, the chance of the observed event is 4 Hence, 


assuming that before the observed event the three hypotheses 
were equally probable, we have after the observed event, 


probability of first hypothesis = 1 + fı + i * ] = : j 
x AL. 85 1$ d 
probability of second hypothesis = ; + { l-z224 } = 2 


3 5-3). 3 
robability of third h othesis = 3 * 143 #3 nA 
p ility of third hyp is-3 3 3/78 


The probability that another drawing will give a white ball is 


1 
5*1, so far as it depends on the first hypothesis; it is T z , 80 


far as it depends on the second hypothesis; and it is à x ^ so far 
as it depends on the third hypothesis. Hence the required pro- 
bability is 

"e. 


7 
+ 78) ; that is, =. 


9 
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738. We give another example. Suppose a bag in which 
the ratio of the number of white balls to the whole number of 
balls is unknown, and it is equally probable, a priori, that the ratio 
is any one of the following quantities æ, 22, 3z, ...... næ; suppose 
a white ball to be drawn and replaced; required the probability 
that another drawing will give a white ball. 


Here n hypotheses can be formed. On the first hypothesis the 
probability of the observed event is x, on the second hypothesis it 
is 27, on the third 37, and so on. Hence the probability of the 


; that is, Met. 1944 The 


first hypothesis is - "TW i; 


me utes) jg "P 
probability of the second hypothesis is sU The probability 


of the third hypothesis is oh al And so on. Hence the 
n(n 4- 1) 
probability that another D will give a white ball is að EST 
2x x x 3° 
hypothesi 
on the first hypothesis, nae = ; on the second hypothesis, T aD 
on the third, and so on. Hence the required probability is 
$e {194 2? 4 ......-- n*]; 
nini s com i 
P 2e n(n+1)(2n+1). .. &(2n4 1l) 
that is, Pe mn A aee" ume rd that is, DOSE n». 


2 
When x is very great this approximates to 2 . If the 


ratio of the number of the white balls to the whole number 
of balls is equally likely, a priori, to have any value between 


zero and unity, then næ = 1, and the required probability is 3" 


739. The following problems will illustrate the subject. 


(1) A bag contains m white balls and n black balls; if p +g 
balls are drawn out, what is the probability that there will be p 
white balls and q black balls occurring in an assigned order? We 
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suppose p less than m and g less than n; and the balls are not 
replaced in the bag after being drawn out. 


Suppose, for example, that the first ball is required to be white, 
the second to be black, the third to be black, the fourth to be 
white, and so on in any assigned order. Then the required proba- 
bility is the product of 


m n n-—1 m-—1 
m+n’? m+n—l’? mrn- F m+n—3’ 


therefore the required probability is 


m(m— 1) (m— 2)... (m—p+1) (n—1) (n—2)...(n—q * D), 
(m+n) (m+n—1)(m+n—2)...(m+n—p-—qtl) ^" 


and it will be observed that so long as p white balls and g black 
balls are required, the probability is the same whatever may be the 
assigned. order in which they are to occur. 


(2) The suppositions being the same as in (1), what is the 
probability of p white balls and g black balls occurring 4n any 
order whatever ? 


Let N represent the number of different orders in which p 
white balls and q black balls can occur; then the required proba- 
bility is obtained by multiplying the probability found in (1) by 
N. And 

"EZ 
lelg 
The problems (1) and (2) are introductory to one which we shall 
now consider. 


(3) A bag contains m balls which are known to be all either 
white or black, but how many of each kind is unknown; suppose 
p white balls and g black balls have been drawn and not replaced ; 
find the probability that another drawing will give a white ball. 

The observed event here is the drawing of p white balls and q 
black balls. To render this possible, the original number of white 
balls may have been any number from m—g to p inclusive, and 
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the number of black balls any number from gto m—p. Let us 
denote the hypothesis of m-—q white and g black by Z,, and the 
hypothesis of m—q—1 white and q+1 black by H,, and so on. 
Then Z7, gives for the probability of the observed event 


y, 0-9) (n - 9-1) PENA (m-q—p+1)1.2.3...... q 
m (m — 1) ...... (m —q — p 4 1) 


where JV denotes the number of different ways in which p white 
balls and g black balls can be combined in p+q trials. Put C for 


N . 
m (m — 1)...... (m—q—p-41)' 
then M, gives for the probability of the observed event 
CPQ,, 
where P=(m — q) (m — q — 1)...... (m — q — p 4 1), 
and QT. 2, S. | 
Similarly, H, gives for the probability of the observed event 
CPQ,, 
where B=(m—-q— 1)...... (m — q — p) 


2.3.4 us q (g +1). 
Thus, if 4 2» m — p — q +2, we find for the probability of #,, 


PQ, 


this we may denote by Eg à 


P 
Similarly the probability of H, is i 2; and so on. Now the 
probability of drawing a white ball on another trial 


H, is pis ofer do. A, 


on the hypothesis H, ae ort 


B 
on the hypothesis H, it is Na 
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and so on. Thus the whole probability of drawing a white ball is 
1 
S.(m-p-2) 
The series in brackets is of the same kind as S with p41 
written instead of p, the number of terms being one less than in S. 
Now by Art. 665, 


{PQ (m — p - 2) * EQ, (m—- p — 9— 1) + &c.j. 


NEC ec ia z +g 
|p*2*1 — [|»-2 ^" 
hence the series within brackets is 
Ip*lig |[n-1*»*3. 
peg43 | [8-9 0" 
and the required probability is 
prl A. él 
pgti” m — p— m—p—q peer? 


740. The mathematical theory of probability has been applied 
to estimate the probability of statements which are supported by 
assertions or by arguments. We will give some examples. 


The probability that A speaks truth is p, and the probability 
that B speaks truth is p’; what is the probability of the truth of 
an assertion which they agree in making? There are two possible 
hypotheses; (1) that the assertion is true, (2) that it isnot. If 
it be true, the chance that they both make the assertion is pp’; if 
it be false, the chance that they both make it is (1 —p)(1—p’). 
Hence, by Art. 734, the probabilities of the truth and falsehood 
of the assertion are respectively 

pp eal ed NP -S 
zp-(0-p)ü-r)  msr'*ü-rü-»y 

Similarly, if the assertion be also made by a third person whose 
probability of speaking truth is p", the probabilities of the truth 
and falsehood of the assertion are respectively 


,o" 


RAE E. o dad Ae XL - XL) 
sPp*ü-»ü-p)-r)  mww*ü-pü-rü-r) 
and so on if more persons join in the assertion. 
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741. We will make a few remarks on the preceding article. 


When we say that the probability of A’s speaking truth is p, 
we mean that out of a large number of statements made by 4, the 
ratio of the number that are true to the number that are not true 
is that of p to 1— p; thus the value of p depends on the correct- 
ness of A's judgment as well as on his veracity. 


The result in Art. 740 gives the probability of the truth of the 
assertion, so far as that truth depends solely on the testimony of 
the witnesses considered; there may be from other sources addi- 
tional evidence for or against the assertion. Thus the person who 
is estimating the probability may himself have a conviction more 
or less decided in favour of the assertion which is independent of 
the testimony he receives from the witnesses. It has been proposed 
to combine this conviction with the testimonies which are con- 
sidered in the problem. "Thus, if there be two witnesses with pro- 
babilities p and p’ respectively of speaking the truth, and a third 
person estimates the probability of the truth of the assertion at p” 
from his own independent sources of belief, then to him the odds 
in favour of the truth of the assertion are 


ppp" to (L- p) -») 0 - p^. 

Still the result is considered unsatisfactory by some writers, 
who object with great reason to the solution on the ground that it 
omits all consideration of the circumstance that it is the same 
occurrence to which the several testimonies are offered. In the 
following problem this circumstance is expressly considered. 


142. Two persons, whose probabilities of speaking the truth 
are p and p’ respectively, assert that a specified ticket has been 
drawn out of a bag containing n tickets; required the probability 
of the truth of the assertion. 


The observed event here is the coincident testimony of 4 and 
B in favour of a specified ticket. 


Here : is the a priori probability that the specified ticket would 
be drawn. The probability of the event on the hypothesis that the 
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specified ticket was drawn is then 2 z . The probability of the 
event on the hypothesis that it was a drawn might at first be 
supposed to be (1— p) (1 — /) i ; but if the persons have no 
inducement to select the specified ticket among those really un- 
drawn, this expression must be multiplied by TUS 
the probability of their selecting the same number among the 
undrawn numbers. Thus the probability of the event on the 


, which is 


second hypothesis is A pb. Thus the odds for the truth 


of the assertion are 


£P to (1- p) (1— 7) 


0-»0-») 
" (n —1) 


, or pp' to E 

743. The question in Art. 740 is respecting the truth of 
concurrent testimony; we may now consider the truth of tra- 
ditionary testimony. A says that B says that a certain event 
took place; required the probability that the event did take place. 
Let p and p' be the probabilities of speaking the truth of Á 
and B respectively. The event did take place if they both speak 
truth, or if they both speak falsehood; and the event did not 
take place if only one of them speaks truth. Thus the odds that 
the event did take place are 


pp'* (1-p) (17 p) to p(1—p’) «y (1—- p). 


744. If there be n witnesses, each of whom has transmitted a 
statement of an occurrence to the next, and if p be the probability 
of speaking the truth of each witness, the probability of the truth 
of the statement is to the probability of its falsehood as the sum of 
the odd terms of the expansion of (p +q)" is to the sum of the even 
terms, q being put equal to 1l— p after the expansion has been 
effected. For the statement is true if all the witnesses speak truth, 
or if two, or four, or any even number speak falsehood. 
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745. Suppose that certain arguments are logically sound, 
and that the probabilities of the truth of their respective premises 
are known ; required the probability of the truth of the conclusion. 
For example, suppose that there are three arguments, and let 
P, P, p” denote the respective probabilities of their premises. The 
conclusion is valid unless all the arguments fail. The chance that 
they all fail is (1—p)(1—p’)(1—p”); hence the chance that they 
do not fail is 1—(1—5p)(1—p)(1—5^), which is, therefore, the 
required probability. 


746. Of such an extensive subject as the Theory of Proba- 
bility only an outline can be given in an elementary work on 
Algebra. The student who is prepared for further investigation 
will find a list of the necessary books in the article Probability in 
the Penny Cyclopedia; to that list may be added the work of 
Professor Boole on the Laws of Thought. For an elementary 
discussion of the first principles of the subject the student may 
consult De Morgan's Formal Logic, Chapters 1x. and x. 


EXAMPLES ON PROBABILITY. 


l. The odds against a certain event are 3 to 2; and the 
odds in favour of another event independent of the former are 
4 to 3. What are the odds for or against their happening 
together ! 

2. Supposing that it is 8 to 7 against a person who is now 
30 years of age living till he is 60, and 2 to 1 against a per- 
son who is now 40 living til he is 70; find the probability 
that one at least of these persons will be alive 30 years hence. 


3. A party of 23 persons take their seats at a round table; 
shew that it is 10 to 1 against two specified individuals sitting 
next to each other. 


4. The chance that 4 can solve a certain problem is UM the 


chance that B can solve it.is : ; what is the chance that the pro- 


blem will be solved if they both try? 
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5. What is the chance of drawing two black balls and 
one red from an urn containing five black, three red, and two 
white ? 

6. What is the probability that an ace and only one will be 
thrown in two trials with one die? 


7. What is the probability of throwing one ace at least in 
two trials with one die? 


8. What are the odds against throwing one of the two num- 
bers 7 or 1l in a single throw with two dice? 


9. Two purses contain the same number of sovereigns and 
a different number of shillings; one purse is taken at random 
and a coin is drawn out; shew that it is more likely to be a 
sovereign than it would be if all the coins had been in one 


purse? 


10. There are four men, 4, B, C, D whose powers of rowing 
may be represented by the numbers 6, 7, 8, 9 respectively; two of 
them are placed by lot in a boat, and the other two in a second 
boat. Find the chance which each man has of being a winner in 
a race between the boats. 


11. In one throw with a pair of dice what is the chance that 
there is neither an ace nor doublets? 


12. If from a lottery of 30 tickets marked 1, 2, 3, ...... 
four tickets be drawn, what is the chance that 1 and 2 will be 
among them? 


13. A has 3 shares in a lottery where there are 3 prizes 
and 6 blanks; B has 1 share in another where there is but 1 prize 
and 2 blanks. Shew that Á has a better chance of getting a prize 
than B in the ratio of 16 to 7. 


14, Two bags contain each 4 black and 3 white balls; a 
person draws a ball at random from the first bag, and if it be 
white he puts it into the second bag and then draws a ball from 
it; find the chance of his drawing two white balls. 
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15. A coin is thrown up 7 times in succession; what is 
the chance that the head will present itself an odd number of 
times? 


16. When coins are tossed up, what is the chance that one 
and only one will turn up head? 


17. Supposing the House of Commons to consist of m Tories 
and n Whigs, find the probability that a committee of p +q 
selected by lot may consist of p Tories and q Whigs. 


18. What is the chance that a person with two dice will 
throw aces at least four times in six trials? 


19. Find the chance of throwing an ace with a single die 
once at least in six trials. 


20. If on an average 9 ships out of 10 return safe to port, 
what is the chance that out of 5 ships expected at least 3 will 
arrive? 


2]. In three throws with a pair of dice, what is the proba- 
bility of having doublets one or more times? 

22. What is the chance of throwing sixes once or oftener in 
three throws with a pair of dice? 

23. In a lottery containing a large number of tickets where 


the prizes are to the blanks as 1 to 6, what is the chance of 
drawing at least 2 prizes in 5 trials? 


24. If four cards be drawn from a pack, what is the proba- 
bility that there will be one of each kind? 

25. If four cards be drawn from a pack, what is the proba- 
bility that they will be marked one, two, three, four, of the same 
suit? 

26. If A's skill at any game be double that of B, the odds 
against A's winning 4 games before B wins 2 are 131 to 112. 

27. Two persons Á and B engage at a game in which Á's 
skill is to B’s as 2 to 3. Find the chance of Á's winning at least 
2 games out of 5. 
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28. Three white balls and five black are placed in a bag, and 
three persons draw a ball in succession (the balls not being re- 
placed) until a white ball is drawn. Shew that their respective 
chances are as 27, 18 and 11. 


29. In each game that is played it is 2 to 1 in favour of the 
winner of the game before. What is the chance that he who wins 
the first game shall win three or more of the next four? 


30. A certain stake is to be won by the first person who 
throws ace with a die of n faces. If there be p persons, find 
the chance of the 7 person. 


31. "There are 3 parcels of books in another room and a parti- 
cular book is in one of them. The odds that it is in one particular 
parcel are 3 to 2; but if not in that parcel it is equally likely to 
be in either of the others. If I send for this parcel giving a 
description of it, and the odds I get the one I describe are 2 to 1, 
what is my chance of getting the book I want? 


32. In a purse are ten coins, all shillings except one which is 
a sovereign ; in another are ten coins all shillings. Nine coins are 
taken out of the former purse and put into the latter, and then 
nine coins are taken from the latter and put into the former. A 
person is now permitted to take whichever purse he pleases; 
which should he choose? 


33. One urn contained 5 white balls and 5 black balls; a 
second urn contained 10 white balls and 10 black balls; a ball, of 
which colour is not known, was removed from one urn, but which 
is not known, into the other. A drawing being now made from 
one of the urns chosen at random, what is the chance that it will 
give a white ball? 


34. What is the chance of throwing 15 in one throw with 3 
dice? 


35. What is the chance of throwing 17 in one throw with 3 
dice? 
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36. What is the probability of throwing not more than 10 
with 3 dice? 


37. When 2n dice are thrown, prove that the sum of the 
numbers turned up is more likely to be 7n than any other 
number. 


38. When 252-1 dice are thrown, prove that the chance 
that the sum of the numbers turned up is 75-4 equals the 
chance that the sum of the numbers turned up is 773, and 
that the chance is greater than the chance that the sum is any 
other number. 


39. Out of a set of cards numbered from 1 to 10 a card is 
drawn and replaced; after ten such drawings what is the proba- 
bility that the sum of the numbers drawn is 24 1 


40. Counters numbered 0, 1, 2, ...... n, are placed in a box; 
after one is drawn it is put back, and the process is repeated. 
What is the probability that m drawings will give the counter 
marked s? 


4l. "There are 10 tickets 5 of which are blanks and the others 
are marked 1, 2, 3, 4, 5; what is the probability of drawing 10 in 
three trials, the tickets being replaced ? 


42. Required the probability in the preceding question if the 
tickets are not replaced. 


43. From a bag containing n balls p balls are drawn out and 
replaced, and then g balls are drawn out. Shew that the proba- 
bility of exactly balls being common to the two drawings is 


igle-2 lang 
Beerlao 
44. Eight persons of equal skill at chess draw lots for part- 
ners and play four games; the four winners draw lots again for 
partners and play two games; and the two winners in these play 
a final game; find the chance that two assigned persons will have 
played together. 
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45. In a bag are m white and n black balls. Shew that 
the chance of drawing first a white, then a black ball, and so 
on alternately until the balls remaining are all of one colour is 


Im] 
CLG 
If m balls are drawn at once, what is the chance of drawing 
all the white balls at the first trial ? 


46. In a bag are n balls of m colours, p, being of the first 
colour, p, of the second colour, ... p, of the m™ colour. If the 
balls be drawn one by one, what is the chance that all the balls 
of the first colour will be first drawn, then all the balls of the 
second colour, and so on, and lastly all the balls of the m“ colour ? 


47. A bag contains 7 balls; a person takes out one and puts 
it in again; he does this n times; what is the probability of his 
having had in his hand every ball in the bag? 


48. Two players of equal skill, 4 and 2, are playing a set of 
games. A wants 2 games to complete the set, and B wants 3 
games. Compare the chances of Á and B for winning the set. 


49. If three persons dine together, in how many different 
ways can they be seated? When they have dined together exactly 
so many times, taking their places by chance, what is the proba- 
bility that they will have sat in every possible arrangement ? 


50. N is a given number; a lower number is selected at ran- 
dom, find the chance that it will divide JV. 


5l. A handful of shot is taken at random out of a bag; 
what is the chance that the number of shot in the handful is 
prime to the number of shot in the bag? For example, suppose 
the number of shot in the bag to be 105. 


52. If »—«', and any number not greater than v be taken 
at random, the chance that it contains a as a factor s times and no 


ut! 1 
MM C a^ 
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53. Two persons play at a game which cannot be drawn, 
and agree to continue to play until one or other of them wins 
two games in succession; given the chance that one of them wins 
a single game, find the chance that he wins the match described. 
For example, if the odds on a single game be 2 to 1, the odds on 
the match will be 16 to 5. 


54. A person has a pair of dice, one a regular tetrahedron, 
the other a regular octahedron ; what is the chance that in a single 
throw the sum of the marks is greater than 6 1 


55. There are three independent events of which the pro- 
babilities are respectively p,, p, p,; find the probability of the 
happening of one of the events at least; also of the happening of 
two of the events at least. 


56. A certain sum of money is to be given to one of three 
persons A, B, C, who first throws 10 with three dice; supposing 
them to throw successively in the order named until the event has 
happened, shew that their chances are respectively 


(13) asp "t Gs) 


57. The decimal parts of the logarithms of two numbers 
taken at random are found from a table to 7 places; what is the 
probability that the second can be subtracted from the first with- 
out borrowing at all ? 


58. Á undertakes with a pair of dice to throw 6 before B 


throws 7; they throw alternately, Á commencing. Compare their 
chances. 


59. A person is allowed to draw two coins from a bag con- 


taining 4 sovereigns and 4 shillings. What is the value of his 
expectation ? 


60. If six guineas, six sovereigns, and six shillings be put 


into a bag, and three be drawn out at random, what is the value of 
the expectation ? 
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61. Ten Russian ships, twelve French, and fourteen English 
are expected in port. What is the value of the expectation of a 
merchant who will gain £2100 if one of the first two which 
arrive is a Russian and the other a French ship ? 

62. From a bag containing 3 guineas, 2 sovereigns, and 4 
shillings, a person draws 3 coins indiscriminately; what is the 
value of his expectation ? 

63. What is the worth of a lottery-ticket in a lottery of 100 
tickets, having four prizes of £100, ten of £50, and twenty of £51 

64. A bag contains 9 coins, 5 are sovereigns, the other four 
are equal to each other in value; find what this value must be in 
order that the expectation of receiving two coins out of the bag 
may be worth 24 shillings ? 

65. From a bag containing 4 shilling pieces, 3 unknown sil- 
ver coins of the same value, and one unknown gold coin, four are 
to be drawn. If the value of the drawer's chance be 15 shillings, 
what are the coins ? 

66. Á and B subscribe a sum of money for which they toss 
alternately beginning with 4, and the first who throws a head is 
to win the whole. In what proportion ought they to subscribe ? 
If they subscribe equally, how much should either of them give 
the other for the first throw ? 

67. There are a number of counters in a bag of which one is 
marked 1, two 2, &c. up to r marked r; a person draws a number 
at random for which he is to receive as many shillings as the num- 
ber marked on it; find the value of his expectation. 

68. A bag contains a number of tickets of which one is 
marked 1, four marked 2, nine marked 3, ... up to n? marked n; 
a person draws a ticket at random for which he is to receive as 
many shillings as the number marked on it; required the value of 
his expectation. 

69. A man is to receive a certain number of shillings, he 
knows that the digits of the number are 1, 2, 3, 4, 5, but he is 
ignorant of the order in which they stand; determine the value of 
his expectation. 
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70. From a bag containing a counters some of which are 
marked with numbers, 6 counters are to be drawn, and the drawer 
is to receive a number of shillings equal to the sum of the num- 
bers on the counters which he draws; if the sum of the numbers 
on all the counters be n, what will be the value of his chance ? 


71. There are two urns, and it is known that one contains 
8 white balls and 4 black balls, and that the other contains 
12 black balls and 4 white balls; from one of these, but it is not 
known from which, a ball is taken and is found to be white; 


find the chance that it was drawn from the urn containing 8 white 
balls. 


12. Five balls, any oneof which may be either white or black, 
are in a bag, and two being drawn are both white; find the pro- 
bability that all are white. 

73. A purse contains n coins which are either sovereigns or 


shillings; a coin dráwn is a sovereign, what is the probability that 
this is the only sovereign 1 


74. A bag contains 4 white and 4 a balls; two are taken 
out at random, and without being seen are placed in a smaller 
bag; one is taken out and proves to be white, and replaced in the 
smaller bag; one is again taken out and proves to be again white, 


what is now the probability that both balls in the smaller bag are 
white ? 


75. Of two purses one originally contained 25 sovereigns, and 
the other 10 sovereigns and 15 shillings. One purse is taken by 
chance and 4 coins drawn out which prove to be all sovereigns; 
what is the probability that this purse contains only sovereigns, 
and what is the value of the expectation of the next coin that will 
be drawn from it? 


76. A bag contains three bank notes, and it is known that 
each of them is either a £5, a £10, or a £20 note; at three 
successive dips in the bag (the note being replaced after each 


dip) a £5 note was drawn. What is the probable value of the con- 
tents of the bag? 
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77. Itis 3 to 1 that A speaks the truth, 4 to 1 that P does, 
and 6 to 1 that C does; what is the probability that an event 
took place which A and B assert to have happened and which C 
denies ? 


78. Á speaks truth 3 times out of 4, B 4 times out of 5; they 
agree in asserting that from a bag containing 9 balls, all of dif- 
ferent colours, a white ball has been drawn; shew that the proba- 
bility that this is true is 5 à 

79. Suppose thirteen witnesses, each of whom makes but one 
false statement in eleven, to assert that a certain event took place ; 
shew that the odds are ten to one in favour of the truth of their 
statement, even although the a priori probability of the event be 

1 
as small as Io8zl' 

80. One of a pack of 52 cards has been removed; from the 
remainder of the pack two cards are drawn and are found to be 
spades; find the chance that the missing card is a spade. 

81. If two persons walk on the same road in opposite direc- 
tions during the same interval of time a +b +c, the one completing 
the distance in a time a, and the other in a time b, what is the 
chance of their meeting ? 

82. Find how many odd numbers taken at random must be 
multiplied together, that there may be at least an even chance of 
the last figure being 5. 

Given log,,2 —:30103. 


LIV. MISCELLANEOUS EQUATIONS. 


747. Equations may be proposed which require peculiar arti- 
fices for their solution; in the following collection the student 
will find ample exercise; he should himself try to solve the 


equations, and afterwards consult the solution here given. 
qg'-2rc-2 scx'-8x420 a+4e4+6 #t6ætl2 


+ Saal CREE ds T aT 
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1 4 2 18 
"enl ce iso ME 
1 A ADR. ^ 3 
ætl æt4 242° £43’ 
E 2 8 4 
 æsl $42  z43 z44! 
E æ 5 x AK tie, 
a ede” ot 4 ada gm 


x + 30+ 2=0°4+ Tx +12, 


465 


4x — — 10; 
` x=— 23. 
1 E 1 E 1 1 1 
o (exay-p (cb -a a'—(a +b)? (a ape’ 
1 2x L 1 Á 1 
ds T o — & —(a 4 by x’ — (a — by" 
1 æ-(atb) | 1 
vtatbæ-(a-b' t-(arb)?? 
a CA) 1 


á a'-(a—o) æ-(atb)' 
Ode - (a+b) =a? — (a — by, 
2x (a +b) = (a +b)? + (a — by' ; 


_@ +8 
Ne ey. 
xa 4 æ 4 
3 3*2-1($-) 
2 
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~ y=2 or á; 
.. #12 = 62 or 4x; 
~ æ=6 or —2 or 32 (21). 
4 (5x + 102? + 1)(5a*+ 108^ - 1) — 
á (æ+ 1027 +5) (at 1l0a*s5) — 
„ Sætt 1021 a +10a*+5a 
` æt l0aðt5æ 5a*+10a7+1’ 


adding and subtracting the numerator and denominator of each 


fraction, pe A 
æ+ +a 
ace : 

2-1 1+a_ 
"uud Vd oe" 
1 
„Ms, 
a 


(x — ly + (2a + 3 = 272° + 8. 


5. 
(x — 1) + (22 + 3) = 3x + 2, 


Since 
divide both sides by 3w + 2, which gives E for one value of 
æ; and we have 

(x — 1 — (x — 1) (2a + 3) # (2x + 3)* = 92 — 6x + 4, 
92? + 9z + 13 = 92? — 6x + 4, 
62? — 15x = 9, 
ph M 3.09. 
g. 180041 9* 36" 
M Seed or xc. 


aT fina 

31/24— 5æ ime a E Ba + 55) 

B lætl $9102 29 7 2-29) 
g] (24 - 5e 5æ 5— 6æ = 17 —-7« sam p 
lætl ^44 +11} =29 æt2 «+3 lp 
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94 — 5a 5 — 6a 17 —Tx 8xz455 .) 
— ——s.- — 8; 
si Er Up 6} = 29 | T RT I p 


29 29 31 31 |. 
n[T 714-2 ERR 


AC E Sw 
+l sg Gal aoe 
1 1 1 1 


ætl @+2 z49 ætt? 
(x 4 1) (x + 2) = (w+ 3)(m + 4), 


3w +2 = Tæ +12, 
4a — — 10, 
q -—— 21. 


1 (w+ 1)(a— 3) 1 1(a+3)(a—5) 2 (@+5)(@-7) 92 
5 (w+ 2)(w—4) 9 (@+4)(w@—6) 13(x26)(x— 8) ~ 585" 
It is clear that the numerator and denominator of each fraction 
involves the expression z'— 2x, put therefore (x —1)'— y ; then 
the equation becomes 


1y-4 1y-16 2 y-36_ 92 , 
5y-9 9y—20 13y—49 585 
es a .:8 


Now B53 Ti: 


Subtracting corresponding terms, we have 


y-9 y-25 y-49 
1 1 1 E. 


gue’ rtis ——— = 


að) 


T^ 294 
y-9 y=25’ 

30—2 
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. 3(y — 9) +5 (y — 25)=0, 
8y = 152; 
. y=19 and z- 12 J(19). 


æð 


x+ 3a _ e+ 8a 


1 > 
Eu e c? æ+ 3c 


8 
að + Saa? et Í 3cha » 


at+3a%e ab Seat” 
adding and subtracting, we have 
(a? + ahy us +x? is 


(að (E-a 


að rað 
a dat 
& 6 
6 2 
‘ * x= AJ (ac). 
9. (æt) (14 a. a ða) (1- > EE 
xe —,/(2ax)+a _ 
{x + J(2az) + a} + — ds —3— = 2, 


1 
at Od TAs CC 


c. {æt /(2ax)+ a} — 2 {x + J(2ax) + a}+1=0, 
x+a+t,/(2ax)=1, 
(x + a)? — 2 (x + a) - 1— 2az, 
z!—92x41-22a-—25;. 
„ 2=1+,/(2a-a’). 
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10. 


or 


let 


11. 


or 


Let 
then 


Ga? Tosh Ide liek 6 


(22 —1) (8@—2) ` Ba—2) (4a — 3) 


MISCELLANEOUS EQUATIONS. 


(x + a) (x + 2a) (æt 3a) (æt 4a) = c*, 


(x + a) (x + 4a) x (x + 2a) (a + 3a) — c*, 


(a? + Baa + 4a?) (a? + Dax + ba’) = ct; 


b 


að + Dac — ya, 


(y+ 4) (y+6)= 


ct 
a“ E 


* 
E y *10y 425-541; 


I að 
“yaa (atte) -5; 


^. 2 + Dax 2 + (a + ct)! —5a’; 


1 1 


1 1 


1 6x—4 
3x - 2 " (2z—1) (4c — 3) 


— 2=(2a—1)*(4e—1) (4e—3) 


= (2a: — 1)*{2 (2z — 1) 1) (2 (2 — 1) - 1}. 


y-2x-], 
y (4^ -1)-2; 
2 
NE bo CUM 
La (I x 


y= 5 (1+ 23); 
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8a°— 6a +1, 
—- (2x — 1) (4x — 1), 


= (22-1) TW 


462 


470 MISCELLANEOUS EQUATIONS. 


: $460N/e—4N /e—6\ /e+9\? „a 36 
dad (23) (ei) +=) (255) 25-3» 


c 4-6 21) * rg at) 2+6 «a-6 
a ari Er dens. 


TUB. a L 


selects) 1-25 1 æ— AN? 
æt6 m i -ztd spo 
mes s 36a „216 162 Á 
2-6 (x-9)  «w—6 (w+ 4)?’ 


„ æ=0 is one value, and 


PSR je eð) 


2— 6 


æt 6 ki +4? 
ae (a? — 2a — 24) = = + 2 (x — 3x — 54); 
these quadratics can now be solved in the ordinary way. 
13. a + 2aw+ac _ ax i 
x? + 2cæ+ac (x+a)(+c) 
Let (x + a) (x + e) = £y, 


LX + 2lax+ac a 


x + 2cæ+ac y’ 


„ 2 (æ *ac*ex*ac) ay 


2a (a — c) | a—-y! 

(r-a)(r-c) ay 

or ———.—-—, 
æ(a — c) a-y 

ÞIÐ 


oy! — yc-ac- à; 


m y75 x 5 (e+ 4ac — 4a^) = a suppose, 
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x + x (a 4- c) ac — va, 
a^ c(a-c—a)-—ac; 


G+re—a 


1 
Toeg N/((a -- c — a)? — 4ac]. 


.* V= 


14. 2 (x +a) (zc) (a- c — (æt e)* 


c (2a - a c)? 
eters ar 
c {(x 4- a) + (x+ c)] 


Let æ+a=y(x+ce) 


y +l= +e 


c(y 1) OLLI TT DET 


From (a) ezt+et+a—c=y (ute); 


ig a-c 
oe FO 4 
y—1? 


: uibs i. 
-. (B) becomes ytl- o 9D 


15 (x+a+b +(æ+c+d} m 


(c@+a+cP+(a+b+d) n sess seen 


det "„a=ð(atbtctd), 
c+d=a—-B)’ B=3(a+b-c-d), 


1:322 | 250a, 2d (ab c d)—a, 
b+d=a,-B,)’ B,=4(a-b+¢c-d). 
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1 


.... 
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AT MISCELLANEOUS EQUATIONS. 
* 


Hence by assuming z +a = y, (1) may be put into the shape 
(y +B -(y- B m 
(yr B)! * (y — B, n?’ 
y^ + 105? B? + 5yf* m 
y -10y'B, + 5yB 4 n’ 
or  y'(n—m)- 105? (nf? — mB,*) 25 (mB,* — nf") ............ (2), 
which is a common quadratie equation. 
m a —(a*b-c-dy 
n ~ (a—b*c—-dy" 
(2) takes the form y* = MN ; 
“y= 0 (88). 
or  z-y-a- M5 {a-d} —(b- oj] (a «5 «c«d)]. 


or 


If 


16. zx ray + =N fa (ay) bla- y), 
z'—a — y +b =,/2 {x (a—y)+b(at+y)}; 
adding and subtracting, 
E EA EI A AEE (a), 
y^ +a = „2 (xy — ab); 
multiplying together, 
(a® + b°) (y* + a°) = 2 (ax + by) (xy — ab), 
or (ax + by)’ + (ay — ab)’ = 2 (ax + by) (xy — ab); 
* aætby=zy— ab; 


IDEAS T. 
. y^" E" 
Substituting in (a), 
ba +6") Eer 
2 Fes 
at +b - JG) ala - Lp [ra 42 


". (neglecting the impossible root), x — = a D 2; 
- w=a,/(2)+6, 
gut! : 


sb) ta. 
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HN. (x+y? + c%)8 + (eye Chae MOSS METRI (1), 
A = L 4 NM EDS er (2). 
8 - 6 


Since (r—-gy +6) a) y^ e c — 2xy + 2xe — 2ye, 
and from (2) dig — dy = yeu oue ries enc koci aah (a) ; 
 (e-ytep=ety +e’; 
.. (1) becomes (æ - y + ¢)*=4ay = 4e (x — y) from (a); 
2S (2—9y-cf20; 


S g-2—0, 


but y- Vows un 
C. 
X — CL qe 4 , 
c 
æ=g(1*,/ð), 
d 5 
y=9(-1+,/5). 
18. 2 (a? + xy + y* — a) + J3 (6 — 3") =0......... (1), 
2 (zx! — wz + 2 —0) + /3 (x? —2) 20 ......... (2), 


y= e + 3 (yz’— HP) =0......... (3). 
Multiplying (1) by 2 it becomes 
3 (æ+ yY + (x — yf + 2 J3 (æ — y’) = 4a, 
J3(a+y)+a—y=+ 2a. 
Similarly from (2) J/3 (w-2)+a+2=+2b. 
Subtracting, V3 (y - 2) - (y - 2) 22 (a — 0); 


2 
re gt 7 alb s 
From (3) . 2? Gyð = Sé, 
(y + 2) + (y—2) = 8; 
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n (y-a 2880 =m’, 
where m = {,/(3)+ 1} (a — b), 
y —2= (88 = m); 
n y=} {+m + (88 — m», 
z= 4 (em - (88 m)}} 


a (J(3) - 1] 2 2 2a—- y (J(3) - 1] 


gos NOE {> p em) 
M Cllr c3 Bd MM (1), 
PHY — 2 — ^y rit as (2), 
L + y+ 2 = 3xyz + ee) (3). 
From (1) BDA yt2) mda 0. (0), 
From (2) e+ y+ 2a 2247 m ds E ee (B), 
From (3) 2 (a*° + y? +2 —3zyz) = = i inbllanse ier. (y); 


then multiplying (a) and (8) together and subtracting (y), we have 
gy + 2+ 3 (ay + ay? tað + ag yu yz) beyz 
= 82? — 122°+ 62-1; 
or (æ +y - 2) — (22— 1); 
"2-y-2-1. 


From (1) æty=3t1; 
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MISCELLANEOU 


8 EQUATIONS. 


z-l=5+1; A 
x+y = ?, 
14-92 5 
+y =z e use. 
~ 2(a°+y*)-(a@+y)=5-4=]1, 
-y=æl; Pr A on 
y=5 0 12. 
20 (ac + 1) (æt 1) (a^ 1) (xy +1) 
; a o GER US ue 
(ac + 1) (y? 1) _(¢ +1) @y+1) 
y+ æt l 
tl ætl atl 
From (1) atten at Se oe 
41 yl +l 
F 9 yt yg 
pom (2) zy-l ætl acl? 
„ (a? +1) (y^ 1) +1) 1) 
"(ay + ly (ac + 1)’ 
Subtracting denominators from numerators, we have 
(x-y  (a—oy. æ-y  a—c 
cervo dere, Deren o S SEE 
P. (oy +1) 4 ae F (ey 1) 
.. using the first value and calling a is Más 
ac 41 
æ-m 
we have y (1-- mz) 22—m; .. y= Pe 
+l æytl sl, 
Now ni (a) arl yi 
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a MISCELLANEOUS EQUATIONS. 


a*— mæ 
"Wai ata d NU a «1 e+] 
"æxl al w—m m e+ d 4mscz-m' 
14 mæ 


^. (ac + 1) (1 + mætz-m) — (a? - 1) (x +1); 
or l «ac z (a— c) - x (l+ ac) — (a — e) — (a+ 1) e oc (a 1); 


e: a (a — c) — ax (a — o) - a (a — e) (a — o); 


~ x(l—a)=l+a; 
zu. ae da. 
A GY 


10 c 


| em | wy dm em 
“Itme | (1 + a) (a — c)’ 
+ —— sn 
(1 — a) (1 + ac) 
„le 
ið 


Similarly, if we use the negative sign in (B), we have the cor- 
responding values of æ and y, 


i-e te 
Ita' lio 
21. (%y-1) (a+ 4o + 3)5 — (2x — 1) (y*+ 4y + 3) 
=(e-y (x * y — Quy 4 4)......... (1), 


MEÐ (EÐ -En um (2). 


From (1) (2y- 1) (att 4x + 3)ð— (2 — 1) (y*+ 4y + 3! 


| = a — y?— Qa*y + Qay?+ 4a — 4y 
= y (20 — 1) — a? (2y — 1) + 2 (2 — 1) - 2 (2y - 1) 
= (y°+ 2) (2x — 1) - (à? - 2) (2y - 1); 
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^. (2y — 1) fa? + 2 + J(a* - 4x + 3)} = (2-1) {y°+ 2+ J(y* + 4y + 3), 


a +2+/(at+40+3) y'-2 (y 4y +3) 
i cu S m a (a). 
2x — J 


Now g+ 4æ +3 = (a° + 2x +1) (à? — 29 + 3) = uv 


w-2*-2x-1 and v=x — 2æ+3; 


„ u+v=2 (x +2) and u—v = 2 (2x — 1). 
Hence (a) assumes the form 
(ft tae)" Ge EE 
u—v Uu, — v, 
where u, =y + 2y +1, and v,-y'—2y 4 3; 


Nuto NU tN. QU. 
Ju- Jo fue,’ “oe v! 
„tær y'£2y41l 
PEER  y-2y43! 


adding and subtracting numerator and denominator, 
a? +2 E wn. +2 
2)e-1 %y=1 ; 
'. 2yz' Ay a? — 2 = Qay? + 4w- y- 2; 
. Byz(e— y) - (ay?) -4 (wy) = 0; 


~ w=y; or 2æxy=x+y +4, so that y= Ee. 


Substituting the value y=% in (2), we have 
JG- 2, or = : mii s n d 
a —1 -1 « 
y-M 


+4 
Again, if y= 7, then Á = (eri) RE 


c DN á 3 
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Hence equation (2) becomes 


3 23 A. ( 3 y e- 

ee "xp Sous perm E. 35-1" 

"a 12 a 
ET wa (2x - 1 


4x’ — 16x +16 227; 224 22 3/3; *. x= 43(4 3 J3); 


Gat” or 4z* — 16 =11, 


MISCELLANEOUS EXAMPLES. 


l. Solve J/(1427) - J(1—2^) = J(1 —2a*). 
2. Solve z^ (b— y) - ay (y-n), 
y^ (a — x) = ba (x — n). 
8: OF at ey +Y = cd, 
a* + oz + 2° =, 
y tyzt+e2=a’, 
prove that 

LY + YZ Rat = MELLE 20*c* + 2a’ — at — pe) ; 

and shew how to solve the equations. 
a -4r—-8 

já Solve JG x 2a + 11) = 2 "2. 

5. Determine c so that 5x--2y-c may have ten positive in- 
tegral solutions excluding zero values, and c may be as great as 
possible. 

ai~yz yY — Ëz 
& IH -yg-gyü-es 
rember Fl ongull Will ba quil bí 
member of this equation will be eq atl = ay)? L+Y +2, 


Sides acca ic 
g y g 


and a, y, z be unequal, then each 
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7. Shew that if n and N are very nearly equal, 


áð N 24N 
(7 Nn 4n 


very nearly, 
4 

and that the error is approximately EG A 

8. A man'sincome consists partly of a salary of £200 a year, 
and partly of the interest at 3 per cent. of capital, to which he 
each year adds his savings; his annual expenditure is less by £95 
than five-fourths of his income; shew that whatever be the origi- 
nal capital its accumulated value will approximate to £6000. If 
the original capital be £1000, shew that it will be doubled in 
about thirty years; having given 

log 2 = 301030, log 397 = 2:598790. 
9. If mx be a positive integer, shew that 


1-04] m 401-2) (n— 3) m? 


(m 4 1) 2 (m + 1)* 
_ (n-3)(n-4)(n-5) m d 
ETA CEN mote 


C Ae 1 $ 
^ m-—l (m-«ly"' 
10. If æ be any prime number, except 2, the integral part of 
(1+ ,/2)7, diminished by 2, is divisible by 4a. 
ll. If any number of integers taken at random be multi- 
plied together, shew that the chance of the last figure of their 


product being 5 continually diminishes as the number of integers 
multiplied together increases. 


12. Two purses contain sovereigns and shillings; shew that 
if either the total numbers of coins in the two purses are equal, 
or if the number of sovereigns is to the number of shillings in 
the same ratio in both, then the chance of drawing out a sove- 
reign is the same when one purse is taken at random and a coin 
drawn out as it is when the coins are all put in one purse and a coin 
drawn out, If neither of these conditions holds, the chance is in 
favour of the purse taken at random whenever the purse with the 
greater number of coins has the smaller proportion of sovereigns. 
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LV. MISCELLANEOUS PROBLEMS. 


748. We have already given in previous chapters collections „ 
of problems which lead to simple or quadratic equations; we add 
here a few examples of somewhat greater difficulty with their 
solutions. 


1. Each of three cubical vessels A, B, C, whose capacities are 
as 1 : 8 : 27 respectively, is partially filled with water, the 
quantities of water in them being as 1 : 2 : 3 respectively. So 
much water is now poured from Á into B and so much from B 
into C as to make the depth of water the same in each vessel. 
After this 1284 cubic feet of water is poured from C into B, and 
then so much from B into Á as to leave the depth of water in Á 
twice as great as the depth of water in 8. The quantity of water 
in Á is now less by 100 cubic feet than it was originally. How 
much water did each of the vessels originally contain ? 


Let æ= number of cubic feet in A originally; 


Now when the depth of the fluid is the same in all, it is clear 
that the quantities vary as the areas of the bases of the vessels, that 
is, areas 1:4 : 9. 


.". (since Gæis the total quantity) the quantity in Á = A m et T , 
and the quantities in B and C are m Á me : 


Again, when the depth in Á is twice that in B, A contains half 
as much as 2. 


Now A contains z — 100; .. B contains 2 (x — 100), and C 
contains Er — 1284; 


Lj 
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^. 3 (c — 100) + s 1284 = 62; 


62 


ie 7 = 300 +1284; 
xk UD A ; 
kr æ= 000 tg x g=500; 


.. the quantities in A, B, C at first were 
500, 1000, 1500 cubic feet respectively. 


2. Three horses A, B, C start for a race on a course a mile 


and a halflong. When 7 has gone half a mile, he is three times 
as far ahead of A as he is of C. The horses now going at 
uniform speeds till B is within a quarter of a mile of the winning 
post, C is at that time as much behind Á as Á is behind B, but 


th 
the distance between Á and B is only EA of what it was after B 


d 


had gone the first half mile. C now increases his pace by of 


53 
„what it was before, and passes B 176 yards from the winning post, 
the respective speeds of Á and B remaining unaltered. What was 


the distance between Á and C at the end of the race? 
Let: 
11« = distance (in yards) between B and C at end of first 1 mile, 
LECT NORTE A LS NR ^ RPM áa PETER 
When B has gone 11 miles 
B is 3x ahead of A, 
and 6a ahead of C'; 
* while B went Í mile or 1520 yards, 
A went ............ 1820+ 30x yards, 
C Went lues 1320 + 5x yards. 


Hence, after C increases his pace, the speeds of A, B, C will be 


proportional to 1320 + 30x, 1320, and 5 (1320 + 5x) respectively. 


TA, ál 
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Now since C passes B when he is 176 yards from the post; 
.. while B was going 440 — 176 = 264 yards, 
C went 264 + 62; 


. 1320 : = (1320 + 5a) = 264 : 264 + 6a, 
54 
1320 + 302 = >; (1320 + 52). 


æ (1590 — 270) = 1320; 
re p> ie 
also it will be found that C's increased pace is equal to ds; 
therefore there will be the same distance between them at the end 
of the race as there is when B is } mile from winning post, viz. 
3x or 3 yards. 


3. A fraudulent tradesman contrives to employ his false 
balance both in buying and selling a certain article, thereby 
gaining at the rate of 11 per cent. more on his outlay than he 
would gain were the balance true. If, bowever, the scale-pans in 
which the article is weighed when bought and sold respectively, 
were interchanged, he would neither gain nor lose by the article. 
Determine the legitimate gain per cent. on the article. 


Let w and w, be the apparent weights of the same article 
when bought and when sold. 
Let p=prime cost of a unit of weight, 
x = legitimate gain per cent. ; 


then an article which cost pw is sold for w, (v + Fo) : 
i i a APPEN cada Í 
„. by the question w, (+ Fa) wp = —190 baits Bs pine Ly 


Again in the supposed case cost of article = pw, and selling 


rice = 1 + 00); 
P = pw ( 100)? 
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æ æsrll 
From (1), w, (1 + iw) =w(1 - "o ) 3 


a 
from (2), w (1 + 105) = ww; 


^. 2? +100” — 1100, 
(x + 50)’ = 3600 ; 
-~ 2+60=+ 60; 


* æ= 10 per cent. 


4. A person buys a quantity of corn, which he intends to 
sell at a certain price; after he has sold half his stock the price 
of corn suddenly falls 20 per cent., and by selling the remainder 
at this reduced price, his gain on the whole is diminished 30 per 
cent.; if he had sold 3ths of his stock before the price fell, and 
the diminution in the price had been in the proportion of £20 
on the prime cost of what he before sold for £100, he would 
have gained by the whole as many shillings as he had bushels of 
corn at first. Find what the corn cost him per bushel, and what 
he hoped to gain per cent. 


Let «= cost price (in pounds) per bushel, 


= gain per cent. he expected ; 


2c (1 +74) = price per bushel for which he sold half his corn; 


4 |y 29 E. . 
; g^ (1 1o) - EE other half; 
Y 
average price per bushel = 45 (1 CL 
B^ dac ied _ 9x 4 
. his gain per bushel — 10 ( 4 ita) —%. 
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Now had he sold the whole as he sold the first half, the gain 


per bushel would have been 32. 100 5 $ 


.. by the question wh "Mi ino)- £= a ye 


100 10 100’ 
y By hata 
500 10° 2799. 


Now the prime cost of what he at first sold for 100 = E , and 


if he were to lose £20 on this, the loss per cent. would be 


20 x 100 
200 
3 


es 9o. 


Now in the supposed case the average selling price of a 


bushel is 
3a y y 7 
(143%) + 4 (1395) * 10 


a /9 +z 
=7(5+ 20 
111 3la 


" x 
. gain on a bushel = 7 Xj 2 = go" 


and this by the question equals one shilling ; 


o Nec men 1 
. 80 = 90 > c= £z 

5. A and B having a single horse travel between two mile- 
stones, distant an even number of miles, in 2§% hours, riding 
alternately mile and mile, and each leaving the horse tied to à 
mile-stone until the other comes up. The horse's rate is twice 
that of B; B rides first, and they come together to the seventh 
‘mile-stone. Finding it necessary to increase their speed, each 
man after this walks half a mile per hour faster than before, and 
the horse's rate is now twice that of Á, and B again rides first. 
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Find the rates of travelling, and the distance between the extreme 
mile-stones. 


Let 22 = distance they travelled in miles. 


Now at first Á walks 4 and rides 3 ues 
while B walks 3 and rides 4 miles)’ 


or Á walks 4 while 8 walks 3 and rides 1; 
that is (since horse's rate is double of B’s), while B walks 33 miles ; 


.. A's and B's rate at first may be represented by 8y aud Ty 
respectively. 


Again, A walks æ—3 and rides z— 4, 
while B walks æ— 4 and rides x—3; 
. A walks x— 3 while B walks æ— 4 and rides 1, 
that is, while B walks x — 4 and Á walks 3; 


^. Á walks 2-1 while B walks x — 4, 


but Á walks 8y {2 while B walks 7 y+5 F 


2 
d vs fot, Sled 
a uo [; from which y= 1. 
Ty * 3 


Now the total time Á took is 
A EVE. E 
diis: 8y^ 2(8y +5) 
5 3x-10 " 
Te CES $3; 
5 ðæ-10 188 1 


TA“ 88 [448 QU 


41-140 94. "onn 
in—14 9 “Penk” 
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.. 9 (822* — 895a + 2100) = 3762 — 1316, 
138a? — 84312 + 20216 — 0, 
from which æ=8; .- yee; 
.. distance — 16 miles; rates of travelling at first —4 and 34 
miles per hour respectively. 


6. Á and B set out to walk together in the same direction 
round a field, which is a mile in circumference, A walking faster 
than B. Twelve minutes after A has passed B for the third time, 
A turns and walks in the opposite direction until six minutes 
after he has met him for the third time, when he returns to his 
original direction and overtakes B four times more. The whole 
time since they started is three hours, and 4 has walked eight 
miles more than B. A and B diminish their rate of walking by 
one mile an hour, at the end of one and two hours respectively. 
Determine the velocities with which they began to walk. 


Let «=number of miles per hour of A at the first, 


ER coe a recap <kulcn A Sma sek ae 
In 3 hours Á has gone w+ 2 (x — 1) 2 3x — 2 miles, 
TOP: B a in Dulp--L......; 


.. by the question 3 —2—(3y - 1) 28; .. 24—9—3, 


that is, the relative speed of Á and B is 3 miles per hour; therefore 
A will gain a circumference on B in } of an hour, and will therefore 
be passing B for the third time at the end of the first hour. 


Also since the relative speed of A and B is the same in the 
last hour as in the first, and since A passes B for the fourth time 
at the end of the third hour, therefore he will pass him all the 
four times within the last hour; the first time being exactly at 
the commencement of the third hour. 


Now in 12 minutes after the first hour the distance between 


Á and B is li -y-1)-2 miles; .. time of first meeting 
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= e +y-— 1); and time of meeting twice more = 2 + (x + y — 1). 


In 6 minutes the distance between them = i (e+y—1); .. if A 
now turns, the time of overtaking B 

1 

To (e+ y—1) 


1 
= Seeger a te 


2 
1 5 2 AMD 
^R'rTyAA a QR AM A 
' PEL A 
that is Tm. eae d). Y 
rat is, Fr if usrzty-l; 
- w—1442—48; „.u—-T=æl; ..wz8or6; 


o æty=9 or 7; and z—-9y-23; 
til. or 5 9290€ 2, 


749. The equations in the preceding chapter and their solu- 
tions, and the solutions in the present chapter, are due to the 
Rev. A. Bower, late Fellow of St John's College. Should any 
student desire more exercises of this kind, he is referred to the 
collection of algebraieal equations and problems edited by Mr 
W. Rotherham of St John's College. 


MISCELLANEOUS EXAMPLES. 

1. Exhibit {n (a° 4 0^) — a ,/(m*+ »^)]^ + m^ as a square. 

9. Extract the square root of 6 4 ,/6 + ,/14 4/21. 

3. Find the scale of notation in which the number 16640 of 
the common scale appears as 40400. 

4. Shew that 5 +5 + Le + wat óó 

5. At a contested election the number of candidates was one 
more than twice the number of persons to be elected, and each 
elector by voting for one, or two, or three,... or as many persons 
as were to be elected, could dispose of his vote in 15 ways; 
required the number of candidates. 


ad inf. = 2. 


www.rcin.org.pl 


488 MISCELLANEOUS EXAMPLES. CHAPTER LV. 


6. In how many ways may the sum of £24. 15s. be paid in 
shillings and francs, supposing 26 francs to be equal to 21 shillings ? 


7. Find the sum of n terms of the series 


1 z 2 


Ive (tate) ry) 


al 


NN) 
8. Shew that 14 22“ is never less than æt 22. 
9. If an equal number of arithmetic and geometric means 
be inserted between any two quantities, shew that the arithmetic 
mean is always greater than the corresponding geometric mean. 


...... 


10. If æ be any prime number, except 2, the integral part of 
(2 + 3)" — 2**' + 1 is divisible by 12a. 
11. Shew that if n= pg, where p and q are positive integers, 


e is an integer 
a H ger. 
(pr [2 
TUM 


1 
9 i REED 
12. Shew that 1 +5 +3 já 


pate E — logn is finite when n 
is infinite. 

13. If p be the probability à prior? that a theory is true, q 
the probability that an experiment would turn out as indicated 
by the theory even if the theory were false, shew that after the 
experiment has been performed, supposing it to have turned out 
as expected, the probability of the truth of the theory becomes 

p * 
pg-—pg 

14. Of two bags one (it is not. known which) is known to 
contain two sovereigns and a shilling, and the other to contain 
one sovereign and a shilling; a person draws a coin from one of 
the bags, and it is a sovereign, which is not replaced. Shew that 
the chance of now drawing a sovereign from the same bag is half 
the chance of doing so from the other. Supposing the drawer 
might keep the coin he draws, what is the value of the expecta- 
tion? 
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15. All that is known of two bags, one white and one red, 
is that one of them, but it is not known which, contains one sove- 
reign and four shiling pieces, and that the other contains two 
sovereigns and three shilling pieces; but a coin being drawn from 
each the event is a sovereign out of the white bag and a shilling 
from the other. These coins are now put back, one into one bag, 
and the other into the other, but it is not known into which one 
the sovereign was put. Shew that the probability of now draw- 
ing a sovereign is in favour of the red bag as compared with the 
white in the ratio of 13 to 9. 

16. If 2 be the number of years which any individual wants 
of 86, fmd the value of an annuity of £l to be paid during his 
life; adopting De Moivre's supposition that out of 86 persons 
born, one dies every year, until they are all extinct. 


LVI. MISCELLANEOUS THEOREMS. 


750. The present chapter consists of some miscellaneous 
theorems on the following subjects; abbreviation of algebraical 
multiplication and division, vanishing fractions, permutations and 
combinations, convergency and divergency of series, and probability. 

751. In multiplying together two algebraical expressions it is 
sometimes convenient to abridge the written work by expressing 
only the coefficients. For example, suppose it required to multiply 
2a*+a°—32+1 by a*-3:—2; we may proceed thus: 


2+04+1-3+1 
ET Er 
2+0+1-3+1 
6+0+3-9+3 
—4—~0~—~34 6-2 


2+6—-3+0-10+9-2 
Thus the required result is 
22 + 62? — 3a*— 10x? + 9x — 2. 
A similar abridgement of the written work may be made i in 
division. 
This mode of operation has been sometimes called the method 
of detached coefficients. 
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752. Synthetic Division. The operation of division may how- 
ever be still more abridged by a method which is due to the late 
Mr Horner, and which is called synthetic division. 

Suppose it required to divide 

Aa" + Ba" 02775 + Da*7? + Ha * +... 


S db vos d 


by z"--ag raga aa" aa 
let the quotient be denoted by 
Amt" a amt! dried mtus 
then it is our object to shew how A,, A,, A,,... may be deter- 
mined. i 
If we multiply the quotient by the divisor we obtain the divi- 

dend; this operation may be indicated as follows, expressing only 
the coefficients, 

A+ A,+ A,+ A,+ A,+... 

It at at G+ a9. 


A+ A,+ A,t+ AQ Ár... 
a@,A4+a,4,+a,4,+4,4,+... 
aA tad, ta Á,  .. 

a Á +a,4,+... 

a Á 4 ... 


At Be Ce Di Es... 


here the last line is supposed to be obtained in the usual way by 
adding the vertical columns between the horizontal lines. Now 
A, B, C, ... are known, and we have to find 4,, 4,, 4,,...; for 
this purpose we reverse the above operation and perform the 
following : 
A+ B+ C+ D+ E+... 
-a| -aj4-a4,—-a,4,—a,4,— ... 
— a, Á —a,A, — a Á, — ... 


je a, 
— a, — a Á — a Á, — I 
— a, : = aA srk Lit 


AT ee tae ar ree 
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Here each vertical columm expresses the same result as the cor- 
responding vertical column of the former operation, but expresses 
it in a form more convenient for our object. For example, the 
fourth vertical column of the former operation gave 

4, 0,4, ta Á - 2,4 2 D; 
and the fourth vertical column in the present operation gives 

D —a,A,— 2,4, — a,A — A,. 
The method then may be described as follows: 

(1) If the first term of the divisor have a numerical coeffi- 
cient, divide every coefficient of the dividend and divisor by this 
coefficient; the resulting coefficients are those intended in the 
following rules. 

(2) Write the coefficients of the dividend in a horizontal line, 
with their proper signs, putting 0 when any term is wanting. 
This gives the horizontal row 4 - B - C -D4 E... 

(3) Draw a vertical line to the left of this series of coefficients, 
and write in a vertical column the coefficients of the divisor with 
their signs changed, putting 0 when any term is wanting. This . 
gives the vertical column — a,, — «,, — 4,,... no notice being taken 
of unity, which is the coefficient of the first term of the divisor. 

(4 Multiply each term of this vertieal column by the first 
coefficient of the quotient, and arrange the results in the first 
oblique column. This gives the oblique column — a, Á —a,A—a,A-.... 
the first term of which is to be placed under B. 

(5) Add the terms in the second vertical column to the right 
of the vertical line; this gives the coefficient of the second term 
of the quotient. That is, B—a,A=A,. 

(6) With the coefficient thus obtained form the next oblique 
column. This gives —«,4, — a, 4, — a, 4,,...... the first term of 
which is placed under C. 

(T) Add the terms in the third vertical column: this gives 
the coefficient of the third term of the quotient. That is, 

C —a,4, — 2,4 — A,. 

(8). Continue these operations until the work terminates, or 

as many terms are found as are required. 
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753. For example, divide 4z* + 3x? — 3x +1 by x’ — 2a+3; 
4-0-3— 3+ 1 
2 8+16+14-—26-92 . 
-3 —12 —24 — 21 +39 + 138 


4-84 7—13—46—53 
Thus the quotient is 
4a? + 8x - 7 1927! — 4627 * — 53x? ...... 


Or if we wish to stop at 46x *, we have 


dat 923 — 922 4l e - =, 09m -1880* 
Wurm = 4a°+ 84% +7-—13a7'— 46x à n 
If we wish to stop at —13z^', the oblique column — 92 + 138 

must be suppressed, and the result is 
E -1 
gh fa - 
wc — 2x + 3 
If we wish to stop at 7, the oblique column — 26 + 39 must also be 
suppressed, and the result is 
2 
PE to qusc. 
z—2r43 


754. We may observe that the principle exemplified in Art. 
332 is often of use in effecting algebraical reductions. For 
example, suppose it required to prove the following identity : 


(a+b - c)! — (b - c)* — (e - a)* — (a +b) - a* - 0*  c* 
= 12abc (a +b + c). 


We see that if a=0, the expression which forms the left-hand 
member of the proposed identity vanishes; we therefore infer 
that this expression is divisible by a. In the same manner we 
infer that the expression. is divisible by b and by c. Thus abc is 
a factor of the expression. And since the expression is of the 
Jourth, degree, there must be another factor which is of the first 
degree; and since the expression is symmetrical with respect to 
a, b, and c, this factor must be ab c. 
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Hence the expression must be equal to Labc(a+b+c), where 
k denotes some numerical coefficient which retains the same value 
for all values of a, b, and c. To determine k we may ascribe to 
a, b, and c any values we find convenient; for example, we may 
suppose 5 — « and c =a, and we find that £ = 12. 


Thus the proposed identity is proved. 


755. Vanishing Fractions. A fraction in which the nume- 
rator and denominator are both zero on some supposition as to 
the value of the quantities involved, is then called a vanishing 
fraction. For example, the numerator and denominator of the 
fraction 


"Ww 
að al 


vanish when z—4; the fraction then takes the form 3 and we 


cannot strictly say that it has any definite value. But we can 
find the value of the fraction when æ has any value different 
from a ; and we can shew that the more nearly æ approaches to a 
the more nearly does the value of the fraction approach to a 
certain definite value. For put «=a+h; then by the Binomial 
Theorem the fraction becomes 


1 2 


a - 1". 
a' 3a "h- "EE ord 


that is, c MA 


Now as A diminishes the numerator and denominator of the last 
2 8 


P531 d 
fraction approach to the values za "and 7a * respectively; and 


by taking Á small enough, the numerator and denominator may be 
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made to differ from these values by as small a quantity as we 
please. Thus the fraction can be made to approach as near as we 
please to 


4 d : a & 5c 
that is, to zo". This result is expressed by saying that ga” is 
the limit to which the fraction approaches as x approaches to a. 

We may also arrive at this result without using the Binomial 
Theorem. For suppose z=gy“ and æ=b°; then the proposed 


fraction becomes 
4 


gen 
y 7 p 2 
so long as y is not absolutely equal to b we may divide both 
numerator and denominator by y—06, and so put the fraction in 
the form 
y+ fb + yb? + D 
y + yb +b" 


As y approaches to 6 this fraction approaches to E , and the 


i 4 
fraction may be made to differ as little as we please from = by 
making y—6 small enough. Thus the limit of the fraction as y 

. 4b 
approaches to b is -; ; that is, the limit of the fraction as æ ap- 
So 
proaches to a is 3 a“. 


Questions respecting vanishing fractions and limits belong 
properly to the Differential Calculus, to which the student is 
therefore referred for more information. 


756. We will now give two articles, which form a supple- 
ment to the chapter on Permutations and Combinations. They 
are due to H. M. Jeffery, Esq. of Cheltenham. 
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757. To find the number of combinations of n things taken 
8 d aoo n at a time, when there are p of one sort, q of another, 
r of another, and so on. 


Let there be n letters, and suppose p of them to be a, q of 
them to be b, r of them to be c, and so on. The product 
(1 aa 4 aa ...... + aPa?) (1+ bac + Da? +...... + ba?) 

(l+cu+c’u?+...... tg A 

contains the combinations of the n letters taken 1, 2, 3, ...... n at 
a time, namely in the coefficients of æ, a7, æð, ...... x" respectively. 
The number of the combinations in each case is found by equating 
ENS eu to unity. Thus the number of combinations of the 
n letters taken & at a time, is the coefficient of æ in the ex- 
pansion of 
(l+atar+...+a°)(lt+atar+...ta)(l+a+a'+...4+2’)...... 


The number of combinations when the letters are taken % at a 
time, is the same as the number when they are taken n—k at a 
time; this may be shewn as in Art. 496. 

The total number of possible combinations is found by equating 
æ to unity in the above expression, and subtracting one from the 
result, since the first term in the expansion of the expression does 
not contain æ, and therefore does not denote the number of any 
combination. Thus the total number is 


(p * 1) (q * 1) (r 4 1) ...... -1. 
The expression to be expanded may be written thus, 


1 a æP*! 1 Lg 1 ER aE 


l- : l-z ' l-« 
that is, (l-af* Md —ar y at us. (1 -ay*, 
where p is the number of different sorts of letters. 


For example, take the letters in the word notation. It will be 
found that the numbers of the combinations when the letters are 
taken 1, 2, ...... 8 at a time, are respectively 5, 13, 22, 26, 22, 
18, 5, 1. 
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758. To find the number of permutations of n things taken 
L Be By Maa n at a time, when there are p of one sort, q of 
another, r of another, and so on. 


Let there be n letters, and suppose p of them to be a, q of 
them to be b, r of them to be c, and so on. 
Form the product of the following series; 
Past Peð Prata 
re * E Md + ip 
Pig! Py Peta 
+ + 


1+ Pax+ 


rið SS Tiel | AN T5 TA lg > 
IP Pct? à P*c?o? Pest! 
co + 1.3 E "RATE: Is " 
&e. &e. 


After the product has been formed and arranged according to 
powers of Px, change P into 1, change 7" into |2, change P’ 
into |3, and so on; then the coefficient of æ* in the result will 
consist of the permutations of the n letters taken / at a time. 
The truth of this conclusion may be seen by examining the mode 
of formation of each coefficient in particular cases; for example, 


suppose n=4, and p, q, ...... each =1; or suppose n=4, p=2, 
q=1, r=1. The number of the permutations will be found by 
making a, b, c, ...... each equal to unity; this may be done 


before the product of the above series is formed. 


For example, take the letters in the word notation. It will be 
found that the numbers of the permutations when the letters are 
taken 1, 2, ...... 8 at a time, are respectively, 5, 22, 96, 354, 1110, 
2790, 5040, 5040. 


759. Convergency and Divergency of Series. 


We shall give some additional theorems on this subject, in 
order to supply a test which may be applied when the ordinary 
tests fail to determine whether a proposed series is convergent or 
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divergent. (See Art. 561. We shall adopt the following nota- 
tion for abbreviation; let log x be denoted by A(x), let log (log æ) 
be denoted by A'(z), let log {log (log æ)} be denoted by A*(x), and 


So on. 


760. The series of which the general term ts 


1 
NL. MB NET Dem (1) 


ts convergent if p be greater than unity, and divergent if p be equal 
to unity or less than unity. 


We suppose 2 so large that A'*'(») is possible and positive, 


The truth of this theorem when 7=0 has been shewn in Art. 
563; we shall prove it generally by Induction. 


By Art. 563 the series of which (1) is the general term is 
convergent or divergent simultaneously with the series of which 


the general term is 
n 


mid (m") N (m7)......X (m^) (Nm)? DIL (2), 
where m is any positive integer. 
I. Suppose p greater than unity. Let m be any positive in- 
teger greater than the base of the Napierian logarithms; then 


A(m") is greater than n. Hence it follows that the general term 
(2) is less than 


md (n) X(n)....X (n) p 7777 (3); 


thus if the series of which the general term is (3) is convergent, 
so also is that of which the general term is (2), and so also is 
that of which the general term is (1). Therefore if the series of 
which (3) is the general term is convergent when r has any 
specific value, it is convergent when r is changed into r+1. But 
since p is greater than unity, by Art. 563 the series of whicli (3) 
is the general term is convergent when r=1, and therefore when 
r= 2, and therefore when r=3, and so on. Thus the series of 
which (1) is the general term is convergent. 


T, A, 32 
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IL Suppose p equal to unity. Let m=2 which is a positive 
integer less than the base of the Napierian logarithms; then 
A(m") is less than n, Hence it follows that the general term (2) 
is greater than 


MA (n) i? (n) ...... N (n) X (n) ' 


Hence by proceeding as in I. we can shew that the series of 
which (1) is the general term is divergent. 


III. Suppose p less than unity. Then the general term (1) 
is greater than it would be if p were equal to unity, at least when 
n is large enough, and therefore à fortiori the series is divergent. 


A simple demonstration of this theorem by means of the 
Integral Calculus is given in De Morgan's Differential and Inte- 
gral Calculus, p. 325. 


161. Let w, denote the general term of any proposed series. 
If from and after any value of n the value of 


w NX (n) X (n) ...... X (n) {N+ (a) }P 
is always finite, p being any fixed quantity greater than unity, 
the proposed series is convergent. For in this case the series has 
a finite ratio to a series which has been proved to be convergent. 


If the proposed series have its terms all of the same sign, and from 
and after any value of n the value of 


w nÀ (n) X (n) ...... A(n) NY (n) 


is always finite or infinite, the proposed series is divergent. For 
in this case the terms of the proposed series have at least a finite 
ratio to the terms of a series which has been proved to be 
divergent. 


762. The following theorem relating to continued fractions 
was communicated to the present writer by Mr Rickard of Bir- 
mingham. The theorem will furnish high convergents to the 
square root of a number, with little labour. 
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Let AN be a positive integer which is not an exact square, 
and let the convergents to „/N be supposed formed in the usual 
way; let c be the number of recurring quotients in one com- 


plete cycle, or any multiple of that number; let Pe be the eið 


c 


convergent, and jr the (2c) convergent; then will 
2c 


dk. s 
Let a be the greatest integer in „/N, and let the quotients 


obtained by converting J/M into a continued fraction in the usual 
way, be denoted by 


b, b.» b,, nore b., Bs b eus xke Buy: xs 
Then from Chapter xLv. we have 
5-5, 06555 ASQ Ard (1); 
also b xm bu oen nr gees (2). 


Let Z= and Pet! be the convergents immediately preceding 


c-1 Ve41 


and following A ; then 


Pest E b. apo Pea 
Qc. borile + Qc1 


Now „/N differs from Pest in this respect; instead of using 
c1 
the quotient b,,, we must use the corresponding complete quotient, 
which is a+,/N, by Art. 621. 
Therefore JN= (a+ JN) pot pia ; 
(a+ AN) qe Gon 
multiply up, and equate the rational and the irrational parts ; 


thus 
0p. Piz Ng, €09,09, í ER (3). 


A gain, = differs from 7+" in this respect; instead of using 
2c c«1 


the quotient ð,,, we must use the continued fraction 
32—2 
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(x H 
DE RNA bs” 


and this continued fraction by (1) and (2) is equal to - 


bu vd 
& 0, + bu YT. b. 
that is, it is equal to ast ; 
Therefore 
(a + 2e) p. n. IPM aC 
Pre _ d: TE Á 
Ja (a T e "po. LU 
Ye 
2 
Ng et 
= 2p - , by (3) 


Suppose for example that V=a’+1; then the quotients are 
a, 2a, 2a, 2a, ... ; that is, the cycle of recurring quotients re- 
duces to the single quotient 24. In this case then c may be any 
whole number whatever. 

If N=a'-1, the quotients are 
j a-l, 1, 2(a-1), 1, 2(a-1), ...; 
ihus the cycle of recurring quotients consists of the two quo- 
tients 1 and 2(a— 1). Thus in the above theorem c may be any 


even whole number. In this case however the theorem will also 
be true if c be any odd whole number, as we will now shew. 


Suppose c an odd whole number. 
is unity we have 
» Post “Pe t Pea Jona = Jot Yourysssvecvcccseces (4). 


And, in the same manner as equations (3) were proved, 
we have 


(a — 1) Deui + P= Ns, a— = Popi covers (5). 
| BIBLIOTEKA 


QCZAGATICE A | 


Since the (c + 1)" quotient 
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Now 7 differs from Z+! in this respect; instead of using 
2c c4+1 


the quotient unity we must use the continued fraction 
1 1 


: ^ zx 1 : 
and this continued fraction is equal to —————— , that is, to 
Post (a — 1) 
C+) 


e by the second of equations (5). 


p Ki 3 ow art + 24472. 
Vr Qc. + Ve-1 Á qe 


From equations (5) since V =a? — 1, it may be deduced that 


_(a-1)p.+ Nq. -(a-1)g.*p. 
Pew = 2(a i 1) , Vo41 2 (a — 1 


P. 


Substitute these values in the last expression for % and 
ac 
we obtain } 
2 
Nq, ma 
Pre _ : VE 
dzc 2p. 


763. We will now give some further remarks on the subject 
of Probability. 


It is observed by Dr Wood in his Algebra, that there is no 
subject in which the learner is so liable to mistake as in the calcu- 
lation of probabilities. Dr Wood proceeds thus: “A single in- 
stance will shew the danger of forming a hasty judgment, even 
in the most simple case. "The probability of throwing an ace 
with one die is 4 and since there is an equal probability of 
throwing an ace in the second trial, it might be supposed that the 
probability of throwing an ace in two trials is 3. This is not 
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a just conclusion; for it would follow by the same mode of 
reasoning, that in six trials a person could not fail to throw an 
ace. The error, which is not easily seen, arises from a tacit sup- 
position that there must necessarily be a second trial, which is not 
the case if an ace be thrown in the first." 


The above extract is introduced for the sake of the import- 
ant remarks which it contains, and also for the purpose of draw- 
ing attention to the last sentence, which students have often found 
difficult. It should be observed, to prevent any ambiguity, that 
the problem under discussion is the following: Required the pro- 
bability of throwing one ace at least in two trials with a single 
die. Dr Wood's last sentence indicates the following as his 
method of solution. The chance of an ace in the first trial is 


T if an ace is obtained in this trial there will be no need of a 
second trial. But suppose we fail to throw ace the first time; 


the chance of this failure is 5 , and then the chance of success in 


the next trial is i Thus the chance of obtaining one ace at least 


6 
in two trials is 1,5 a 


6*6 6 that is, A And the error of a per- 


son who estimates the chance at I may be ascribed to the 


cireumstance that he changes the : in the product > : into unity, 
thus assuming that there will be always a second trial, although 
ihe second trial may be rendered unnecessary by reason of the 
first trial having been successful. 


This solution is of course quite correct, but it would probably 
be considered by the person who estimated the chance at : " 
that it does not shew him his error, but substitutes a different 
solution altogether; and he might say there is no uncertainty 


about the occurrence of the second trial, for two trials are guaranteed 
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in the enunciation of the problem, or at least are allowed to us if 
we please to make them. 


The error really arises from neglect of the following consi- 
deration; when events are mutually exclusive, so that the suppo- 
sition that one takes place is incompatible with the supposition 
that any other takes place, them amd mot otherwise the chance of 
one or another of the events is the sum of the chances of the 
„separate events. 


In the present problem success in the first trial is not incom- 
patible with success in the second trial, and therefore we cannot 
take the sum of the chances as the chance of success in one or 
other of the trials. 


It is easy to present the correct solution of the problem in dif- 
ferent ways. Thus besides Dr Wood's solution, another has been 
given in Art. 723. We may also proceed thus. The desired 
event may be considered as one of the following three; suc- 
cess in the first trial and failure in the second, failure in the 
first trial and success in the second, success in the first trial 
and suecess in the second. The chances of these events are 
respectively 2 : A i 3 3 : ; and the events are mutually ex- 
clusive, so that the chance of one or another of them is 


die nee 
$36* 36 qp gg 


764. This discussion naturally leads us to investigate the 
probability of the happening of one or more events out of events 
which are or which are not mutually exclusive. We shall now 
give some theorems on this subject. 


I. Let there be any number of independent events of which 
the respective probabilities are a, B, y, ...... ; required the proba- 
bility of the happening of one at least. 


The probability of all failing is 
(1— 2) (1 — B) (1 — 5) ...... F 
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therefore the probability of the happening of one at least is 
1- (1— 2) (1- B) (1— y)...... 


This may be written thus, 


or P-P+P-P+...... suppose, 


where P is the sum of the probabilities of the single events, P, is 
the sum of the probabilities of pairs of events, P the sum of the, 
probabilities of triads of events, and so on. 


II. The theorem just proved is true even when the events 
are not independent; that is, the probability of the happening of 
one at least of the events is 

P-P+h-f+...... 
whee P, LE, E, have the meanings already stated. 


For consider only two events A and B; let n denote the whole 
number of equally probable cases, ną the number in which A 
occurs, ng the number in which B occurs, nag the number in 
which both A and B occur. To find the number of cases in which 
neither A nor B occurs we proceed as follows; from n take away 
Na and mg; we have thus taken away too many cases, because the 
cases, in number 7,5, in which both A and B occur have been 
taken away twice; restore then nag. Thus the whole number of 
cases in which neither Á nor B occurs is 


n — (Na + ng) + Nap 


Thus the number of cases in which one at least of the events 


occurs is 
Na + Ng — Nag. 


Therefore the probability of the occurrence of one at least 


_ Rat kg — Nag 
E n 
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Similarly any other case may be treated; the process and result 
are similar to those which occur in finding how many integers are 
less than a given integer and prime to it (Art. 709). 


III. Supposing that there are n events, required the proba- 
bility that an assigned m of them will happen, and no more. 

Suppose that the events of which the probabilities are 
di He are to happen, and the events of which the proba- 
bilities are A, y, v, ...... are not to happen. Then if the events 
are independent the required probability is 


ay ains (1 —X3)(1 — p) (1— v) ......; 
that is, aBy...... to m factors {1 — XA XA — XApy + ...... } : 


This we may denote by 


Qn an Qus ^ Sag" Q, is Tee ? 


where Q, is the probability of the occurrence of the m assigned 
events, Y,, is the sum of the probabilities of the occurrence of 
every collection of m+ 1 events which includes the m assigned 
events, Q.,, is the sum of the probabilities of the occurrence of 
every collection of m+2 events which includes the m assigned 


events, and so on. 


IV. As before we may shew that the theorem in III. is true 
even when the events are not independent. 


V. Required the probability of the occurrence of any m of 
the events and no more. 
With the previous notation this will be 
BQ, -5Q + Ina - XQ at e 
It may happen that in some cases 


30..,- cal A RR 


[m tlln-m-1 Quain 


and so on; this will be the case when the events are all similar. 
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VI. InIL we have found the probability that at least one 
event shall happen, and in V. the probability that just one event 
shall happen; by subtracting the second result from the first we 
obtain the probability that two events at least shall happen. Then 
again we know from V. the probability that just two events shall 
happen; by subtracting this from the probability that two events 
at least shall happen we obtain the probability that three events 
at least shall happen. And so on. 


MISCELLANEOUS EXAMPLES. 


1. Having given 
æ=by + cz + du, 
y =ax + cz + du, 
z= ax + by + du, 
V, — at + by + cz, 


Ag GL 
l+a 1-46 l+e 
x, Y, zZ, w being supposed all unequal. 


d 
shew that l= met 


es e PO Md 15 
yz art æt? 
find the relation between a, b and c; and shew that 
a y Pd 


a(l—be) b(ü-cea) c(l- ab) 


3. Find the relation between a, b and c, having given 
sja 
o a’ b wc * Mm» 


and e+ y^ + - 2 (ab 4 ac & bo) - 0. 


4. Find the relation between a, b and c, having given 
oy in AR e b, JE 
MS ee y c 
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MISCELLANEOUS EXAMPLES. 
. Eliminate a, y, z between the equations 
£ (y*2)2a, y (x2) - U, z (x y)-c, wya = abc. 
Eliminate a and 5 from the equations 


a? - x 2a + 3y 3 3 3 3 8 
By hk Dy? -b= (x-y), at+b =z. 


Eliminate x and y from the equations 
et+y=a, y D, a ye. 


8. Eliminate x from the equations 
5 3 
324 -( +1024 (2), 
a \a a c 
5 3 
322 = (S) #10515(2). 
e. "uu c a 


9. Eliminate a, y, z from the equations 


x z x Z 
Tia E e N sj 
y 2 c 2 @ y 


FAÐIR 


Eliminate x and y from the equations 


10. 
e+ytay=0, a --1-0. 


aa + by=0, 
Eliminate æ and y from the equations 


id. 
y —«-ay—fx, 4Awy-axcy, x+y =l. 


12. Having given 


z-y)-4cmy, (yr = 4a yz 
y Y: Yz, 
að +b c 2abe =l. 


(z + a)’ = 4b'2z, 


shew that 


13. Eliminate æ from 
æ ay * „áð 


ær qp 


a? 4 æ 
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14. Eliminate æ and y from 
4(a°+y’)=-an+by, 2(&à—3)-ax—-by mczy-c. 


15. Shew that the equations 
a-cux, 2a =y? + 2z/, 
b=yy, 2b =20' + xz’, 
e=æ, Ie =ay' + yx, 
cannot be simultaneously true unless 
2abe  a'b'c' = aa“ + bb” + ce”. 


16. Find the number of permutations which can be formed 
with the letters composing the word examination taken 3 at a 
time. 

17. Find the chance of a one, a two, and a three, of the 


same suit, lying together in a pack of cards which consists of m 
suits, and has n cards numbered 1, 2, 3, ...... in each suit. 


18. A rectangular garden is surrounded by a walk and is 
divided into mn rectangular beds by m— 1 walks parallel to two 
sides and n— 1 parallel to the other two. Find the number of 
ways no two of which are exactly alike in which a person can 
walk from one corner to the opposite so as to make the distance 
equal to half the perimeter of the rectangle. 


19. If be a proper fraction, shew that 
x o? a æ x a^ 


ee mls icu 
lt lez lez" 


20. If x be a proper fraction, shew that 
1 


Ti). 


21. Eliminate z, y, z from the equations 


(x-y) (y - 2) (s- 2) =a", (x y) (yt 2) (z + 2) =b), 
(£ +y) (yY + 2°) (fr) =, (a* + y*) (y* + 25) (24+ 2*) = p". 
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22. Shew that if 
aX +b¥+cZ=0, and a, X +b, Y - 72-0; 
where X — ac t ac, ta, 
Y=bx + b,x, + b, 
Z= 0, +o; 


2, ys, 72. 14, (be, — b,c) +, (ca, — ¢,a) + c, (ab, — a b)F 
then X*+ Y?+ Z?=* (ls, — Foy 05, = aay" + (a8, rp ; 


23. If a, a,,...a,, and b, b,,...6, be two series of posi- 
tive numbers, arranged in order of magnitude, of which a, and b, 
are respectively the greatest, shew that 


Ce ar 


háð Pa east a 
j TE is less, 
xal * " Et es #3 is greater, 


than if the denominators b,, 5,,... b, were arranged in any other 
order under @,, @,,...@,+ 
n 


atb 
24. If a be less than b, shew that the logarithm of (5) 


can be expanded in a series of which the general term is 


-G =i) dau. 


A RFU Ww 


atb 
25. If a be less than b, shew that (3) is increased by 
adding the same quantity to a and 6, 


www.rcin.org.pl 


( 510 ) 


ANSWERS. I. II. III. 


LU X... 2. 35. 3. 63. 4. 88. 5. 92. 
6. 20. 7. A5. 8. 6. 9. 5. 10. 2. 
14.9. 12. 10. 13. 0. 14. 20. 15. 43. 
16. 38. 17. 76. 536. 18. 9. 


IL 1. 9a—7b+4e. 2. 102?—42z4183. 
3. 12z*--62zy — y^ + 3a + 4y. 4. 4o? +a z. 
6 
9 


5. 2ab+ 22° + 2ax + 2bx. 3a — b -- c — 6d. 
T. 92 mw. 8. 2a'—az. . a-btc-d. 
10. 2ba+2by. 1l. a-b+e-d. 12. a—b+c+d. 
13. . a— 7b. 14. 5a. 15. 2a—b-—d. 
16. 12z—8y. 17. 3a. 18. a. 
19. 2atæ—-2bry=9. 20. 32*. 
III. 1. 3pg42p'—9g*. — 9. Tað 16a*b — ab? — 1007. 
. a^ — al? + 2b? — b*. 4. a* — ab’ + Aal? — 40}. 
. a + Aa?z Aar — x. 6. a* — 8a?a? + 162%. 
. ab (a—byxz—2aa?—a?. 8. 602*- 422?a —107a7a^-10xa^-14a*. 
. Gat — 96. 10. 4g — 22a°y + 42a? — 21. 
. 1222  1727y + Bay? + 27. 12. a^ — arty? + ay y". 
. o —4y? -12yz — 92. l4. 6x*+ ay + Qa*y? — 13ay? + 4y’. 
. m ea (y ez) cm (y t+ yer) tæya(yta) - y. 
. a! 4 D? - Babe. 17. 2? 4-3? + 3ay — 1. 
. w+ 151z — 264. 19. 23^ — 41x — 120. 
. 4a? — Da? + 8x* — 102? — 82? — 5x — 4. 21. 2^-- 10z — 33. 
. d! — Ta? + 21a? — 17a* — 202? + 62^ — 2x - 4. 
. a+ 2a? + 3o* + 2a* 4- 1. 24. a* — a*. 
. e— 102? +9. 26. 2* -z* 4 1. 


. Mar 2a*ab — (D? + 2ac)a* + 2a? (be + ad)- (c + 2bd)a? + 2acd—d?. 
. abe + (ab + bc + ca) ac - (a - b - e) a? +a. 
. &* — 2 (a -- b c d) e a? (ab -- ac - ad be - bd + cd) 


— x (bed + acd + abd + abc) + abed. 


, Bb%c* + 909! + 989 ~*~. 89. Það 
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34. 4 (à +b? - e +d"). 36. 2 (a? +b -- c?). "ea. Ba, 
38. 2 (a*  b* tc). 39. 4 (bc eða? + ab’). 
43. að — 22x* + 602? — 552? + 12x 4. 
44. £ê — 2a'a + Læða? — 2x*a* + 223a? — wa? + a*, 
45. að — a*b — 2a°b? + 29D? + ab* — b, 
IV. 1. #-ætl. 2. 9a? — Gay + 4y. 
3. a? - ab - P. 4. að — 3ab. 
5. 3225 + 162*y + Sa?» + Aoi! + 2oy* + y’. 
"6. a* — ab tab? — al? + b. T. a e y". | 8 a? +3042. 
9. 16a*— Sæðy + 4a*y? — Lægð + y. 10. a? —ay 4 y". 
ll. 2-241. 12. a? — 2ab + 3l. 13. a? — 2a?b  2ab* — V". 
14. 164? — 24a/b + 36ab? — 270°. 15. a*+ 22? + 93? + 2x +l. 
16. zx*— 5x? + 4. 17. a^— 2ab 307. 18. æt — 82? - 16. 
19. (a? + — 1)(z4-2). 20. (2a? + 3) (x — 4). 
21. ara. 22. (x — a) (a - a). 23. a 4- b 4 c. 
94. 3a? — 2aba — 2a*t". 25. (x — ly. 26. 3a? + 4ab +b. 
27. c^ —vy - y - x9 41. 28. a? +b? + c be ca — ab. 
29. b (2a? + 3a?b — ab’ + 4b"). 30. ab — ac + bc. 31. b-c—a. 
33. (b+ c)(e +a). 33. at — 4a*be + TU? e. 34. a? + ax +. 
35. (æt 22) y? + (à? — 22) y — wz (x + z). 36. ab t bet ca. 
37. æ? — (a - b) x + ab. 38. x — b. 39. ab — ac + b — c". 
40. a^ - Ua c. 4l. a a. 42. (a -b—c—d)(a—b 4 c— d). 
43. a? — ax + aè. 45. The quotient is Tay (x + y). 
46. Each is abe — ap^ — bq’ — er?  2pqr. 
4T. (a —a) (a+ a) (a? + æð) (að + x") (a? æð). 
48. (ab -- c) (b-- e—a)(a —b * e) (a - b — o). 
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. (be d—-a)(a ex d -b) (a b-- d e)(a-- b - c— d). 


v, & 9. 3. 70. ins te Oy 
5. y*+ 10! + 47y* + 93y + 69. 
"L l x4 2. x43. 3. 2^ + Qe + 3. 4. x41. 


. du+4a, 6. z— y. to 98-3. 8. 2-1. 9. 2—2. 
„atel. ll. æ+ 2. 12. 2— 8. 13. 2a—1. 
; v (a y)o gy. 15. 254-22 4- 8. 16. a (2a — 32). 
. 2x — 9. 18. aæ — by. 19. z — y. 20. (x+ 1). 
. 22^ - 43? £x =. 22. x — 2a. 7 
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VIL 1. (2a°+ 3a—2)(3a4+1). 2. (3s—2) (48? — Ax? - x +1), 


3. (à —1)(a + 2). 4. (a —92* + 23x — 15) (x — 7). 
5. (æt 1) (e? — 1). 6. (a^ — y^) (à — 4^). 
7. 16a*—1. 8. c (x* — 1). 9. (a*— 4a^y. 
10. (x — 1)(z— 2)(x — 3) (a — 4). 11. z*— 16a*. 
12. (x — a) (x — b)(x — c). 13. (æ + c) (2x — 3b) (z^ + ax — 0^). 
14. 36 (a* — 6) (a? — b^) (à? — $^). 
VIL 1.2-3. 2. a+b. 3. c 4l. 4. are M 
22-1 
5 3x + 2 G 2x +3 3x +9 
" g+1° " 3a —4° ' gf — a? + 62°—62+6" 
x—5 #23 1 
ji æ+ i x — 2w- 3" ij x — 2w +2” 
G=- | a+b ED 
Fl. "ma vnd 12. "EAN 13. ars 


2 
Ph "IE HEEL: 1X be nümeniter will be found to be 


equal to 5(1--2*)*, and the denominator to (1-- 27), so that the 


fraction — : ze 16. 1+ abc. 17. að 18. 4. 
l+ a —b 
—2 2a 9 
19. Gaya" 20. 2. al. yes oF 
Ia —3 ax — b? 1 
9. = ar’ = _—. i 
22. GF 18e 3 3) ur Pd MAN. T 
2ab? að — 4ay — 4ab 4a 
26. a-b eT. -yy 28. (a —by' 99. arg’ 
30. i s e 31. 0. 39. 0. 33. 0. 
ab + bc + ea — b*a — c*b — ae 1 
34. ee ec ee 35. abc ' 36. 0. 
(a — 5) b - ey 3a 
, 37. 0. 38. Fn 39. y 549) 40. a 
aL 2, 72 
ak Tes PR uim 45. 2 
x a! - a 
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2 2 4 2 
M esc uris. i, Bite. 
a’+ab+b a a a 
a (2a + 5x) (2a* + 19a + 4227) (a — oy 
x (a — x) (a^ + 2a« + 22?) ` æ(a+ m) 
2 (a-b) 2y y! avy 
. 30 (a + b) . 52. æð - ay +4?" . a* +y . 54. y 
Uv 56. 1. 57, #> 3 But 
x x 
KR 60. a?—b? + o+ 2ac. eb. n. 
o c — y 
2. a* — * c? — 2ac. gg, C EE Mi CES 
x+ Ga 
ac — bd a^ + a? bc + ca + ab 
` ac+ bd’ a; 2ax ` V be + ca — ab’ 
a‘ + at + b* be (b — c)? xy 
aa a TEE Rl 
(a? + by d „a Ía , (ab cy 
Op 72. m. Ba T A 
4 7G adf + ae 
3(x 4 1) !?* bf + be + of” 
XX" 1. 2. 20. 9. 3. &. 1L. 5. FÁ 6. 13. 
9. 8. 4. 9. 7. 10. a. 11. 13. 12. 3. 
5. 14. 28. M LG: Á Wu 9 18. 10. 
TOE E DE CO SCR. Y 
4. 26. 4 27. 9. 28. 4. 29. 1. 30. ^ 
56. 32. 7 33. T. 34. 83. 35. 41. 36. 24. 
T 38. 3. 99. 2. 40. 12. 41. 12. 49. 2. 
79 
3. 44. —2 45. 1 46. 1. 4T. 5. 48. 39 
8a ed — ab a’ (b — a) 
33. 50. 25 51. acbzocd 52. b(b+a) . 
T. A. 33 
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a (1—60 ac t la cb—-a-b—c 
53. ER. Ká ac + bc +ab-— 1 

ab (a +b — 2c ac ab a—b 
E cum E M X ntu 
59. 2. 60. 20. 61. 5. 

X.' 1. £1290, £2580. 2. £120, £300. 3; ÆÐ. 
4. £140. 5. 28, 18. 6. 38 children, 76 women, 152 men. 
T. £720. 8. £144, £240, £210. 9. £350, £450, £720. 
10. A £162, B £118, C £104. 11. 3456, 2304. 
12. 126 quarts. 13. £2. 15s. 14. £3. 10s. 
15. £600, £250. 16. 400 inches. 17. 30. 
18. 6 shillings. 19. 3. 20. 8, 6, 3, 2; 24 kings in all. 


21. 42. 22. £3600. 23. 7, 8. 24. 11 oxen, 24 sheep. 
25. 5 shillings taken by each; there were 20 shillings in the purse. 
26. 240. 27. 90 by 180, and 100 by 230. 28. 48 minutes. 


29. £8750. 30. 20. 31. 60 oranges and 240 apples. 
32. 10 from A, 4 from B. 33. 11, 22, 33. 34. £420. 10s. 
35. Gy or ár past one. 36. "37, 28d — 38. 40. 
XL Limes, yet. 2. 2-11, y=4. 9... 16, g & T. 
4. 2-60, y=36. 5. 2—12, y — 20. 6. 2-18, y= 6. 
T. w= 2, y= 1s. 8. «=8, y- 1. 9..525.—6, y= 12. 
10. 2-10, y= 20. ll. oF; y 11. 12. 2-18, y=12. 
18. 2-4, y «1l. 14. 2=y=?. 15. z2y -m n. 
16. x=3a, y=— 2b. 17. 2-4, y - 1l. 18. 2-9, y - 39. 
ne bd me — ad 
19, Bie Á aaa 20. x=12, y=6. 
21. 222, y 2-1. 22. 223, y=2. 23. 2—3, y —4. 
24. 2-12, y - 3. 25. 2-2, y=1. 26. 2-22, y=6. 
27. 2-3, y —5. 28. 224, y - 3. 
All 1. e=7, y=ð, 6-4. 2. 222, y=3, g=4. 


3. 2-3, y=4, 2-2. i $232, y=3,\¢=5, 
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„ w=4, 2-19, y25,2-T. 14. 


bci t L= G? z-— 19° g= —— 
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«1922, y=3, 2-4. 6. 258, y=4, 2-2. 
«$10, y 2, 2=3. 8. 224, y=3, s=b. 

7 7 21 
COE, y=4, €-6 10. ea, go. tun. 
(MSS 3, es 1. 12. 2-4, y -9, 2-106, «—95 


x 
z Á 

. ©=3, y=2, u=ð, 2——4. 16. z-2, y=4, 223, v—3, t1. 
2 


a b c Bra? 


2 2be 
|... 92e (e—-a — b) "M .. 2ae 
Sora- beria) ^ ot bane ^ c-a-b 

1 _ A(A — b) (4 — c) 


(a — b) (a — e) ` ~ a(a—b)(a—c) ` 


9 


ade 


x 
i s--( +5): 24. 2-5 --c— a. 
æ c 


ZEHL Í. 2. 250, 320. 3. 4. 5, 6. 


& t 


. 42s., 26s. 6. 75s. and 35s. 7. 5 and 7. 


7, 10. 9. 300, 140, 218. 107.5 S8, 
Tea, 5s. per pound; sugar 4d. 12. 50. 


. £3000, £4000, £4500, at 4, 5, 6 per cent. respectively. 


100 miles; original rate 25 miles per hour. 


. 8 and 12. 16. £540; 17 pence. 

. £70. An ox costs £10 and a lamb 18s. 9d. 

. 426, B14, C8. 19. A wins 21 games, B 13 games. 

. Alls, 238s, C33s, D32s, E 36s. 21. 90 miles. 

. Á could do the work alone in 80 days, B in 48 days; A must 


21 


39 of the money. 


receive Í of the money, and B 


. Á in five minutes, B in six minutes. 
. 21, 2; distance 5 miles. 25. 600 yards. 


A in — P^ tags, B in P days. 
ptn—-m * m-n 


38—2 
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28. Er miles per hour. 29. 4 yards and 5 yards. 


90. 27. 31. 36. 
32. "Coach goes 10 miles an hour; train goes 30 miles. From A 
to B is 162 miles; from Á to C is 20 miles; from C to B is 


40 miles. 
EIN d. « 2. AM 3. E. 
æð a 
k 6. a+b+e 


v^ 


“i 


9. (æt 1) (x +2) (x +3) (æt 4). 


B x-a Y =b; z=. 


»4 e LL. en a. 3-2. 
c'-orcl 
4. e-b -ce y=c—a, z=a-b. 5. Clear the given rela- 
tion of fractions. 6. Each child obtains £1920. 12s., and each 
brother £960. 6s. T. 2 — — 3a. 


XVI. 1l. 1+ 4x + 102? 122? 92. 
2. 1 —2z + 3a? — 42? - Bat 22^ + «f. 
4. a - b e c dt 3a! (b - c d) - 3b (a c - d) - 3c (a b +d) 
+ 9d" (a +b + e) + 6bed + 6acd + 6abd + Gabe. 


XVII 1. 2-41. 2. z?— 2x — 2. 3. 22? - 3x — 1. 


4. 927— c4 1. 5. 92a3?— 3ax + 4a’. 6. 5a*— 3a« + 4a’. 
T. (x-a. 8. a+b. 9. (a?+b*)(c? +d"). 10. a-b + c-d*. 
2 

Ia my. LASER... 

a 2*m 2,25 X 
14. a°+ (2b —-c)a- c. 15. (a—2b)a? — ax + 2b — 3. 16. 1:14. 
17. 227- 3x 4 1. 18. 2x°+ 4cx — 3c". 19. 227— 3eæ + 4c*. 
90. 5:51. 21. 9009. 22. 99:22. 
BS 111111011 24. der. 


26. The given expression = (a*— yz) ((a^— yz) — (y — zx) (2? — «y)) 
+ two similar expressions 
= (a! — yz) æ{að y? + 2 — 3xyzs] + two similar expressions 
={x + yY 2-3xysj. 


www.rcin.org.pl 
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5. 


9. 
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ab t+ adi atot, m að y— ay! — y. 8. a*- 1. 


a+at—lia ra^, 10. —4a7*b^ + 9a *b. ll. x+y. 


a3 — að að. 19. att lta 14. 92*— 3ay + 2y’. 
4 À ta Ki } } x 
„at aððð- b. TETAAN FL e 
a? -- 3æa a? æð 2,4 
92a) — 305 4 4ct. 19. 1623 16233..12 — 40°84 o 3. 
5 8 10 
XIX. 1. att a+ atb! ab arb 13. 
„ 984 22,334 92 3349.3 19331, 38, 
31.3.51. 335* sí 5. 2679499. 


3, [2-13 /2. 9. a—2a*b3— b. — 10. 14 J3. 
y x 
2—,/3 


19. /5+,/2. 13. ,/(10) +2,/2. 


25 7 
ee! 15. 2*5 


Je + 2e + 2 * Je E Á D, 
TET 1) 


. 38-2. 20. 1. 21. 14/2 3. 


ZEE 23. J6 3- 5-1. 


TER ^0735 DaJk ^E T NaS e 


à s 5 
XX L14 55. S138 4 4-5. 
1 2 32 

3, 5. 6. 17, 5. (AÐ ER 8. 5-7. 
TM gs S 

$1. 10.5, 3. dL -3 TY RR 
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ANSWERS. XX. XXI. 
ty o: Er od 
10’ Tl 14. 13? 60° 15. 4,-1 16. 3, TWR 
45, bg. | 40. 53 
19 1 b XX 
PE 3° 22. 3, Tag“ 23. 10, — 2. 24. EL 35 
3 3 3 n 
3? 10° 26. + ,/6. 27. -1, 5" 28 dg 9 
24 k 
SÉ T. o 30:216. 8.-3396 99. 8, -*- 
4 
Kos SA 185 39-39 . 36 8-5" 
9 
L : BEN kr. 40, 1-10 
5 
3, -3 43; -2, ef 43. LS 44, 3,73: 
E 46. S a: 47. 2M A 48. 0, 4. 
y 50.1,-5. 5L 2445, TET 
a+b a—b 2_ ^. 
ab. rr Our Í 54. a= J(a?—- ©’) 
a bec Ja! +b’ + c — ab — bc — ca)}. 56. arðt“ 
a^ + 6? + „{(a? bY + Aabe’? 
ys m 1 Bg E o 
2ab — ac — be 60 2a—b 3a + 2b 
a+b-2c ` f Ei COM 
Dos [ab + bc + ca = „/{a?ð? + bc? + c'a’ — abe (a + b + oil 
a (14 c) 
nr. c (2e +3)" 


In the following chapters the irrational roots and the impos- 
sible roots have not always been given; and some of the roots given 
are not applicable; see Arts. 329, 330. 


XXI. 


1 


l. 1 g. A ee 3. (- 41)3, 9. 
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4. 140 (- 1 a -- 6.95, (- 1y. 
8 3 
7. {- Jax (a o). 8. +11. 9. 2^, (- 3)“. 
125 PECES. 
10. 8 ær. 11. 8, (-+ 42). 12. £2, +,/10. 
1:1 1 11 
13. 4. 1 1. 4, 3. 15. 16, (-%) 
$ 1 18 
A ft " od _18 
16. C 1f, G): 17.4,-1 182%.  199-—. 
20. £5. 21. n. 99. 16, 0. — 23. 18, 3. 
6 
94. ?*—8 or —10;. m$. 25. stl hoa cl 
26 Ge a $r.-W D db = 
n—2 n+l 
28. « TAE =+ 1 J/(3a* + 3b* — 6a?b^). 
29. 1J(x- 2)t (dt 22) — (e —2— /«)', a quadratic in Ja, 
— (2 a) +J (2a? + 3a) e-2 
aie 2+ 2a i (e+ 2)" 
31. Multiply up and arrange 
a {,/(a—«) — J (a &)) = Jat (a? — eð) — a}, 
peu. 32. 2a, — 2a. 
25 Á 
33. 1, -5 EST | 35. 9a, +2a,/(-1). 
4c'a, 1 25 ji 
36, 6-0 or (175° 37. $-g 38. +a, a: 
$05. 99 Le 40. #,/2. MUR s. 
4 2. mM — 4m i 
42. S (1 5). 43. a= qol) 44. #=9. 
a*--b* 9 2, /2 2» 
45. w= a gjá: 46. 2 = á " 4T. e (e — 1}}e?. 
16 3 2 
48. 0, 95* 49. + 2a, +a,/(- 6). s 3? 3' 
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51. 


54. 


4 (a 4- b) (a? + b°) d 
0, — 9a! + 36° + 10ab LI 52. 5. 53. 8, ar á 


ac? 4T — 44 J6 (Ja 4- bF ^ 
PE 05. 1, TN 56. 1, Á AN Dr 


(z— 1) D. He =), 
Proceed thus, Pese ial": Al - &c. 
59. 0, 31a - b e (a^ +b’ + è — 2be — 2ca — 2ab)} 


0, = /3° 61. 0, * „/(a? + b^. 


„0, =,/{mn +a (m — n). 63. 0, « (1e, /7). 


Transpose and square; we get 
2a: (2a + 1) (a? + 2) = 2 (a? + 1) (2v + 1). 
The only solution is æ — — 3. 


aki; 66. 4, — 9. 67. 0, 2. 68. 0, —5, A E 
—3+,/109 s 1 1 

. 1, -4, AMET, 70. l5. 11. 2, —5, 91-3 - 241]. 
a+6 1 . 

. 44 2, fri 73. 2,-3. 74. 1, - 2. 

„ æt dax=— 5a  J(a* tc“); whence x. 
1 9 

: a! + 3a =F or -75 whence z. 


a? + a? _ at a? 


mL Bog Me 2-5 (-1+,/5). 


ak a 


j^ 1 JA * 1\* 
; a7 (s- 5*3) *( -3-3) Quadratie in (s-3). 
. (x? — zy — (a^ — x) =a. 80. 4, —3. 
|o Jn T) ue Jn T=. 2-9 or (B) 
. (c- 4 Jf - 2(z-4 /x)+1=0. æ=7T#4,/3. 
„ (2 JJ (v) #1}{/æt,(a 4 2)) — 5; multiply both sides by 


"(a * 2) — a ; ^ a(2,4/(x) - 11] - b (A (a + 2) — Ja), ke. 


«(a my 4 (a? + x) +4 = 162°, 85. (z^ + a^ = 2a? (x — a)’. 


2 
i (2+ 2) talar Erb- a0. 
ax a 
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87 (2-2)-2(2-“\+1-0 ae D OL 6 
a & a 3 3 
1\? 1 à 
89. (s -— =) -2 (s - z) +1=0 after expunging J(e- 1). 


90. 1+,/3+/(3+2,/3), 1—,/3 2 J(3 — 2/3). 

91. (æt 1)(a? — 2 1) 2 0. 92. (æt l){ltn(#—ætl)}=0 

93. æ= 5 is obviously one solution. 94. æ= 6 is obviously one 
solution. 95. x= 5 is obviously one solution. 

96. æ= 0 is obviously one solution. 97. (a? — 4) (x 4 1) - 0. 

98. æ =a is obviously one solution. 

99. 85 —1--8(2r -1)20; .. x=4 is one solution. 

100. x- : z : (s ES 3 t= Ps is one solution. 

101. x 2 — m is obviously a solution. 102. z— a, b, or — (a + b). 

103. x+ p—1 is a factor. 104. z(p—1)41 is a factor. 

105. a?—1 is obviously a solution. 


XXIL 1. (4528 (2+3) 2. (w + 60)(« + 13). 


3. 2 (æ+ 2) (2-5). 4. (e—62)(e—26).. 5. a? 1424-48 —0. 
. à? — 9x 4- 20 — 0., T. 2! -2—2-— 0. 8. x —92—4-0. 
9. 42, 36, 117. 10. m=8. Hd fu OU 
12. cx*-- bæ - a — 0. ; 

XXII lwad yaah 2: æ=60, 40; y= 40, 60. 


„æ=2;y=2. 4. a=4, i y= 3 


for) 


3 P4 
5. 221,5; y -2—5, - T. 6. 2252,50; y=6, 3. 

7. $541, +4; y 4, +7, 8. x=-1, S; y=-1, 4 
9. 27-1; y=l. 10. 2243, #8; y 2 25. 


NE RP mi 12. 2-43, 4 36; y-u5 n. 


hagi" "84" 


13. 2223, aiia y=+?2,+—. 


JE 
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. Nm y=sð, +2 


. X= PRAE 


32. 


-g= 4, &3,/3; y 235, 2/3. 


. e=0, -1; y=0, -5 
~ ©=0, 15; y 0, 46. 


» CH= £3,425 y= 2, 2 3. 
„t=e3, +2; y —:2, æð. 
„æ=0, 2 (73), =,/3; y=0, 3e J(—3), #2,/3. 


ANSWERS. XXIII. 
2 
5 


3 
IT. v= = jr Y= *JA 


= sd. 
A6 ^. "6 


53 227 5 5 
. £= 3, -z7 Y=—-4 yr. 19. SNAREN 
. =b, y=æð, #3. 21. v==3 J2; y==,/2, =,/2. 


i. 23. x=0, 4; y — 0, 5. 


25. 2-0, 2,+,/2; y «0, 2, 2=,/2. 


. $—0,4, 2; y=0, 2, —4. 27. w=5, 5; y 53, a 
æ=4,9; y=9, 4. 29. 2-2,0; y-0,-2. — 
|/e$-1,4; 9-4, Í; ah. ææ, E us 19.1. 
w=3,2; y —2, 3. 33. 27—8,45; y —4, 8. 
„mall, sr 35. 224,2; y=2, 4 
$4; y=1 97. @=1, 4; y — 4, 1 
e=2, 35 y=3, 2 39. @=22,y=4%2; ore=+2, y= 2. 
ead yal: m-l1; y= 3. 4l. x=5, —2; y=2, —5. 
. t= E: y-21,22. 43. xz 1(92 4/73, y - 1(9 13). 


45. eae, 3; y 29, æð, 


The first equation may be written thus, 
ey We p~ 3) = 3 (4x +y — æy). 


. 2=8, 2; y=2, 8. 49. æ=9, 4; y=4, 9. 

. ©=8, 64; y=64,8 51. 2-5, 13; y=4, 12. 
424,9; y 29, 4. 53. 2=2, 8; y=8, 2. 
Jx=2+,/6, 3{+,/(15) — 5}; C Ape dy ine a: 

, anb out bt aie yes Br. 2-5, y-5 

ata Mata Jat + 49), y'=} atr 409) 
xy = } (20^ = J(20* + 2a*)) ; whence we may proceed. 
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TTT 


5 
nius Py ——.0. 63.2-0,2(a45); y=0, 2ab. 


3 > 
64. daæy=(1— xy)"; this gives a quadratic in zy. 
65, 259. thus ga Etas, &e. 
ú=y c ay —c 
a a^ =b (26° m | a? 
66. e-r py y =an— 
67. 22-0 (22/3); y! =a 12 3]. 


68. 


Add; thus x’ (x — 1)* +y (y —-1) —-« b; also 
z(z—1) *y(y-1) =a; 


~ ææ 1) = 1a (2a +2b-a}; y(y-1)- 4a v, J (2a + 2-a")}. 


69. 
10. 
. Three simple equations for finding vy, yz, 22. 


or 


14. 


15. 


$0, 2a; y 25, —b; 2-6, —c. 
RX NEM CU ox 
9-3: 96° 7 Q^ JA 7 a ae 


Three simple equations for finding — ES RA ; 


ay! yz! zæ 
also x, y, and z may each = 0. 


. From the 1st and 2nd by subtraction z— 5 oræty=z; then 


use the third to complete the solution. We shall obtain 
=y ==} (2c a2 (a? + 4ac — 4c)", 
2— [2e — a x JJ (a? + 4ac — 4c)) + 4o; 
x 9,/2 — J(a 4- c) - (9c — 3a), y 2,/2 = (at c) — J(oc — 3a), 
e A/2 — J(a 4 c). 


Form a quadratic in 2; then 2=6 or T. ; with the first value 


we get z—4 and y=5; with the second a=", y= 
Ae | DE oty Td. 
By eliminating z we get du ae and atur 3 


2,32 . 
h @e+y) (1-5) = —- a &c. 2, 1, % are the values of 


x, y,@; which values may be arranged in 6 ways. 
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76. Form a quadratic in z--3--z which gives 9 for one value, this 
leads to a cubic in æy, of which the roots may be seen to be 
6, 8, 12; hence for the values of x, y, z we get 2, 3, 4, which 
may be arranged in 6 ways. 

77. We may deduce æyz=0; thus one or more of the three a, y, z 
must be zero. The vostilis are 0, 0, 1, which may be ar- 
ranged in three ways. 78. v=a t s (a? Uc) 

19, 2-- or else 92* (a—2)—a*. 
XXIV. 1. 15 and 24. 2. 3.4.5; that is, 60. 3. 120 

and 121 yards, 4. Five miles per hour. 5. 66 on one side, 


22 on the other. 6. 28acres — 7. 14. — & Q(l«J) is 


Similarly for the other quantities. 


the produced part; « being the given line. 9. 50 and 15. 
10. 18. 11. Ninepence. 12. 30 Austrian; 36 Bavarian. 


13. 5 and 4. 14. The first worked 24 days at 4s. per day ; 
the second 18 days at 3s. per day. 15. 15 persons; each spent 
5 shillings. 16. 100 shares at £15 each. 17. z^ a^ —9(z4 1); 


"æ =9; the number is 3. 18. 7 per cent. and 6 per cent. 
19. Rate of train is - T 9 that of coach. 20. A 40 hours; B 60 hours. 
21. 70 miles. á 150 miles. 23. 5 hours and 3 hours. 


24. 15 hours and 10 hours. 25. 36 workmen, and each carried 

77 lbs. at a time; or 28 workmen, and each carried 45 lbs. at a time. 
abe(3abe — a? — V? — c?) 

(2a* E me tab)! 


then see Art. 70. 6. 1e a3 c ad a T. (a1) (aD). 


XXV. 1.1. 2. The expression = 


8. 5 I nn) e (LI n n? 9. æ=10. 13. £30. 


14 2.5.9, — l& @=0org. 17. @=1 4/2 or 1+ \/(-1). 


18. «=1, 2, 8, oris -lleJ(23). 19. æ=3=,/ðorl=,/5. 
20. (2x —1)- (Ur ay = ,/(4e—3)—,/(3a—2) ; then square; «=1. 
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21. c —a + 4c (x — a) - 4c =x - a — 45 (æt a) - 4b ; then extract 
2 


the square root; æ= (c= b)’ + Tezi 
*" 4an (1 — n) 
22. nz — n(x -- a — a); divide by J/(x - a) — Ja; x=0, «Tk 
) 
ac be 


23. r=, 5 (a+); y=, 5 (a+b). 24. Mni me t federe 


25. æ=3 or T. y=2 A 


5 5 
26. 2x a c— b s J(a* +b + è- 2be— 2ca — 2ab); x+y=c. 
Also = (ac), y — (be). 27. a= 2, y-L 2231]. 


28. Add the four equations; thus we get 
(vt at+yt2)?=4(a+b+0), 
and from this result and the first given equation 
(v - 2 — — z) — 8a; 


2v == „(ab c) + (2a) = ,/(26) + ,/(2c). 


XXVI 1.4395 10.1. 2 T : 15. 3. 18 and 27. 


5. Short road from Á to B is 26 miles; from B to C 52 miles. 
f 2abe 
6. Either va=yb=zc= Aon ac í 


or else xa +yb+zc=0 and a+y+z2=-1. 


AXXVIL 1.3 2. 6400. 3. 57. 4. S E. 


9. Suppose ad — bc; then 
a*d-(i«)-a-b- (,- 2) CaA imc 
a a 


10. In the first the wine is % of the whole; in the second 2. 
ll. A has £72 and B has £96; each stakes q% of his money. 
12. Female criminals $ of the male. 


XEWVEIL i L. € wes Kt LA OT, 
8 S144. 9 y-2242. 10.16 13.10. 14 (hen). 
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15. We have y -z—z-—A, (x-y—2)(z-z—y) = Byr; 
thus að — (y — z) = Byz, therefore z* — (y + 2) = (B — 4) yz, 
^ (@—y—2)(e@t+yt+2)=(B-4)yz, or -A(z*y 2) - (B — 4) ya. 


16. 2 (n — 1) hours. 18. 4 hours. 

XXIX. 1. 450, 1214 product 613260. 2. 321420111. 
3. 15tl. 4. 209. 5. 1105. 6. 624. 7. 2223. 
8. 1022634. 9. 17:6. 10. 1341-111. 11. 3015333. 


12. 1099-39. 13. 124:96. 14. 75346. 15. 1589349609575. 
16. 588; 1114. 17. 22441; 208466. 18. 152. 19. 11111. 
20. 44-4, in scale 3 it is 1001-2. — 21. 62444261, sq. root is 7071. 


120 l 5 i d 
99. 1101111. 23. 333 24. i 25. :02, that is, js 


26. Eight. 27. Six. 28. Eleven. 29. Five. 30. Six. 
31. Five. 35. 21° + 22 - 2? - 2 - 2*- 22 (c 2 1. 

36. 39'.- 9*.-3'— 3*1. 37. 3°-3°-3-1. 38. 39'-9'-39'-34]1. 
39. 'Three feet eleven inches. 40. Twenty-three inches and a third. 
43. 7" — 1 and 7"^' ; r being the radix and v the given number. 


XXX. 1.800. 2.4. 3. —333. 4. —-262. 5. —-2. 
6. 612. 1: 0. 8. 425. 9. 0. 10. n (8 - x). 


11. i3 n(13—n). 12. Common difference — 3. 13. 9. 


14. 4 or - 11. 15. 2» —- 1. 16. Number of terms is 10 or 
12; last term 3 or — 1. 17. Common difference 7. 


18. The number ot terms is m+”—1 or m+n; in the former 
case the last term is 1; in the latter case it is zero. 


20. n°, 5 {2 +4 (n—1)} or n (2n - 1). Milli. 22.20: 
23. 4 (n— 1) n (2n — 1) yards. 24. 1, 1334. 25. Nine 
means, 3, 5, 7, ...... 19. 26. Number of terms 19 or — 2. 
27. bor -10. 28. 40r7. 31. 4or9. 32. p+q+(m—1)2¢. 
36. 5, 9,13, 17, 21, 25. 37. 17. 38. 100 or — 107 
39. Number of terms7; middle term 11. 41.4* 42. -n(-1}". 
43. 110 (22 4 )(<1)). 46.9. — 4T. n (n 1) (n2). 
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n "YN 
50. 109-9. 51. 10’ 10' 10’ 10° 52. 25 months, 
53. mu pecks, calculated to last S z > weeks. 
54. ane hours. 55. 432 guineas. 


XXXI. 1. 5) -1)- 2 Dt 2 »[1 & 1. 


8( SÁ 16 50 2 
4. 31-3) \. Bc «E Tg 7) 
VES Ur ay) a an IA 
4 x12 1 2572 8 
14. 3" 15. 3° 16. [a TE 94 (5 +5) 
18—21. See Art. 473. 19. 4- (n +2) 2+, 
20. 6— (2n +3) 27*** 21. ; «c ly- wu] 
23. 81. 24. £108, £144, £192, £256. 
a í an yn TEM | 
25. ri (-1)"-1}. 328. £3. 48. 32. Common EA vi : 
` ar("—1) na $9 ad T MN ] 
wc ae . r2, 4-3; r is found by ar 
. n (&n? — 1 , 5n 
easy cubic. 39. A : Bl 20 10 -1)- T 
oe" Rs 93 
42. 2, 4, 8,12; or >, 2° 9° 5° 43, 2, 5, 8. 
5. a(1—br br) 
(-7-») 
6.8 * . 1 
XXXII. I. e 8 2. 9 3? 1 isnodi 19" 3. Let p 
2 bit PQ(p- 4) 
denote it, then 7 =-—+(n—1) ( "ha a) ; 4. po» 


6. The common diente in the arithmetical progression formed 


by the reciprocals is EN , 8. 2 and 4. 11. $83, 9. 
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12. The terms are 2 and 5 ; then the series can be continued. 


14. We may shew that A= and G = = and as A and 


a? — a? 
2a — b —-b" 
G are known, we can find the two 3800. 19. a? að, 
a^ — b°, a? — ab. 


XXXII . 1. 1341-1323. 7. 36 miles. 8. 64 gallons. 
9. A £100; B .£80. 


XXXIV. 1. 1190. 2. 453600. 3. 454053600. 
10 20.19 19.18. 

4. 31650. 5. 6. iD „ 20.) 19.18 
55 RLW MIS 

95 95 60 5 

AU = RAEN PA il 
PE peus [iss 


12. Suppose one person to remain fixed, and all possible permu- 
tations formed of the other n—1 persons. This gives |n —1 as 
the number of ways. But this counts as different ways a pair of 
cases in which each person has the same neighbours, but the 
right-hand neighbour of one case becomes the left-hand neigh- 
bour of the other, and vice versa. If such a pair of cases is 
counted as only one case, we must divide our former result by 2. 
For example, if there are three persons, there is only one way 


of arranging them, in the latter view. 13. |9, |10 - |9. 


14. 12.11.10 x A 15. If there is only one thing, 


E L 
it may be given away in n ways; then as a second thing 
may be given away in n ways, there are n° ways of giving 
away two ca and so on. 16. 552r +1; r8. 
if 

ER 


alike, and also the n things, 18. 


20. 4080. 21. 86400. 22. |5 x|3; if the three 
letters are to retain an invariable order, the answer is |5. 


|s*r. Or if the m things are exactly 


aad 


n (n. 3- 1) (n + 2) 
pP, 
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24. 90. 25. 36. 26. 3x|4x |4. E W. 
fit n(n-1) p(p-l) 

28. 3} 29. 120. 30. 13 bu: ad +1, 

s, 45200-52, pete ee? 32. Increase the 
i |24 

preceding result by unity. 35. |7; if 


MEE 


however each set may be in order, either from left to right, or 


from right to left, the answer is 8 x |7. 36. I. 8.7.6.5 cases 
without repetition. II. de. x - cases in which a occurs twice; 


also as many in which Z occurs twice; and as many in which n 


occurs twice. III. da cases in which æ and í each occur twice; 
also as many in which 4 and n each occur twice; and as many 
in which @ and n each occur twice. Total 2454. 


38. |4 x 11111 x 15. 


xvxv. 14k p aV. a POA? ana, 
E c d T 
12.11,10.9 (aap 2002. 2001. s 
9. WT ae 6°. 4, — a ee a, 
5. 625 — 2000x + 24002? — 12802? 4- 2562*. 
a Wen IB VAN. 
6 To ahy Lisi a gai 
Lan T SAER A 
9. lop ^ c. 10. up 4 ata). 
11. 64a5— 96a* + 36a? — 2. 12. 102. 

14. This follows directly; or thus, (1-2) *' (1—2)- (1 4-2)" (1—27). 
16. F 2nd to 5th te f (32) 1 Eat m* 
^ rom znd to rms o ( t jy! 8. a að 1) 
Tod. 34 
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[2n + 1 (- ly"z 9n—2r43 [2n vis d (-- Nat? 
|r-1 1 |2n — a as? [r= [2n-r+2 > 
C D'[2»*1,.. ] 
CEP ad 
20. (tt a? - (x - a J(- D]' {x-a J(- D 
- (4 +B J(- 1) (4A- B J(-1)] - 4*  £*. 


the middle 


terms are 


XXXVI 13. di d 
T (n - 1) (2n - 1) (3n - E "19 {r= n-1} x 
15 (p—1) asa tig NA 3 (r-1»-1), 
5. — - = x. 
lr 
1.8. 5....(2€.— 7) 215. 5...... (3r — 1) 
16. fo lis e nape s dU DN y A y A EE unn o d or 
EÐ (-lye 17 |y 
18. T;AMI (2r + 5) y 19. See (4r - 3) r 
ES EE. 
à 3 8 13.18 Y' 78 
97. 9 tis að hó A ie 
21. 2nd and 3rd terms 1 x 373: 28. 3rd term = 12 57 95° 
4.5.6 /5\* 9375 
29. 5th and 6th mur (7) = 9401" 
8.11 
30. 3rd term = 3 (a. 31. If n=1 the 2nd and 3rd 


terms are á greatest; if n —2 the 2nd term is the greatest; 
and for all other values of 7 the first term is the greatest. 


2. 
eo 33. Sixth term. — 36, ™** (2n?+ 4n +3). 


37. Coefficient of x is LIE MERCI 
vM a. |r 


obtained by dividing this expression by a. 


1 . [2a 
40. (1-3) , that is, „/2. ir 


; coefficient of z"*' is 
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XXXVII. 1. 6. 2. 10a,*a a + 20a,a a." + 5a,*. 


9. 3*+2°, 3*4. 97. 349°. 9* — 1905. £58 
5. 95 + 979. 5 — 25 


[i ment NIE i. is} 
Usu D6 * PEG * PEE * EB 
^ 2.6 —-2 3.8. 748". 5.T*. 8. — 64. 9. — 20. 
ið 35 903 37 1 35 
-5-7 4*3 a ces | M 
10. mou 9 11 5 12. 6415+ 8 3. 
$94 . 7.113943 n* - 6n? — 132? - 6n 
13. (S - ge) 14, 50 — 15 "PR Poner Un 
16. The expression is ((1--2) (1—2) ^J. Hence the required 
coefficient is 


7.6.5.4 | T.6.5 7.6 14.15 7 14.15.16 14.15.16.17 
1 I 


"XX d$ „144 l3: Dua" 
17. r4 1. 
n(n—1)(n—-2)(n—3) zı 4 7 (n—1).. .(n—4) 3293 , n(n—1)...(n—5) osas 
TUM CUBE UC ue 3 
R gd 2/34. "a en 98 


|3 UU s 


19. 0. 


n(n—1)...... m—4) „5 , n(n—1)...... n—3 

EUN OR SU LA 
n(n-l)(n-2) „3, a Sa b 
iama = aero We eS 21. — 23. 22. s UNE 

m (m — 1) (m — 2) 

93. eee a "mmy 

25. — 210. 26. 1260. 27. 12600. 


doal. S n (n—1) (n—2) 
t 


20. 


a, 4 m (m — l)aa, + ma,. 24. 20. 


28. a "na? * (b+e) + —— a^^? (b-- cy + a^^ (b «cy. 
ET Tor S 
nc vieta * FEBE 
36. May be proved by Induction. 37. For the first 
part put z-— 1. For the second part, let S denote the series, 
so that 
S — a, * 2a, 4- 3a, 4 ... nra, 5 


34—4 
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and as the coefficients of terms equidistant from the begin- 
ning and the end are equal, by Ex. 36, 
` S=a, „#20, ,t.-. nra, 
Then, by addition, 
28— nr (a, * a, ... - a] 2 nr (r+ 1)". 
38. (l+a+2*)"= 
Q,- GC a gc +0,0°+...+0,, 077 +a, X +a, 2; 
change the sign of x, and, since the coefficients of terms equi- 
distant from the beginning and the end are equal, we have 


a; T Bg, SE — ++ 
Multiply together, and select the coefficient of a^"; this will 
therefore be equal to the coefficient of z^" in 


(12 ay (1l— æt a^), that is, in (1 + à? 4 a*)". 


(1-22 )y-a,-—a 


AXXVIIRL 34 4. 2.2 3. 1; -1. 4. 5. 
5. 3;—2. 6. 698970 —2; 732393. 7. '118151—3. 
10. 4 {log 10 — 3 log 2}. 15. 20. 20. About 125 years. 


XXXIX. 1. This is an example of equation (1), Art. 545, 
m — (x4 1)(x—1) and n=2". 


n 
— ae ooo, . . 
9. log («+ 2h) a — log (a + A) log {1 acm}: 3. See Ex. 1 


1 
5. log (3 + 3a + x°) x — 3 log (1 #2) =log {1- qa: 


6. We have to find a series for 


4 2x -1 


c 

log (æt 1) - 5— 1 log æt 9 4 log (a — 1), 
: I) | 2z- 1 1 

that is, for log (1 #2) Tunc i98 (1-2), 


1 


2 i p» 
^ æ 

that is, for pt | log (1 - 2) M v8 eer . 
a 


T. 
æð ið a. 
9. (142) se (13). 
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XL. 1. Divergent if a>1, convergent if a 21. If a=1 we 


may suppose m= np; then compare with : E 3 + að his die and we 
1 
see it is divergent. 2. Series 12 ar --— + -— te} $ 
iz æta x+2a 
convergent. 3. Divergent if x> 1, yea ifz«l. Ifæ=l 


the general term is — = ig which is wh , and series is divergent. 
8 +1 n 


4. Convergent if a> y ; divergent if a<1. If a=1 the series is 
obviously divergent. 5. Divergent if æ> 1, convergent if æ < 1. 
If x= 1 the series is obviously divergent. 6. Same result as Ex. 5. 
1 l^ 1 4 1 
1+2 1+3 144? 


8. Divergent if x>l, convergent if z-1; if x=1, obviously di- 


7. Series > 14 


&c., and .*. divergent. 


vergent. 10. Divergent if x> 1, convergent if z«1; if x=1 
it is a series discussed in the text. 

XLI. 2. £900. 3. +E: 4. 23. 5. 40 : 41. 
6. Between 48 and 49. 7. Nearly 32. 

XLII. 1. 7 years. 2. 120 days. 

æ y _ æ thegiven sum E 

4. R= = R= = R= RP R= r 8. Equate the coeffi 
cients of a” in (1 - a)' 2 (1 +a)? (1 +æ)". 9. Equate the 


coefficients of a" in (1 +æ)" — (1-- 2)" "(æt 1)"7*. 


XLIIIL 1. £24. 10s. 2. Cent. per cent. 3. 4 per cent. 


4. £6400. 5. 34. 6. £7297:98. 7. £225 435. 
logg1b—lg2  X.. 
A Ta ied =a little more than 9. 


9. Pai MA where A is the first payment; m must be less 


than R. 10. e^, 11. » (ez. 12. P(1- ry. 
13. A x 2617238, 
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lodo B dod d. Xd 
mesi Od 1565 
I'TIUETTITIPUM 
* 3:44 34 34 14 24 170 
iud. me M p rw TUR 
Se hp the l*4494334-14: 3 
y 2 22 355 "UTE WELL 
CIUS q4 OM. stat Np ros 
ME 2408 B3 Hr 732 
KEM LI Gud UE NEL 
,3 4 ll bb , £ 33 268 2177 
tA Gaeta DOE Es?) ean 
sk Ee g 9, 91 515 5201 
"qge 5r Jr "1? 10’ 101? 1020" 
, 5 26 265 1351 a9 7 27 34 
uA, NEU UN ENS 41' 5. 
o 7 22 29 5l jo, 10 201 4030 80801 
A oqt a T^ "P^ 39" 401° 8040 
1 1 1 a Ya'+1 4a°+3a 8a*+8a*+1 
te ee d ee eT” Slade c 
12 hú ee n a 1 a-l a 2a—a-l 2a-1 
j l+ 2(a-1)+ 1+ 2(a-1)+°" 1’ 1’? 2a-1 " 2a * 
[$5 594,1 1 11 5.2a*41 datða 84 48241 
t 2724491208 L.., 3M ' Adg*l' 804-4 ~ 
1 1 1 1 
RE ica 2 2(a—1)+ 2+ 2(a—1)- ^ 
&-—-1.2a—1 4a°—Sa+l1  8a'—84+1 
v - dee ”? eut 
. 956 1520 1 1 
15. yt. 16. arg. 19. qi and TUM 
1 1 1 1 
20. (40 *" zi 2. (UTS) *"d T (G1) 
1-5 15.44 485 211 
26 3) v5 Sp pm n. i 28. S 
1549 251 | 114 17 
29. as 545 30. Y 31. ijg: 32. ,/2. 
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33. Positive root of z*--25 2 — 0. 


34. That of 72 —8x—3-— 0. - 35. That of Tæ + 8z-3 =0. 
36. That of 592° — 319x 431 = 0. 


XLVL 1. mað æ=l. 2. æ= 1, y — b. 
3. æ= For 6, y=20 or 1. 4. y=1+7t, x=41 —10t 
5. 2-25 — Tt, y= 25 + 3t. 6. æ=90— 19t, y= 13t. 
Tip, y= 5. 8. æ=7, y=5. 9. 2511, y= 18. 
10. @= ST, y= 15, 1l. 4 orð. 12. 19 or 20. 
13. 4, or 5. 14. 16. 15. 2." 16. 5. 
17. 3 guineas, 21 half-crowns. 18. 3 sovereigns, 20 francs. 


19. 185, 15; 119, 81; 53, 147. 20. 28 crowns, 20 half-crowns. 
21. when n is even, the common difference is 2; when n is odd, 


the common difference may be 1 or 2. 22. 245. 

23. 104 + 3.5.7.6. 24. 97. 25. Ascribe to y succes- 
sively the values 1, 2,...8; and in each case find the correspond- 
ing values of æ and z. 26. e=14+34, y=51-7t, 2= 634130. 


27. allowing a zero, there are 15 solutions; excluding it, there 
are 14. The solutions are found from 100—¢ half-crowns, 6¢ 


shillings, and 100—é sixpences. 28. allowing zeros, 
4 solutions; excluding them, 2. The solutions are found from 
4 — t guineas, 5¢ crowns, and 12 — 4¢ shillings. 29. 6 crowns, 
4 half-crowns, 2 florins. 30. allowing zeros, £2. 11s. 6d. ; 
excluding them, £2. 15s. 31. 100. 32. 205, 502. 
33. 974. 34. 5567. 35. 80 ducks, 19 oxen, 
1 sheep; or 100 sheep. 36. 4 sp i 

37. 49, 43, 38. 38. The 107 and 104“ divisions 


reckoned from either of the common ends. 
39. We must solve dx+4y+3z=20: the accompanying table 
exhibits the solutions of this 


&|[0[|0,/|1]|1 | 2) 4 equation. Then we can use 
y|2|5|o0|3|1|0 (1), (4) (5); or (2), (3), (5); 
æl4lo|5l1|2|0 or (3), (4), (4). 


(1) (2) (3) (4) (5) (6) 
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XLVIL 1 z-2, y-4; #=3, y- l. 


9. £24, y -21; 255, y=1. 3. 27-18, y 25. 
4, $— 10, y=1. . 6. 360. 6. 1684 square yards. 
7. 10 and 7. 9. 2-0, y-3; 2-2, y- 1. 
10. 2-1, y=3; 2-53, y - 15. 
1 /2a\" dvd ou 
REVEL La ($)- | 2. E (C1) - 5a} 
[E 7 y 1-p" 
3. -[s- ge tg] 4. p" 
5. (n 1)z". 6. (Tn + 5) (32)". 7. (nt ya". 
8. 12-2 —o...... 9. 1-- 2x - e&* — 43? — lla*...... 
buw d ow TX 1548: 95 a 
10. Ai uw oy S vC sé s es "mua E cr 


12. 1+pa+p(p—1)a*+(p°—2p*+ 1)2 - p(p' - 3p tp 2)2*...... 
is y» í 
" a-l fe ra xu) 


a tat, AE VOR nahi Ae 222229 
'" (-ey Í +æ l+ax ltaæ lax 
15. a=1,b=11, e=11, d=1, e=0. 
4—11lz 
n 9 n 
LECT TRIES eneral term (32)" + 3 (2z)". 
l+a 
2. 1 105.317 general term 2 (Tar = (32)". 
1- 2a 
9. 1 Hund general term À (1 + a 
4. « less than 1. 5. 2- (bn + 6). 6. 3*-»- l. 


64 54. 2 + 5a + 5a* Ca MES 
T. gn g"? 47. 8. Ji OP d (—1)"a"(n?— 2n + 2). 


L 3 1-.——;l. 
ES 


Mo NUR MM Sie 3 hn 
' 96 2(m+2)(m+3) 4 (m4 1) (W+2) (w+ 8) (n+ 4)’ 967 
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5 iui. E Á 1 Ek. ) ti 
j s 2 3 n+l n2 n+3/’ 18 
6 1 (1 1 | H gro a oS S 
: Barr s 32 "6 (n+2)(n+3)’ 6 
8 n (n + 1) (n+ 2) 11. a" {n(æ- 1) - 1f + a^*' - (w+ 1) 
. ioe =e LI PEL i. (= — 1)? * 
12. Ts (ra D^. 
x ca eat 
13. Expand and we get (l-ay {l+q +- nge * m Gu piod. wi 
14. fitnar de ÞNA hits SR (m+ m-2) im ja 
hea |m-1 l 
15 (1-3) =2 (1-5) 18. 165 19. 460. 
LI 3 3 LI LI LI 
22. Proceed thus; suppose : 
(1+ av) (1 + gw) (1 + wv) ...... (1 + av) 
=1+Av+A,v'+...... +4,0, 
where Á,, Á,, ...... A, do not contain v. 


Now change v into av; thus we can infer that 
(11 4014, s...... + Apa) (lt!) 
= (1+ Amo + A mtv + ...... + Aa? v?) (1 +20). 
Now equate the coefficients of the same powers of v on the two sides. 


25. LE = 12cm ; therefore 
(142) (1-2 - a3 s +...... } 
1 a” af a 
Tice” I Ge (Gee en 


Expand each term of the last line by the Binomial Theorem and 
then equate the coefficients of z" on the two sides. 


LI. 8. 2% is > or <ætl according as w is > or <1. 


16. This depends on the sign of (a—6) (b — c) (c — a). 
22 and 24 depend on Art. 676. 23. As many of the fol- 
lowing inequalities as may be required will be found to hold; 
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2(n—1)2», 3(n-2)>n,...... ; then by multiplication the 


result is obtained. 25. may be deduced from Ex. 23. 
29. See Ex. 3 of Chap. xxv. 31. Multiply up; then use 
Art. 676. 32. Put 1—a=b, and expand (1— 5)' by the 


Binomial Theorem; the series will be convergent. We shall 
then have to shew that 


(r—1)5 (#—1) (« —2) b 
NT ne mcs Ht. wi: 


and this is obvious, since c is < 1. 


LII. 2. 66. 3. 3.5*. A1*. i 339.5. 
5. 2°. (8237. 12. suppose x to lie between m? and (m+ 1)’; 
then n— ab = (m+ m — n). 19. n*—n+1 is greater than 
(n — 1)* and less than n’. 20. Suppose, if possible, 2? -- 1 = m; 
then n'=(m— 1) (mt 1). Now no factor, except 2, can divide 
both m— 1 and m- 1, and: 2 cannot here divide them, for n is 
odd. Hence m—1 and m+1 must both be perfect cubes; but 
this is impossible; for the difference of two cubes cannot be so 


small as 2. . 985, 36, 37, 38. These all depend on Fermat’s 
Theorem. 43. 22680. 44, rignt, 45. 12. 
46. 12. 47. 160 divisors. 48. 6. öl. (n4 1j. 
53 and 54 must be solved by trial; the answer to 53 is 2*. 37.5, 
and the answer to 54 is 2*.3*.5 . 7. 57. $22.05. 7*2, 
y =2.5.7.t. 

LIII. 1. 27 to 8 against. 2. E 4. à. 5. 1. 
6. 2 T. ir 8. 7 to 2. 10. A’s chance of losing 

18 36 


is $, and of neither winning nor losing is 4; D’s chance of win- 
ning is į, and of neither winning nor losing is 4; B and C have 
each the chance } of winning, À of losing, 4 of neither. Or more 
simply, A’s chance of winning is $, B’s and C's 1, and D’s $, if 


we suppose that one of the boats must win. — 11. Á 12. ES : 
3 1 n 18586 31031 
14. lá: 15. PE 16. P 18. G6y ' Tr g 
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12393 5v 35 2551 
g 2 aaa Rg | z[ zs e og 
30 o 21 G)- 22, 1 (38). 23. Í 
13x6 [4.4 1053 
24. 51x 50 x49" 2. 5351.50.49" "DT 
4 b m-l n—1W T 
29. 5. 30. „ (í) ={1-( - )}. UM 
32. The first; odds 10 to 9 in favour of it. 33. 4. 
10 E 3 1 [23 1013 
2: y 1 =. — 
AR quss "m ji \. 
nm Ww 1 
" : 91. 
40. 1 (3) 41. 033. 42.5. 
I ori! CET! 
44. TEETER 45. The same result. 
COMM n 
46. |P. |Pel Ps 47, E 48. 11 toð. 
|^ " 
49. 6; £. 5l. a 53. Let A's chance of winning 
a single game be a, and Z's chance l—2; then A's chance 
p witing the set ip eee 54. 3 
of winning the set is —- z. Zr 


55. PtP Pa P Ps PaPa -PaP tP PPs) PPP Pat PeP 29 DD 


30 31 
5 j X =a 5 illi ces. 
57. (55y. 58. 61 and E 59. 21 shillings 
60. 42 shillings. 61. £400. 62. 35s. 8d. 63. £10. 
64. Acflorin. 65. 3 florins, 1 sovereign. 66. 2 to l; 
; 2r41l. 3n (n+ 1) 
1 of what each stakes. 6T. 3 68. Fn) 
69. 33333 shillings. 10. En shillings. ie EA 72. d 
2 3 1265  ,5087 910 
e —L—AR 4, =. - 10223 f RI . £—_. 
Manlio Fo! ee OT 
2 11 ab + ac+be 
the =" 80. 50° . (a+c) (b+ c) 
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LIV. 1. J(1-25-2-12 3. 2. Substitute for æ? 
from the first equation in the second ; thus we shall obtain either 
y =bn or x= ii " 4. Square; and put the equation in 
the form (x° — 4x)?= 24 (x — 1)". Bi 6— 110. 


6. Multiply up in the given relation. 
2 NA 
T. Ey- C M dn | ; and also 


n 4n* 4n? 
fem (W-n)*)73 
={ EM uj ; 


n 1 
9. Equate the coefficient of œ” in the expansion of fr 
CUT (Lem) 


&nd in the expansion of the partial fractions into which this 
expression may be decomposed. 


Vi» 4d lg. E 1+ WEE JF 
3. The radix is 8. 5. 5. 6. 2-264; y=495—21t. 


(1—2) 4^ 


7. 1- me 


, where p= 2". 
8. (1-27 a^ (1— æ)? is always positive. 

1 
12. — logn=log 5.5.5 ies vw Hence we may regard the 
general term of the series as L slog (1 -=) ; and by expanding 
log (1 -5) the general term is found to be numerically less than 


- e Then see Art. 562. 14. If he draws again from 


the same bag, his chance of getting a sovereign is 2, and his 
chance of getting a shilling is 7; thus his expectation is 4° shil- 
lings. If he draws from the other bag, his chance of getting a 


sovereign is 7, and his chance of getting a shilling is 2; thus 
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(n—1)R-n+h'™ 
n (& — 1) f 
where R is the amount of one pound in one year, 
LVI. 2. ab+be+ca+ 2abc — 1. 
3. (a +b cy =— 8 (ab + be + ca)’. 
„ œ +b +e- abc — 4. 
. a be (e +b? +e + 2abe) = a? b e. 


his expectation is $3 shillings. 16. 


1 

5 

6. (x? + y^ = z, 

T. 5 (a! — 6°) (2a° + ?) = 9a (a^ — c?). 
8 

9 

1 


Ë +ac\% fc— ES 
Í ae) p ( ami 
. aB=1+y. 10. (a — by (a? +8’) = a^ V. 
. (a+ B) (a - Bj = 2. 
13. c (y? — 25) + 2y (2? — a^) + 4z (£ — ^) - 0. 
14. (4 b)5— (a — b) = (8c). 16. 399. 
17. This problem can be solved by the aid of the principles 
I. and TI. of Art. 762. Let p, be the probability of a single 
event with three cards of a selected suit; let p, be the probability 
of a selected pair of events; let p, be the probability of a selected 
triad of events; and so on. Then 
m (m — 1) 
2 


FERRIERS 


m (m — 1) (m — 2 
I =mp,; f= i a }p 


We have now to find p,, p,, p,;...... 

Imagine three cards fastened together, so as to form one card; 
we should then have ma — 2 cards instead of mn. The number of 
favourable cases would be |mn — 2, and the whole number of 


mn — 2 
cases |mn; this would give a chance denoted by = =; and to 


obtain p, we must multiply this result by L3, for the cards 
imagined to be fastened together could be permuted among them- 
6 


selves in |3 ways. Thus p = T -— S 
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6° —4 
Similarly p, = RM ; and soon. Hence, finally, the re- 


quired chance is 
gms 1) 63” 0:1) (m— 2) 


6m |3 
mn (mn — 1) ~ mn... (mm — 3) * ma... (mn-5) ` en 
18 [m+n 
" a a? æð 
19. The expression I ACCES becomes by 


expansion 
3 5 T 9 
DHELE ta’ +a°4+... 
= eo — eg" ge" Ww"... 


+t a4 oe 4a 4 oH T 


Then, by adding the vertical columns, we obtain 
3 


a 4 ky d. + 
jew 194 liane Rer 


20. Let 
a — (1-2) (1-2?) (1-2)... 
B (1*2) (lt æð) (1. 2?)..., 
y 7 (1— a) (1— a*) (1— a)... 
ò= (125 (1425) (1-25)... ; 
then a8 — (1—a* (1— 25) (1— z^)... 
78 = (1—a*) (1-2) (1 - 2*5)... ; 
thus afyà-y; 


therefore a83=1, and therefore - B38. 
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CAMBRIDGE CLASS BOOKS 


FOR 


SCHOOLS AND COLLEGES. 


WORES by the Rev. BARNARD SMITH, M.A. 
Fellow of St. Peter's College Cambridge. 


Arithmetic & Algebra 
In their Principles and Applications. 


With numerous Examples, systemat- 
ically arranged. 


Eighth Edit. 696 pp. (1861). Cr. 8vo. 
strongly bound in cloth. 10s. 6d. 


The first edition of this work was published 
in 1854. It was primarily intended for 
the use of students at the Universities, 
and for Schools which prepare for the 
Universities. It has however been found 
to meet the requirements of a much 
qe class, and is now extensively used 
in Schools and Colleges both at home and 
in the Colonies. It has also been found 
of great service for students preparing 
for the MrppLE-CLass and CIVIL AND 
MILITARY SERVICE EXAMINATIONS, from 
the care that has been taken to elucidate 
the principles of all the Rules. Testi- 
mony of its excellence has been borne by 
some of the highest practical and theo- 
retical authorities; of which the follow- 
ing from the late DEAN PEACOCK may 
be taken as a specimen. 


* Mr. Smith's Work is a most useful 
publication. The Rules are stated with 
great clearness. The Examples are well 
selected and worked out with just suffi- 
cient detail without being encumbered by 
too minute explanations; and there pre- 
vails throughout it that just proportion of 
theory and practice, which is the crown- 
ing excellence of an elementary work." 


2. Arithmetic 
For the Use of Schools. 


New Edition (1862) 348 pp. 
Crown 8vo. strongly bound in cloth, 
4s. 6d. Answers to all the Ques- 
tions. 
8. Key to the above, contain- 
ing Solutions to all the Questions 


in the latest Edition. Crown 8vo. 
cloth. 392 pp. Second Edit. 8s. 64. 


To meet a widely expressed wish, the 
ARITHMETIC was published separately 
from the larger work in 1854, with so 
much alteration as was necessary to make 
it quite independent of the ALGEBRA. It 
has now a large and increasing sale in all 
classes of Schools at home and in the Colo- 
nies. A very copious collection of Ex- 
amples, under each rule, has been em- 
bodied in the work in a systematic order, 
and'a Collection of Miscellaneous Papers 
in all branches of Arithmetic have been 
appended to the book. 


4. Exercises in Arith- 
metic. 104 pp. Cr. 8vo. (1860) 
2s. Or with Answers, 2s. 6d. 
Also sold separately in 2 Parts 
ls. each. Answers, 64. 

The EXERCISES have been published 
in order to give the pupil examples of 
every rule in Arithmetic, and a great 
number haye been carefully compiled 
from the latest University and School 
Examination Papers. 


www.rcin.org.pl 


CAMBRIDGE 


CLASS BOOKS 


WORKS by ISAAC TODHUNTER, M.A. F.R.S. 
Fellow and Principal Mathematical Lecturer of 8t. John's College, Cambridge. 


1. Algebra. 
For the Use of Colleges and Schools. 


Third Edition. 542 pp. (1862). 
Strongly bound in cloth. 7s. 6d. 


This work contains all the propositions 
which are usually included in elementary 
treatises on Algebra, and a large number 
of Examples for Exercise. The author 
has sought to render the work easily in- 
telligible to students without impairing the 
accuracy of the demonstrations, or con- 
tracting the limits of the subject. The 
Examples have been selected with a view 
to illustrate every part of the subject, and 
as the number of them is about sixteen 
hundred and fifty, it is hoped they will 
supply ample exercise for the student. 
Each set of Examples has been carefully 
arranged, commencing with very simple 
exercises, and proceeding gradually to 
those which are less obvious. 


2. Plane Trigonometry 
For Schools and Colleges. 


2nd Edit. 279 pp. (1860). Crn. 8vo. 
Strongly bound in cloth. — 5s. 


The design of this work has been to ren- 
der the subject intelligible to beginners, 
and at the same time to afford the student 
the opportunity of obtaining all the infor- 
mation which he will require on this branch 
of Mathematies. Each chapter is followed 
by a set of Examples; those which are 
entitled Miscellaneous Examples, together 
with a few in some of the other sets, may 
be advantageously reserved by the student 
for exercise after he has made some pro- 
gress in the subject. As the Text and Ex- 
amples of the present work have been 
tested by considerable experience in teach- 
ing, the re is entertained that they will 
be suitable for imparting a sound and com- 
prehensive knowledge of Plane Trigo- 
nometry, together with readiness in the 
application of this knowledge to the so- 
lution of problems. In the Second Edition 
the hints for the solution of the Examples 
have been considerably increased. 


3. Trigonometry. 
For the Use of Colleges and Schools. 


112 pp. Crown 8vo. (1859). 
Strongly bound in cloth. 4s. 6d. 


This work is constructed on the same 
plan as the Treatise on Plane Trigono- 
metry, to which it is intended as a sequel. 
Considerable labour has been expended 
on the text in order to render it compre- 
hensive and accurate, and the Examples, 
which have been chiefly selected from Uni- 
versity and College Papers, have all been 
carefully verified. 


The Integral Calculus 
And its Applications. 
With numerous Examples. 


Second Edition. 342 pp. (1862). 
Crown 8vo. cloth. 10s. 6d. 


In writing the present Treatise on the 
Integral Calculus, the object has been to 
produce a work at once elementary and 
complete—adapted for the use of beginners, 
and sufficient for the wants of hvistðnd 
students. In the selection of the propo- 
sitions, and in the mode of establishing 
them, the author has endeavoured to ex- 
hibit fully and clearly the principles of 
the subject, and to illustrate all their most 
important results. In order that the stu- 
dent may find in the volume all that he 
requires, a large collection of Examples 
for exercise has been appended to the 
different chapters. 


5. Analytical Statics. 


With numerous Examples. 
Second Edition. 330 pp. (1858). 
Crown 8vo. cloth. 10s. 6d. 


In this work will be found all the pro- 
positions which usually appear in treatises 
on Theoretical Statics. To the different 
chapters Examples are appended, which 
have been selected principally from the 
University and College Examination Pa- 
pers; these will furnish ample exercise in 
the application of the principles of the 
| subject. 
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FOR SCHOOLS AND COLLEGES. 5 
WORKS by ISAAC TODHUNTER, M.A., F.R.S.—continued. 


6. The 


AN ELEMENTARY TREATISE ON THE 
i i alculus. á 
Differential Calculus Theory of Equations. 
With numerous Examples. 


Third Edition, 398 pp. (1860). With a Collection of Examples. 


Crown 8vo. cloth, 10s. 6d. Crown 8vo. cloth. 7s. 6d. 


This work is intended to exhibit a com- This treatise contains all the proposi- 
prehensive view of the Differential Calcu- | tions which are usually included in ele- 
lus on the method of Limits. In the more | mentary treatises on the Theory of Equa- 
elementary portions, explanations have | tions, together with a collection of Ex- 
been given in considerable detail, with | amples for exercise. This work may in 
the hope that a reader who is without the | fact be regarded as a sequel to that on 
assistance of a tutor may be enabled to ac- | Algebra by the same writer, and accord- 
quire a competent acquaintance with the | ingly the student has occasionally been 
subject. More than one investigation of | referred to the treatise on Algebra for pre- 


a theorem has been frequently given, | liminary in formation on some topics here 
because it is believed that the student de- | discussed. 


rives advantage from viewing the same 
proposition under different aspects, and 
that in order to succeed in the examina- 
: tions which he may have to undergo, he 
should be prepared for a considerable va- 
riety in the order of arranging the several 
branches of the subject, and for a corres- 
pens variety in the mode of demonstra- 
on. 


9. History of the Progress 
of the 


Calculus of Variations 
During the Nineteenth Century. 


8vo. cloth. 532 pp. (1861). 12s. 


It is of importance that those who wish 
to cultivate any subject may be able to 
ascertain what results have already béen 
obtained, and thus reserve their strength 
for difficulties which have not yet been 
conquered. The Author has endeavoured 
in this work to ascertain distinctly what 
has been effected in the Progress of the 
Caleulus, and to form some estimate of 
the manner in which it has been effected. 


7. Plane Co-Ordinate 
Geometry 


AS APPLIED TO THE STRAIGHT LINE 
AND THE CONIC SECTIONS; 


With numerous Examples. 
Third and Cheaper Edition. 
Crn. 8vo. cl. 326 pp. (1862). 7s. 64. 


This Treatise exhibits the subject in a 
simple manner for the benefit of beginners, 
and at the same time includes in one 
volume all that students usually require. 
The Examples at the end of each chapter 
will, it is hoped, furnish sufficient exercise, 
as they have been carefully selected with 
the view of illustrating the most impor- 
tant points, and have been tested by re- 
peated experience with A ils. In con- 
sequence of the demand for the work |. 
proving much greater than had been 
originally anticipated, a large number of 
copies of the Third Edition has been 
printed, and a considerable nione 
effected in the price, 


10. EXAMPLES OF 


Analytical Geometry 
of Three Dimensions. 
76 pp. (1858). Crn. 8vo. cloth. 4s. 


A collection of examples in illustration 
of Analytical Geometry of Three Dimen- 
sions has long been required both by 
students and teachers, and the present 
work is published with the view of sup- 
plying the want. 
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By J. H. PRATT, M.A. 


Archdeacon of Calcutta, late Fellow of 
Gonville and Caius College, Cambridge. 


A Treatise on 


Attractions, 


La Places Functions, and the Figure 
of the Earth. 


Second Edition. Crown 8vo. 126 pp. 
(1861). cloth. 6s. 6d, 


Inthe present Treatise the author has 
endeavoured to supply the want of a work 
on a subject ôf great d and high 
interest—La Place's Coefficients and Fune- 
tions and the caleulation of the Figure of 
the Earth by means of his remarkable ana- 
lysis. No student of the higher branches 
of Physical Astronomy should be ignorant 
of La Place's analysis and its result—‘‘a 
calculus,” says Airy, “the most singular 
in its nature and the most powerful in its 
application that has ever appeared.?? 


———— 
By G. B. AIRY, M.A. 
Astronomer Royal. 


1. Mathematical Tracts 


On the Lunar and Planetary Theories, 
Figure of the Earth, the Undulatory 


Theory of Optics, ge. 
Fourth Edition. 400 pp. (1858). 
8vo. 1ós. 


2. Theory of Errors of 


Observations 
And the Combination of Observations. 
103 pp. (1861). Crown 8vo. 6s. 64. 


In order to spare astronomers and ob- 
servers in natural philosophy the confusion 
and loss of time which are produced by 
referring to the ordin treatises em- 
bracing both branches of Probabilities, the 
author has thought it desirable to draw 
up this work, relating only to Errors of 
Observation, and to the rules derivable 
from the consideration of these Errors, for 
the Combination of the Results of Obser- 
vations. The Author has thus also the 
advantage of entering somewhat more 
fully into several points of interest to the 
observer, than can possibly be done in a 
General Theory of Probabilities. 


CAMBRIDGE CLASS BOOKS. 


By GEORGE BOOLE, D.C.L. 


Professor of Mathematics in the Queen's 
University, Ireland. 


Differential Equations 


468 pp. (1859). Crn. 8vo. cloth. 14s. 


The Author has endeavoured in this 
treatise to convey as complete an account 
of the present state of knowledge on the 
subject of Differential Equations as was 
consistent with the idea of a work in- 
tended, primarily, for elementary instruc- 
tion. The object has been first of all to 
meet the wants of those who had no pre- 
vious acquaintance with the subject, and 
also not quite to disappoint others who 
might seek for more advanced informa- 
tion. The earlier sections of each chapter 
contain that kind of matter which has 
usually been thought suitable for the 
beginner, while the latter ones are devoted 
either to an account of recent discovery, 
or to the discussion of such deeper ques- 
tions of principle as are likely to present 
themselves to the reflective student in con- 
nection with the methods and processes 
of his previous course. 


2. The Calculus of 


Finite Differences. 


248 pp. (1860). Crown 8vo. cloth. 
10s. 6d. 

In this work particular attention has 
been paid to the connexion of the methods 
with those of the Differential Caleulus—a 
connexion which in some instances in- 
volves far more than a merely formal 
analogy. The work is in some measure 
designed as a sequel to the Author's Trea- 
tise on Differential Equations, and it has 
been composed on the same plan. 


— — 


Elementary Statics. 


By the Rev. GEORGE RAWLINSON, 
Professor of Applied Sciences, Elphin- 
stone Coll., Bombay. 

Edited by the Rev. E. STURGES. M.A. 
Rector of Kencott, Oxfordshire. 
(150 pp.) 1860. Crn. 8vo. cl. 4s. 6d. 


This work is published under the au- 
thority of H. M. Secretary of State for 
India for use in the Government Schools 
and Colleges in India. 
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By P. G. TAIT, M.A., and 
W. J. STEELE, B.A. 
Late Fellows of St. Peter’s Coll. Camb. 


Dynamics of a Particle. 
With numerous Examples. 
304 pp. (1856). Cr. 8vo. cl. 10s. 6d. 


In this Treatise will be found all the 
ordinary propositions connected with the 
Dynamics of Particles which can be con- 
veniently deduced without the use of 
D'Alembert's Principles. Throughout the 
book will be found a number of illus- 
trative Examples introduced in the text, 
and for the most part completely worked 
out; others, with occasional solutions or 
hints to assist the student are appended to 
each Chapter. 

—— 


By the Rev. G. F. CHILDE, M.A. 


Mathematical Professor in the South 
African College. 


Singular Properties of 


the Ellipsoid 


And Associated Surfaces of the nth 
Degree. 


152 pp. (1861). 8vo. boards. 10s. 6d. 


As the title of this volume indicates, 
its object is to develope peculiarities in 
the Ellipsoid; and further, to establish 
analogous properties in unlimited con- 
generic series of which this remarkable 
surface is a constituent. 


——— 
By J. B. PHEAR, M.A. 


Fellow and late Mathematical Lecturer of 
Clare College. 


Elementary Hydrostatics 


With numerous Examples and 
Solutions. 


Second Edition. 156 pp. (1857). 
Crown 8vo. cloth. ós. 6d. 


** An excellent Introduetory Book. The 
definitions are very clear; the descriptions 
and explanations are sufficiently full and 
intelligible; the investigations are simple 
and scientific, The examples greatly en- 
hance its value."—EwGcGLtiSH JOURNAL OF 
EDUCATION. 

This Edition contains 147 Examples, and 
solutions to all these examples are given 
at the end of the book. 


By Rev. S. PARKINSON, B.D. 


Fellow and Prælector of St. John’s Coll. 
Cambridge. 


1. Elementary Treatise 
on Mechanics. 


With a Collection of Examples. 


Second Edition. 345 pp. (1861). 
Crown 8vo. cloth. 9s. 6d. 


The Author has endeavoured to render 
the present volume suitable as a Manual 
for the junior classes in Universities and 
the higher classes in Schools. With this 
object there have been included in it those 
portions of theoretical Mechanics which 
can be conveniently investigated without 
the Differential Calculus, and with one 
or two short exceptions the student is not 
presumed to require a knowledge of any 
branches of Mathematics beyond the ele- 
ments of Algebra, Geometry, and Trigo- 
nome A collection of Problems and 
Examples has been added, chiefly taken 
from the Senate-House and College Ex- 
amination Papers—which will, itis trusted, 
be found useful as an exercise for the stu- 
dent. In the Second Edition several ad- 
ditional propositions have been incorpo- 
rated in the work for the purpose of 
rendering it more complete, and the Col- 
lection of Examples and Problems has 
been largely increased. 


2. A Treatise on Optics 
304 pp. (1859). Crown 8vo. 10s. 64. 


A collection of Examples and Problems 
has been appended to this work which 
are sufficiently numerous and varied 
in character to afford an useful exercise 
for the student: for the greater part of 
them recourse has been had to the Ex- 
amination Papers set in the University and 
the several Colleges during the last twenty 
years. 


Subjoined to the copious Table of Con- 
tents the author has ventured to indicate 
an elemen course of reading not un- 
suitable for the requirements of the First 
Three Days in the Cambridge Senate 
House Examinations. 
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By R. D. BEASLET, M.A. 
Head Master of Grantham School. 


Plane Trigonometry. 


AN ELEMENTARY TREATISE. 


With a numerous Collection. of 
Examples. 


106 pp. (1858), strongly bound in 
cloth. 3s. 64. 


This Treatise is specially intended for 
use in Schools. The choice of matter has 
been chiefly guided by the requirements 
of the three days’ Examination at Cam- 
bridge, with the exception of proportional 
parts in logarithms, which have been 
omitted. About four hundred Examples 
have been added, mainly collected from 
the Examination Papers of the last ten 
years, and great pains have been taken 
to exclude from the body of the work any 
which might dishearten a beginner by 
their difficulty. 


—9—— 


By J. BROOK SMITH, M.A. 
St. John's College, Cambridge. 


Arithmetic in Theory 
and Practice. 
For Advanced Pupils. 

Part I. Crown 8vo.cloth. 3s. 6d. 


This work forms the first part of a Trea- 
tise on Arithmetic, in which the Author 
has endeavoured, from very simple prin- 
ciples, to explain in a full and satisfactory 
manner all the important processes in that 
subject. 

The proofs have in all cases been given 
in a form entirely arithmetical: for the 
author does not think that recourse ought 
to be had to Algebra until the arithmetical 
proof has become hopelessly long and per- 
plexing. 

At the end of every chapter several ex- 
amples have been worked out at length, 
in which the best practical methods of 
operation have been carefully pointed out. 


By G. H. PUCKLE, M.A. 
Principal of Windermere College. 


Conic Sections and 
Algebraic Geometry. 


With numerous Easy Examples Pro- 
gressively arranged. 


Second Edition. 264 pp. (1856). 
Crown 8vo. 7s. 6d. 


This book has been written with special 
reference to those difficulties and misap- 
prehensions which commonly beset the 
student when he commences. With this 
object in view, the earlier part of the 
subject has been dwelt on at length, and 
geometrical and numerical illustrations of 
the analysis have been introduced. The 
Examples appended to each section are 
mostly of an elementary description. The 
work will, it is hoped, be found to con- 
tain all that is required by the upper 
classes of schools and by the generality 
of students at the Universities. 


— 


By EDWARD JOHN ROUTH, M.A. 


Fellow and Assistant Tutor of St. Peter's 
College, Cambridge. 


Dynamics of a System 
of Rigid Bodies. 


With numerous Examples. 


336 pp. (1860). Crown 8vo. cloth. 
10s. 64. 


Contents: Chap. I. Of Moments of 
Inertia.—II. D'Alembert's Principle. — 
III. Motion about a Fixed Axis.—IV. 
Motion in Two Dimensions.—V. Motion 
of a Rigid Body in Three Dimensions.— 
VI. Motion of a Flexible String.— VII. 
Motion of a System of Rigid Bodies.— 
VIII. Of Impulsive Forces.—IX. Miscel- 
laneous Examples. 


The numerous Examples which will be 
found at the end of each chapter have 
been chiefly selected from the Examina- 
tion Papers set in the University and 
Colleges of Cambridge during the last few 
years, 
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The 
Cambridge Year Boo 


AND UNIVERSITY ALMANACK 
For 1862. 
Crown 8vo. 228 pp. price 2s. 64. 


The Publication for 1863 will be ready 
on January 1, 1863. 


The specific features of this annual pub- 
lication will be obvious at a glance, and 
its value to teachers engaged in preparing 

' students for, and to parents who are send- 
ing their sons to, the University, and to 
the publie generally, will be clear. 

l. The whole mode of proceeding in 
entering a student at the University and 
at any particular College is stated. 

2. The course of the studies as regulated 
by the University examinations, the man- 
ner of these examinations, and the specific 
subjects and times for the year 1862, are 
given. 

3. A complete account of all Scholar- 
ships and Exhibitions at the several Col- 
leges, their value, and the means by which 
they are gained. 

4. A brief summary of all Graces of the 
Senate, Degrees conferred during the year 
1861, and University news generally are 

ven. 

5. The Regulations for the Locar Ex- 
AMINATION of those who are not members 
of the University, to be held this year, 
with the names of the books on which the 
Examination will be based, and the date 
on which the Examination will be held. 


——9—— 


By N. M. FERRERS, M.A. 
Fellow and Mathematical Lecturer of 
Gonville and Caius College, Cambridge. 


AN ELEMENTARY TREATISE ON 


Trilinear Co-Ordinates 


The Method of Reciprocal Polars, 
and the Theory of Projectiles, 


154 pp. (1861). Cr. 8vo. cl. 6s. 6d. 


The object of the Author in writing 
on this subject has mainly been to place 
it on a basis altogether independent of the 
ordinary Cartesian System, instead of re- 
garding it as only a special formof abridged 
Notation. A short chapter on Determi- 
nants has been introduced. 


By J. C. SNOWBALL, M.A. 


k Late Fellow of St. John's Coll. Cambridge. 


Plane and Spherical 
Trigonometry. 


With the Construction and Use of 
Tables of Logarithms. 


Ninth Edition. 240 pp. (1857). 
Crown 8vo. 7s. 6d. 


In preparing a new edition, the proofs 
of some of the more important propositions 
have been rendered more strict and ge- 
neral; and a considerable addition, of more 
than two hundred Examples, taken prin- 
cipally from the questions in the Examina- 
tions of Colleges and the University, has 
been made to the collection of Examples 
and Problems for practice. 


—— 


By W. H. DREW, M.A. 
Second Master of Blackheath School. 


Geometrical Treatise 
on Conic Sections. 
With a copious Collection of Examples. 


Second Edition. Crown 8vo. cloth. 
4s. 6d. 


In this work the subject of Conic Sec- 
tions has been placed before the student 
in such a form that, it is hoped, after 
mastering the elements of Euclid, he may 
find it an easy and interesting continuation 
of his geometrica}, studies. With a view 
also of rendering the work a complete 
Manual of what is required at the Uni- 
versities, there have been either embodied 
into the text, or inserted among the ex- 
amples, every book work question, prob- 
lem, and rider, which has n proposed 
in the Cambridge examinations up to the 
present time. 


Solutions to the Pro- 
blems in Drew's Co- 
nie Sections. 


Crown 8vo. cloth. 4s. 6d. 
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Senate-House Mathe- 


matical Problems. 
With Solutions. 


1848-51. By Ferrers and Jackson. 8vo. 

daa (Rrpers). By Jameson. 8vo. 

1854. Rii Watton and MACKENZIE. 

1857 By Campion and Watton. 8vo. 

1860. By Rouru and Warsow. Crown 
8vo. 7s. 6d. 


The above books contain Problems and 
Examples which have been set in the 
Cambridge Senate-house Examinations at 
various periods during the last twelve 

ears, together with Solutions of the same. 
The Solutions are in all cases given by 
the Examiners themselves or under their 
sanction. 

—9—— 
By H. A. MORGAN, M.A. 


Fellow of Jesus College, Cambridge. 


A Collection of Mathe- 
matical Problems and 


Examples. 
With Answers. 


190 pp. (1858). Crown 8vo. 6s. 6d. 


This book contains a number of prob- 
lems, chiefly elementary, in the Mathe- 
matical subjects usually read at Cam- 
bridge. They have been selected from 
the papers set during late years at Jesus 
College. Very few of them are to be met 
with in other collections, and by far the 
larger number are due to some of the most 
distinguished Mathematicians in the Uni- 
versity. 

——— 
By J. HERBERT LATHAM, M.A. 
Civil Engineer. 

THE CONSTRUCTION OF 
Wrought-Iron Bridges 
Embracing the Practical Application 

of the Principles of Mechanics to 

Wrought-Iron Girder- Work. 


“The great merit of this book is that 
it deals with practice more than theory. 


CAMBRIDGE CLASS BOOKS 


All the calculations in the book connected 
with the strength of girders are based upon 
their actual application which abounds in 
practical investigations into girder-work 
in all its bearings, and will be welcomed 
as one of the most valuable contributions 
yet made to this important branch of 
engineering.”’—ATHEN ZUM. 
——— 


By C. W. UNDERWOOD, M.A. 


Vice-Principal of the Collegiate Institu- 
tion, Liverpool. 


A Short Manual of 


Arithmetic. 
Fep. 8vo. 96 pp. (1860). cl. 2s. 6d. 


The object aimed at by the Compiler of 
this Manual is to bring before junior 
students so much of the Theory of Arith- 
metic as may be fairly expected of them, 
and to present it in such a form that the 
study of the Science may become to some 
extent a mental training. It is rather 
a Grammar of Arithmetic than a treatise 
on that subject, and should for the most 
part be committed to memory. It will 
be found well adapted for vivd voce ex- 
amination, and enable candidates to pre- 
pare themselves for the Local University 
Examinations. The Definitions are briefly 
and carefully worded. Each rule is stated 
so as to include the proof of it where this 
was possible. 

——.—— 


Cambridge University 


Examination Papers. 
Crown 8vo. 184 pp. 2s. 64. 


A Collection of all the Papers set at the 
Examinations for the Degrees, the 
various Triposes, and the Theological 
Certificates in the University, with List 
of Candidates Examined and of those 
Approved, and an Index to the Subjects. 
1860-61 


Previous Examination, 1860—Previous 
Examination, 1861—B.A. Degree Exami- 
nation, 1860—B.A. Degree Examination, 
Jan. and May, 1861— Bachelor of Laws Ex- 
amination, 1860—Bachelor of Laws Ex- 
amination, 1861— Bachelor of Medicine Ex- 
aminations, 1861—Classical Tripos, 1861— 
Moral Sciences Tripos, 1861— Natural Sci- 
ences Tripos, 1861 —Smith’s Prizes, 1861 
—Chancellor’s Medals for Legal and Clas- 
sical Studies, 1861. 
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FOR SCHOOLS AND COLLEGES. 


By JOHN E. B. MAYOR, M.A. 


Fellow and Classical Lecturer of St. John's 
College, Cambridge. 


1. Juvenal. 
With English Notes. 


464 pp. (1854). Crown 8vo. cloth. 
10s. 6d. 


“ A School edition of Juvenal, which, 
for really ripe scholarship, extensive ac- 
quaintance with Latin literature, and fa- 
miliar knowledge with Continental criti- 
cism, ancient and modern, is unsurpassed, 
we do not say among English School-books, 
but among English editions generally."— 
EDINBURGH REVIEW. 


— S 


2. Cicero's 
Second Philippic. 
With English Notes. 


168 pp. (1861). Fep. 8vo. cloth. 5s. 


The Text is that of Halm's 2nd edition, 
(Leipsig, Weidmann, 1858), with some 
corrections from Madvig's 4th Edition 
(Copenhagen, 1858). Halm's Introduction 
has been closely translated, with some 
additions. His notes have been curtailed, 
omitted, or enlarged, at discretion; pas- 
sages to which he gives a bare reference, 
are for the most part printed at length ; 
for the Greek extracts an English version 
has been substituted. A large body of 
notes, chiefly grammatical and historical, 
has been added from various sources. A 
list of books useful to the student of 
Cicero, a copious Argument, and an Index 
ipie introduction and notes, complete the 


—9—— 


By P. FROST, Jun., M.A. 
Late Fellow of St. John's Coll. Cambridge. 


Thucydides. Book VI. 


With English Notes, Map and Indez. 
8vo. cloth. 7s. 6d. 


It has been attempted in this work to 
facilitate the attainment of accuracy in 
translation. With this end in view the 
Text has been treated grammatically. 
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By B. DRAKE, M.A. 
Late Fellow of King’s Coll, Cambridge. 


1. Demosthenes on the 


Crown. 
With English Notes. 


Second Edition. To which is pre- 
fixed ÆscHINEs AGAINST CTESI- 
PHON. With English Notes. 

287 pp. (1860). Fcap. 8vo. cl. ós. 


The first edition of the late Mr. Drake's 
edition of Demosthenes de Corona having 
met with considerable acceptance in vari- 
ous Schools, and a new edition being called 
for, the Oration of Æschines against Ctesi- 
phon, in accordance with the wishes of 
many teachers, has been appended with 
useful notes by a competent scholar. 


2. ZEschyli Eumenides 


With English Verse Translation, 
Copious Introduction, and Notes. 


Svo. 144. pp. (1853). 7s. 6d. 


** Mr. Drake's ability as a critical Scho- 
lar is known and admitted. In the edition 
of the Eumenides before us we meet with 
him also in the capacity of a Poet and 
Historical Essayist. The translation is 
flowing and melodious, elegant and scho- 
larlike. The Greek Text is well printed: 
the notes are clear and useful."—Gvan- 
DIAN. 

—9— 


By C. MERIVALE, B.D. 
Author of “A History of Rome," &c. 


Sallust. 
With English Notes. 


Second Edition. 172 pp. (1868). 
Fcap. 8vo. 4s. 6d. 


** This School edition of Sallust is pre- 
eisely what the School edition of a Latin 
author ought to be. No useless words 
are spent init, and no words that could 
be of use are spared. The text has been 
carefully collated with the best editions. 
With the work is given a full current of 
extremely well-selected annotations."— 
THE EXAMINER. 


The ** Cartina” and “ JUcvRTHA" may 


be had separatel, rice 2s. 6d. each 
bound in cloth. Le à 
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By J. WRIGHT, M.A. 
Head Master of Sutton Coldfield School. 


1. Help to Latin 
Grammar. 
With Easy Exercises, and Vocabulary. 


Crown 8vo. cloth. 4s. 6d. 


Never was there a better aid offered 
alike to teacher and scholar in that ardu- 
ous pass, The style is at once familiar 
and strikingly simple and lucid; and the 
explanations precisely hit the difficulties, 
and thoroughly explain them." —ENGLISH 
JOURNAL or EDUCATION. 


2. Hellenica. 
A FIRST GREEK READING BOOK. 
Second Edit. Fcap. 8vo. cl. 3s. 6d. 


In the last twenty chapters of this 
volume, Thucydides sketches the rise and 
progress of the Athenian Empire in so 
clear a style and in such simple language, 
that the author doubts whether any easier 
or more instructive passages can be 
selected for the use of the pupil who is 
commencing Greek. 


3. The Seven Kings of 
Rome. 
Á First Latin Reading Book. 


Second Edit. Feap. 8vo. cloth. 3s. 


This work is intended to supply the 
pupil with an easy Construing-book, which 
may, at the same time, be made the 
vehicle for instructing him in the rules of 
grammar and principles of composition. 
Here Livy tells his own pleasant stories 
in his own pleasant words. Let Livy be 
the master to teach a boy Latin, not some 
English collector of sentences, and he will 
not be found a dull one. 


4. Vocabulary and Ex- 
ercises on “í The Seven 
Kings of Rome." 

Fep. 8vo. cloth. 2s. 6d. 


%,* The Vocabulary and Exercises may 
also be had bound up with ** The 
Seven Kings of Rome.” 5s. cloth. 


CAMBRIDGE CLASS BOOKS 


By EDWARD THRING, M.A. 
Head Master of Uppingham School. 


Elements of Grammar 
Taught in English. 
With Questions. 


Third Edition. 136 pp. (1860). 
Demy 18mo. 2s. 


2. The Child's English 
Grammar. 


New Edition. 86 pp. (1859). Demy 
18mo. 1s. 


The Author's effort in these two books 
has been to point out the broad, beaten, 
every-day path, carefully avoiding digres- 
sions into the byeways and eccentricities 
of language. This Work took its rise 
from questionings in National Schools, 
and the whole ofthe first part is merely 
the writing out in order the answers to 
questions which have been used already 
with suecess. The study of Grammar in 
English has been much neglected, nay by 
some put on one side as an impossibility. 
There was perhaps much ground for this 
opinion, in the medley of arbitrary rules 
thrown before the student, which applied 
indeed to a certain number of instances, 
but would not work at all in many others, 
as must always be the case when princi- 

les are not put forward in a language 
fall of ambiguities. "The present work 
does not, therefore, pretend to be a com- 
pendium of idioms, or a philological trea- 
tise, but a Grammar. Or in other words, 
its intention is to teach the learner how to 
speak and write correctly, and to under- 
stand and explain the speech and writings 
of others. Its success, not only in National 
Schools, from practical work in which it 
took its rise, but also in classical schools, 
is full of encouragement. 


3. School Songs. 


A COLLECTION OF SONGS FOR 
SCHOO 


WITH THE MUSIC ARRANGED FOR 
FOUR VOICES. 
Edited by Rev. E. THRING and 
H. RICCIUS. 
Musie Size. 7s. 6d. 
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FOR SCHOOLS AND COLLEGES. 


By EDWARD THRING, M.A. 
Head Master of Uppingham School. 


4. A First Latin Con- | 


struing Book. 
104 pp. (1855). Feap.8vo. 25.64. 


This Construing Book is drawn up on 
ithe same sort of graduated scale as the 
Author's English Grammar. a 
cout of the best Latin Poets are gradually 
built up into their perfect shape. The 
few words altered, or inserted as the pass- 
ages go on, are printed in Italics. It is 
hoped by this plan that the learner, whilst 
acquiring the rudiments of language, may 
store his mind with good poetry and a 
good vocabulary. 


—Á ee 


Religious Class Rooks. 


hi 
By C. J. VAUGHAN, D.D. 
Head Master of Harrow School. 


St. Paul’s Epistle to 
the Romans. 


The Greek Text with English Notes. 


Second Edition. Crown 8vo. cloth. 
(1861). ós. 


By dedicating this work to his elder 
Pupils at Harrow, the Author hopes that 
he sufficiently indicates what is and what 
is not to be looked for in it. He desires 
to record his impression, derived from the 
experience of many years, that the Epis- 
tles of the New Testament, no less than 
the Gospels, are capable of furnishing 
useful and solid instruction to the highest 
classes of our Public Schools. If they are 
taught accurately, not controversially ; 
positively, not negatively; authorita- 
tively, yet not dogmatically; taught with 
close and constant reference to their literal 
meaning, to the connexion of their parts, 
to the sequence of their argument, as well 
as to their moral and spiritual instruc- 
tion ; they will interest, they will inform, 
they will elevate; they will inspire a re- 
verence for Scripture never to be dis- 
carded, they will awaken a desire to drink 
more deeply of the Word of God, certain 
hereafter to be gratified and fulfilled. 
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2. 

Notes for Lectures on Confir- 
mation: With Suitable Prayers. 
By C.J. VAUGHAN, D.D. 4th 
Edition, 70 pp. (1862). 

Fcp. Svo. 1s. 6d. 


This work, originally prepared for the 
use of Harrow School, is published in the 
belief that it may assist the labours of 
those who are engaged in preparing can- 
didates for Confirmation, and who find it 
difficult to lay their hand upon any one 
book of Salabe instruction at once suffi- 
ciently full to furnish a synopsis of the 
subject, and sufficiently elastic to give free 
pew to the individual judgment in the 
use of it. 


3. 

The Church Catechism Illus- 
trated and Explained. By 
ARTHUR RAMSAY, M.A. 

18mo. cloth. 


4. 

Hand-Book to Butler’s Ana- 
logy. By C. A. SWAINSON, 
M.A. 55 pp. (1856). Crown 8yo. 
1s. 6d. 


6. 

History of the Christian 
‘Church during the First 
Three Centuries, and the 
Reformation in England. 
By W. SIMPSON, M.A. Fourth 
Edition. Fep. 8vo. cloth. 3s. 6d. 


6. 

Analysis of Paley's Eviden- 
ces of Christianity. By 
CHARLES H. CROSSE, M.A. 
115 pp. (1855). 18mo. 3s. 64. 
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CAMBRIDGE MANUALS 
FOR THEOLOGICAL STUDENTS. 


UNIFORMLY PRINTED AND BOUND. 


This Series of THrotoctcat Manvats has been published with 
the aim of supplying Books concise, comprehensive, and accurate ; 
convenient for the Student, and yet interesting to the general 


reader. 


1. History of the Christian 
Church during the Middle 
Ages. By AncupEAcoN HARD- 
WICK. Second Edition. 482 pp. 
(1861). With Maps. Crown 8vo. 
cloth. 10s. 6d. 

This Volume claims to be regarded as 
an in and independent treatise on 
the Mediæval Church. The History com- 
mences with the time of Gregory the Great, 
to the year 1520,—the year when Luther, 
having been extruded from those Churches 
that adhered to the Communion of the 
Pope, established a provisional form of 
government and opened a.fresh era in the 
history of Europe. 


2. History of the Christian 
Church during the Refor- 
mation. By Arcupyn. HARD- 
WICK. 459 pp. (1856). Crown 
8vo. cloth. 10s. 6d. 

This Work forms a Sequel to the Au- 
thor's Book on The Middle Ages. The 
Author's wish has been to give the reader 
a trust-worthy version of those stirring 
incidents which mark the Reformation 


period. 

8. History ofthe Book of Com- 
mon Prayer. With a Rationale 
of its Offices. By FRANCIS 
PROCTER, M.A. Fifth Edition. 
464 pp. (1860). Crown 8vo. cloth. 
10s. 6d. 


In the course of the last twenty years 
the whole question of liturgical knowledge 


has been reopened with great learning and 
accurate research, and it is mainly with 
the view of epitomizing their extensive 
publications, and correcting by their help 
the errors and misconceptions which had 
obtained currency, that the present 
volume has been put together. 


4. History of the Canon of 
the New Testament during 
the First Four Centuries. 
By BROOKE FOSS WEST- 
COTT, M.A. 594 pp. (1855). 
Crown 8vo. cloth. 12s. 6d. 


The Author has endeavoured to connect 
the history of the New Testament Canon 
with the growth and consolidation of the 
Church, and to point out the relation 
existing between the amount of evidence 
for the authenticity of its component parts 
and the whole mass of Christian literature. 
Such a method of inquiry will convey both 
the truest notion of the connexion of the 
written Word with the living Body of 
Christ, and the surest conviction of its 
divine authority. 


5. Introduction to the Study 
ofthe GOSPELS. ByBROOKE 


FOSS WESTCOTT, M.A. 458 
pp. (1860). Crown 8vo. cloth. 
10s. 64. 


This book is intended to be an Intro- 
duction to the Study of the Gospels. In 
a subject which involvesso vast a literature 
much must have been overlooked ; but the 
Author has made it a point at least to 
study the researches of the great writers, 
and consciously to neglect none. 
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FORTHCOMING BOOKS. 


1 


An Elementary Treatise on the Planetary Theory. 
By C. H. H. CHEYNE, B.A., Scholar of St. John's College. 
Crown 8vo. cloth. 6s. 64. [Just ready. 


2 


A Treatise on Geometry of Three Dimensions. 
By PERCIVAL FROST, M.A., St. John's College, and JOSEPH 
OLSTENHOLME, M.A., Christ's College, Cambridge. 8vo. 18s. 
*,* The First Portion has been issued for the convenience of Cambridge 
Students : the concluding portion will appear about Christmas, 1862. 
3 


An Elementary Treatise on Natural Philosophy. 
By WILLIAM THOMSON, LL.D., F.R.S., late Fellow of St. 
Peter's College, Cambridge, Professor of Natural Philosophy in the 
University of Glasgow; and PETER GUTHRIE TAIT, M.A., 
late Fellow of St. Peter's College, Cambridge, Professor of Natural 
Philosophy in the University of Edinburgh. With numerous Illus- 
trations. [In the Press. 


4. 
An Elementary Treatise on Quaternions. 


With numerous Examples. By P. G. TAIT, M.A., Professor of 
Natural Philosophy in the University of Edinburgh. ^ [Preparing. 


5. 
First Book of Algebra. For Schools. 


By J. C. W. ELLIS, M.A., and P. M. CLARKE, M.A., Sidney 
Sussex College, Cambridge. [ Preparing. 


6. 


Aristotelis de Rhetorica. 
With Notes and Introduction. By E. M. COPE, M.A., Fellow 
and Assistant Tutor of Trinity College, Cambridge. 


T. 
The New Testament in the Original Greek. 
Text revised by B. F. WESTCOTT, M.A., and F. J. HORT, M.A, 
formerly Fellows of Trinity College. 
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MACMILLAN AND CO.S 
CAMBRIDGE SCHOOL CLASS BOOKS. 


Euclid for Colleges and Schools. 


By I. TODHUNTER, M.A., F.R.S., Fellow and Principal Mathe- 
matical Lecturer of St. John's College, Cambridge. 18mo. 3s. 6d. 


II. 


An Elementary Latin Grammar. 


By H. J. ROBY, M.A., Under Master of Dulwich College Upper 
School, late Fellow and Classical Lecturer of St. John's College, 
Cambridge. 18mo. 2s. 64. 


III 


An Elementary History of the Book of Common 


Prayer. 
By FRANCIS PROCTER, M.A., Vicar of Witton, Norfolk, late 
Fellow of St. Catharine’s College, Cambridge 18mo. 2s. 64. 


*.* These volumes, forming the first portion of Macmillan and Co.'s 
ELEMENTARY ScHooL Crass Books, are handsomely printed and 
bound. All the volumes of the series will be published at a low price 
to ensure an extensive sale in the Schools of the United Kingdom and 
the Colonies. 


* 
The following will shortly be published: 


The School Class Book of Arithmetic. 


By BARNARD SMITH, M.A., late Fellow of St. Peter's College, 
Cambridge. 


Algebra for Beginners. 
"By I. TODHUNTER, M.A., F.R.S. 


The Bible Word-Book. 
A Glossary of old English Bible Words with Illustrations. 
By J. EASTWOOD, M.A., St. John’s College, Cambridge, and 
Incumbent of Hope, near Sheffield, and W. ALDIS WRIGHT, 
M.A., Trinity College, Cambridge. 
*a* Other Volumes will be announced in due course, 


Printed by Jonathan Palmer, Sidney Street, Cambridge. 
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